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Tne history of sciences, if it want the prepossessing attractions of political 
history and narration of events, is nevertheless not wholly devoid of in- 
terest and instruction. A laudable curiosity prompts to inquire the sources 
of knowledge; and a review of its progress furnishes suggestions tending to 
promote the same or some kindred study. We would know the people and 
the names at least of the individuals, to whom we owe particular discoveries 
and successive steps in the advancement of knowledge. If no more be 
obtained by the research, still the inquiry has not been wasted, which points 


anight the gratitude of mankind. _ , 
In the history of mathcmatical science, it has long been a question to 


whom the invention of Algebraic analysis is due? among what people, in 
what region, was it devised? by whom was it cultivated and promoted? or 
by whose labours was it reduced to form and system? and finally from what 
quarter did the diffusion of its knowledge proceed? No doubt indeed is 
entertained of the source from which it was received immediately by modern 
Europe; though the channel have been a matter of question. We are well 
assured, that the Arabs were mediately or immediately our instructors in this 
study. But the Arabs themselves scarcely pretend to the discovery of 
Algebra. They were not in general inventors but scholars, during the 
short period of their successful culture of the sciences ;- and the germ at least 
of the Algebraic analysis is to be found among the Greeks in an age not 
precisely determined, but more than probably anterior to the earliest dawn 
of civilization among the Arabs: and this science in a more advanced state 
subsisted among the Hindus prior to the earliest disclosure of it by the 
Arabians to modern Europe. r 

The object of the present publication is to exhibit the science in the state 
in which the Hindus possessed it, by an exact version of the most approved 
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treatise on it in the ancient language of India, with one of the earlier treatises 
(the only extant one) from which it was compiled. The design of this pre- 
liminary dissertation is to deduce from these and from the evidence which 
will be here offered, the degree of advancement to which the science had 
arrived in a remote age. Observations will be added, tending to a compa- 
rison of the Indian, withthe Arabian, the Grecian, and the modern Algebra: 
and the subject will be left to the consideration of the learned, for a con- 
clusion to be drawn by them from the internal, no less than the external 
proof, on the question who can best vindicate a claim to the merit of having 
originally invented or first improved the methods of computation and analysis, 
which are the groundwork of both the simple and abstruser parts of Mathe- 
matics; that is, Arithmetic and Algebra: so far at least as the ancient inven- 
tions are affected; and also in particular points, where recent discoveries are 
concerned. 

In the actual advanced condition of the analytic art, it is not hoped, that 
this version of ancient Sanscrit treatises on Algebra, Arithmetic, and Mensu- 
ration, will add to the resources of the art, and throw new light on mathe- 


matical science, in any other respect, than as concerns its history. Yet the 
remark may not seem inapposite, that had an'eaylier version of these treatises 


been completed, had they been translated and given to the public, when the 
notice of mathematicians was first drawn to the attainments of the Hindus 
in astronomy and in sciences connected with it, some addition would have 
been then made to the means and resources of Algebra for the general solu- 
tion of problems by methods which have been re- -invented, or fate been per- 
fected, in the last age. 

The treatises in a which occupy the present volume, are the Vija- 
ganita and Lil@cati of Buascana acuaArya and the Ganitddhaya and 
Cuttacdd hyaya of Braumecurta. The two first mentioned constitute the 
preliminary portion of Bnascara’s Course of Astronomy, entitled Sidd’hanta- 
sirémani. The two last are the twelfth and eighteenth chapters of a similar 
course of astronomy, by Braumecupra, entitled Brahma-sidd’hanta. 

The questions to be first examined in relation to these works are their 
authenticity and their age. To the consideration of those points we now 
proceed. 

The period when Buascana, the latest of the authors now named, flou- 
rished, and the time when he VES: are ascertained with unusual precision. 
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He completed his great work, the Sidd’hánta-strómaxi, as he himself informs 
us in a passage of it,’ in the year 1072 Saca. This information receives cor- 
roboration, if any be wanted, from the date of another of his works; the 
Carana-cutuhala, a practical astronomical treatise, the epoch of which is 
1105 Saca ;* 33 -years subsequent to the completion ‘of the systematic 
treatise. The date of the Sidd’hanta-sirémani, of which the Vija-ganita and 
Lildvati are parts, 1s fixt then with the utmost exactness, on the most satis- 
factory grounds, at the middle of the twelfth century of the Christian era, 
A. D. 1150? ! 

The genuineness of the text is established with no less certainty by nume- 
rous commentaries in Sanscrit, besides a Persian version of it. . Those com- 
mentaries comprise a perpetual gloss, in which every passage of the original 
is noticed and interpreted: and every word of it is repeated and explained. 
A comparison of them authenticates the text where they agree; and would 
serve, where they did not, to detect any alterations of it that might have 
taken place, or variations, if any had crept in, subsequent to the composition 
of the earliest of them. A careful collation of several commentaries,* and 
of three copies of the original work, has been.made ,-and it will be seen in 
the notes to the translation hew unimportant are the discrepancies. - 

From comparison and collation, it appears then, that the work of Buas- 
cara, exhibiting the same uniform text, which the moder transcripts of it 
‘do, was in the hands of both Mahommedans and Hindus between two and 
three centuries ago: and, numerous copies of it having been diffused through- 
out India, at an earlier period, as of a performance held in high estimation, 
it was the subject of study and habitual reference in countries and places 
so remote from cach other as the north and west of India and the southern 
peninsula: or, to speak with the utmost precision, Jambusara in the west, 
Agra in North Hindustan, and Parthapira, Gélagrama, Amarávatí, and 
Nandigrdma, in the south. . me - 


* Golddhyéya ; or lecture on the sphere. c.11.§56. As. Res. vol. 12. p, 214. 

2 As. Res, wid. i 

? Though the matter be introductory, the preliminary treatises on arithmetic and algebra may 
have been added subsequently, as is hinted by one of the commentators of the astronomicat part. 
(Vártic.) The order there intimated places them after the computation of planets, but before the 
treatise on spherics; which contains the date. 

4 Note A. 
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This, though not marking any extraordinary antiquity, nor approaching 
to that of the author himself, was a material point to be determined : as there 
will be in the sequel occasion to show, that modes of analysis, and, in parti- 
cular, general methods forthe solution of indeterminate problems both of the 
first and second degrees, are taught in the Vya-ganita, and those for the first 
degree repeated in the Lildvati, which were unknown to the mathematicians 
of the west until invented anew in the last two centuries by algebraists of 
France and England. It will be also shown, that Buascara, who himself 
flourished more than six hundred and fifty years ago, was in this respect a 
compiler, and took those methods from Indian authors as much more ancient 
than himself. s 

That Buascara’s text (meaning the metrical rules and examples, apart 
from the interspersed gloss;) had continued unaltered from the period of the 
compilation of his work until the age of the commentaries now current, is 
apparent from the care with which they have noticed its various readings, 
and the little actual importance of these variations; joined to the considera- 
tion, that earlier commentaries, including the authors own explanatory 
annotations of his text, -were extant. and lay before them for consultation 
and reference. Those earlier commentaries are occasionally cited by name: 
particularly the Ganita-caumudi, which is repeatedly quoted by more than 
one of the scholiasts.’ 

No doubt then can be reasonably entertained, that we now possess the 
arithmetic and algebra of Buascanra, as composed and published by him in 
the middle of the twelfth century of the Christian era. The age of his‘pre- 
cursors cannot be determined with equal precision. Let us proceed, how- 
ever, to examine the evidence, such as we can at present collect, of their 
antiquity. 

Towards the close of his treatise on Algebra,? Buascara informs us, that 
it is compiled and abridged from the more diffuse works on the same subject, 
bearing the names of Branme, (meaning no doubt Braumecupra,) 
Srip’uarA and PapMANABIIA; and in the body of his treatise, he has cited 
a passage of Srip’uara’s algebra,? and another of PapmanaBua’s.t He 
repeatedly adverts to preceding writers, and refers to them in general terms, 


* Vor example, by SUryapasa, under Lildvati, § 74; and still more frequently by Ranea- 


NATHA. 
2 Vija-ganita, § 218. 3 Ibid. § 131. 4 Ibid. § 142. 
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where his commentators understand him to allude to Arya-BHATYa, to 
Branmecupra, to the latter’s scholiast CHATURVÉDA PRITHUDACA SWAMI,’ 
and to the other writers above mentioned. i 

Most, if not all, of the treatises, to which he thus alludes, must have been 
extant, and in the hands of his commentators, when they wrote; as appears 
from their quotatiens of them; more especially those of BRranmEcuPpta‘and 
ARYA-BHATTa, who are cited, m particularly the first mentioned, in several 
instanees.* A long and diligent research in various parts of India, has, how- 
ever, failed of recovering any part of the Padmanábha vija, (or Algebra of 
PAaADMANABUA,) and alison Algebraic and other works of Arya- BHATTA. > But 
the translator has been more (eatataved in regard to the works of Sriv’nara 
and BraumMeGupta, having in his collection Srip’HARa’s compendium of 
arithmetic, and a copy, ineomplete however, of the text and scholia of Bran- 
MEGUPTA’S Brahma-sidd`hánta, comprising among other no less mteresting 
matter, a chapter treating of arithmetic and mensuration ; and another, the 
subject of which is algebra: both of them fortunately complete.‘ 

The commentary is a perpetual one; successively quoting at length each 
verse of the text ; proceeding to the interpretation of it,.word by word ; and 
subjoining elucidations and remarks : and its colophon, at the close of each 
chapter, gives the title of the work and name of the author... Now the name, 
which is there given, Cuaturvepa Priruvpaca Swami, is that of a cele- 
brated scholiast of BraumeEGupta, frequently cited as such by the commen- 
tators of Buascara and by other astronomical writers: and the title of. the 
work, Brahma-siddhanta, or sometimes Brahma sphuta-sidd’ hánta, corre- 
sponds, in the shorter form, to the known title of BrRanmeEeGuPTa’s treatise-in 
the usual references to 1t by BuAscara’s commentators ;° and answers, in the 
longer form, to the designation of it, as indicated in an introduetory couplet 
which is quoted from Braumecurra by Lacsnumipasa, a schioliast of 
BHascaRra.’ 

Remarking this coincidence, the translator proceeded to collate, with the 


P » “~ 


* Vij-gan. Ch. 5. note of SUrrapAsa. Also Vij.-gan.§174; and Lil. § 246 ad finem. 

* For example, under Lil. Ch. 11. | 3 Note G. + Note B. , 

* Vésand-bhéshya by Craturvepa Priv’nupaca Swami, son of Mav’uvsvpana, on the 
Brahma-siddhénta ; (or sometimes Brakhma-spbut a-sidd’hanta.) 

é They often quote from the Brakma-sidd'’hinta after premising a reference to BRAHMEGUPTA. | 

7 Note C. v 
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text and commentary, numerous quotations from both, which he found .in 
Buxscara’s writings or in those of his expositors. The result confirmed the 
indication, and established the identity of both text and scholia as Bra ume- 
GupTa’s treatise, and the gloss of Priruvpaca. The authenticity of this 
Brahma-sidd hanta is further confirmed by numerous quotations in the com- 
mentary of BuatférPpaLa on the sanhité of Vanaia mintma: as the quo- 
tations from the Brahma-sidd’hdnta in that commentary, (which is the work 
of an author who flourished eight hundred and fifty years ago,) are verified 
in the copy under consideration. A few instances of both will suffice ; and 
cannot fail to produce conviction." 

It is confidently concluded, that the Chapters on Arithmetic and Algebra, 
fortunately entire in a copy, in many parts imperfect, of BRAHMEGUPTA’S 
celebrated work, as here described, are genuine and authentic. It remains 
to investigate the age of the author. 

Mr. Davis, who first opened to the public a correct view of the astronomical 
computations of the Hindus, is of opinion, that Branmecupta lived in the 
7th century of the Christian era’ Dr. Wittiam Hunter, who resided for 
some time witha British Embassy at Ujjayani, and made diligent researches 
into the remains of Indian science, at that ancient seat of Hindu astronomical 
knowledge, was there furnished by the learned astronomers whom he consulted, 
with the ages of the principal ancient authorities. They assigned to BrauMeE- 
cupta the date of 550 Saca; which answers to A. D. 628. The grounds, 
on which they proceeded, arc unfortunately not specified : but, as they gave 
Brascara’s age correctly, as well as several other dates right, which admit of 
being verified ; 1t is presumed, that they had grounds, though unexplained, for 
the information which they communicated.‘ 

Mr. Bentiey, who is little disposed to favour the antiquity of an Indian 
astronomer, has given his reasons for considering the astronomical system 
which Branmecurpta teaches, to be between twelve and thirteen hundred 
years old (1263§ years in A. D. 1799).5 Now, as the system taught by this 
author is professedly one corrected and adapted by him to conform with the 
observed positions of the celestial objects when he wrote,’ the age, when 
their positions would be conformable with the results of computations made 
as by him directed, is precisely the age of the author himself: and so far as 

+ Note D. o's be. e 3 Ibid. 9. 242. 

* Note E. > As. Res. 6. 586. © Supra, 
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Mr. Bent ey’s ealeulations may be considered to approximate to the truth, 
the date of BraumeEGuPra’s performance is, determined with like approach 
to exactness, within a certain latitude however of uncertainty for allowance 
to be made on account of the inaccuracy of Hindu observations. ; 

The translator has assigned on former occasions’ the grounds upon which 
he sees reason to place the author’s age, soon after the period, when the ver- 
nal equinox coincided with the beginning of the lunar mansion and zodiacal 
asterism Aéwint, where the Hindu ecliptic now commences. He is sup- 
ported in it by the sentiments of Buascara and other Indian astronomers, 
who infer from BranmeEcupta’s doctrine concerning the solstitial points, of 
which he does not admit a periodical motion, that he lived when the equi- 
noxes did not, sensibly to him, deviate from the beginning of Aswini and 
middle of Chitra on the Hindu sphere.* On these grounds it ts maintained, 
that Branmecurta is rightly placed in the sixth or beginning of the seventh 
century of the Christian era; as the subjoined calculations will more parti- 
cularly show.? The age when BranmeGurra flourished, seems then, ‘from 
the concurrence of all these arguments, to be satisfactorily settled as ante- 
cedent to the earliest dawn of the culture of sciences among the Arabs ; and 
consequently establishes the fact, that the Hindus were in possession of 
algebra before it was known to the Arabians. 

BrauslEGuPta’s treatise, however, .is not the earliest work known ie have 
been written on the same subject by an Indian author. The most eminent 
scholiast of BHAscara‘ quotes a passage of Arya-Buatta specifying algebra 
under the designation of Vija, and making separate mention of Cutfaca, which 
more particularly intends a problem subservient to the general method of 
resolution of indeterminate problems of the first degree: he is understood by 
another of Buascara’s commentators’ to be at the head of the elder writers, 
to whom the text then under consideration adverts, as having designated by 
the name of JAfad’hyaméharana the resolution of affected quadratic equations 
by means of the completion of tle square. It is to be presumed, therefore, 
that the treatise of Any a-BuaTv¥a then extant, did extend to quadratic equa- 
tions in the determinate analysis ; and to indeterminate problems of the first 
degree ; if not to those of the second likewise, as most probably it did. 

This ancient astronomer and algebraist was anterior to both VarAHa-MiHIRA 


? 


1 As. Res. 9. 329. * Ibid. 12. p. 215. * Note F. 
* GanFSa, a distiguished mathematician and astronomer. ’ Sur. on Vij-gan. § 128. 
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and Braumecurra ; being repeatedly named by the latter; and the determi- 
nation of the age when he flourished is particularly teresting, as his astro- 
nomical system, though on some points agrecing, essentially disagreed on 
others, with that which those authors have followed, and which the Hindu 
astronomers still maintain.’ 

Hce is considered by the commentators of the Sterya sidd'hánta and Sirómańi, 
as the earliest of uninspired and mere human writers on the science of astro- 
nomy ; as having introduced requisite corrections into the system of Para- 
sara, from whom he took the numbers for the planetary mean motions; as 
having been followed in the tract of emendation, after a sufficient interval to 
make further correction requisite, by DunGasinua and Miura; who were 
again succeeded after a further interval by BranMeEcouprta son of Jisunu.} 

In short, Anya-BHATTA was founder of one of the sects of Indian astrono- . 
mers, as Purfsa,-an author likewise anterior to both Varanamrmira and 
BraHMEGUPTA, was of another: which were distinguished by names derived 
from the discriminative tenets respecting the commencement of planetary 
motions at sun-rise according to the first, but at midnight according to the 
latter,* on the meridian of Zancdé, atthe beginning of the great astronomical 
cycle. <A third sect began the astronomical day, as well as the great period, 
at noon. 

‘ His name accompanied the intimation which the Arab astronomers (under 
the Abbasside Khalifs, as it would appear,) received, that three distinct astro- 
nomical systems were current among the Hindus of those days: and it is but 
slightly corrupted, certainly not at all disguised, in the Arabic representation 
of it Arjabahar, or rather Arjabhar~ The two other systems were, first, Bran- 
MEGUPTA’s Sidd’hanta, which was the one they became best acquainted with, 
and to which they apply the denomination of the szmd-hind; and second, that 


‘* Note G. * Nrisinka on Str. Ganesa pref. to Grah. légh. 

3 As. Res. 2. 235, 242, and 244; and Note H. 

. 4 BRAHMEGUPTA, ch. 11. ‘The names are Audayaca from Udaya rising; and Ardhardtrica from 
Ardharétri, midnight. The third school is noticed by BuatYérrata the scholiast of Varaia 
MINIRA, under the denomination of Médhyandinas, as alleging the commencement of the astrono- 
mical period at noon: (from Madhyandina, mid-day.) 

S The Sanscrit £, itis to be remembered, is the character of a peculiar sound often mistaken for r, 
and which the Arabs were likely so to write, rather than with a ¢e or with a taw. The Hindić is 
generally written by the English in India with an r. Example: Ber (vata), the Indian fig. 
vulg. Banian tree. 
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of Arca the sun, which they write Arcand, a corruption still prevalent in 
the vulgar Hindi." ù 

ARYABNATTA appears to have had more correct notions of the true explana- 
tion of celestial phenomena than Braumrcurra himself; who, m a few in- 
stances, correcting errors of his predecessor, but oftener deviating from that 
predecessor's juster views, has been followed by the herd of modern Hindu 
astronomers, in a system not improved, but deteriorated, since the time of: 
the more ancient author. . ; 

Considering the proficiency of AryaBnatra in astronomical science, and 
adverting to the fact of his having written upon Algebra, as well as to the 
circumstance of his being named by numerous writers as the founder of a 
sect, or author of a system in astronomy, and being quoted at the head of 
algebraists, when the commentators of extant treatises have occasion to 
mention early and original* writers on this branch of science, it is not:neces- 
sary to seek further for a mathematician qualified to have been the great im- 
prover of the analytic art, and likely to have been the person, by whom it 
was carried to the pitch to which it is found to have attained among the 
Hindus, and at which it is observed to be nearly stationary through the long 
lapse of ages which have since passed: the later additions being few and wn- 
essential in the writings of Braumecurta, of Buascanra, and of Jnyana 
RAJA, though they lived at intervals of centuries from each other. 

AryaBnatta then being the carliest author known to have treated of 
Algebra among the Hindus, and being likely to be, if not the inventor, the 
improver, of that analysis, by whom too it was pushed nearly to the whole 
degree of excellence which it is found to have attained among them; it be- 
comes in an especial manner interesting to investigate any discoverable trace 
in the absence of better and more ditect evidence, which may tend to fix the 
date of his labours, or to indicate the time which elapsed between him and 
BraumMeEGupra, whose age is more accurately determined.’ 

Taking Aryasuatta, for reasons given in the notes,’ to have preceded 
Braumecurtaand VarAuaAmiutra by several centuries; and BRAHMEGUPTA 
to have flourished about twelve hundred years ago;* and VarAna MINIRA, 
concerning whose works and age some further notices will be found in a sub- 


* See notes I, K, and N. 7 SUnya-pasa on Vija-ganita, ch. 5, 
3 Note Í. * See before and note F. 
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Joined note,’ to have lived at the beginning of the sixth century after Christ,‘ 
it appears probable that this earliest of known Hindu algebraists wrote as 
far back as the fifth century of the Christian era; and, perhaps, in an earlier 
age. Hence it is concluded, that he is nearly as ancient as the Grecian 
algebraist Diopnantus, supposed, on the authority of ABuLFARAS,* to have 
flourished in the time of the Emperor Jutray, or about A. D. 360. 

Admitting the Hindu and Alexandrian authors to be nearly equally 
ancient, it must be conceded in favour of the Indian algebraist, that he was 
more advanced in the science ; since he appears to have been mm possession of 
the resolution of equations involving several unknown, which it 1s not clear, 
nor fairly presumable, that Dropuantus knew; and a general method for 
indeterminate problems of at least the'first degree, to a knowledge of which 
the Grecian algebraist had certainly not attained ; though he displays infinite 
sagacity and ingenuity in particular solutions; and though a certain routine 
is discernible in them. , 

A comparison of the Grecian, Hindu, and Arabian algebras, will more dis- 
tinctly show, which of them had made the greatest progress at the earliest 
age of each, that can be now traced. 

The notation or algorithm of Algebra is so essential to this art, as to deserve 
the first notice in a review of the Indian method of analysis, and a compari- 
son of it with the Grecian and Arabianalgebras. The Hindu algebraists use 
abbreviations and mitials for symbols: they distinguish negative quantities 
by a dot;* but have not any mark, besides the absence of the negative sien, 
to discriminate a positive quantity. No marks or symbols indicating opera- 
tions of addition, or multiplication, &c. are employed by them: nor any an- 
nouncing equality’ or relative magnitude (greater or less).° But a factum is 
denoted by the initial syllable of a word of that import,’ subjoined to the 
terms which compose it, between which a dot is sometimes interposed. A 
fraction is indicated by placing the divisor under the dividend,* but without 
a line of separation. The two sides of an equation are ordered in the same 


“Note RK. 2 See before and note E. 3 Pococke’s edition and translation, p. 89. 

+ Vij.-gan. § 4. 

> The sign of equality was first used by Robert Recorde, because, as he says, no two things can 
-be more equal than a pair of parallels, or gemowe lines of one length, Hutton. 

© The signs of-relalive magnitude were first introduced into European algebra by Harriot. 

7 Vij.-gan. § 21, § Lil. § 33. 


DISSERTATION. xi 


manner, one under the other:* and, this method of placing terms under each 
other being likewise practised upon other oceasions,? the intent is in the 
instance to be collected from the recital of the steps of the process in words 
at length, which always accompanies the algebraic process. That recital is 
also requisite to ascertain the precise intent of vertical lines interposed 
between the terms of a geometric progression, but used also upon other 
occasions to separate and discriminate quantities. The symbols of unknown 
quantity are not confined to a single one: but extend to ever so great a 
variety of denominations: and the characters used are initial syllables of the 
names of colours,’ excepting the first, which is the initial of y@vat-tavat,as much 
as; words of the same import with BomBELt1’s tanto; used by him for thesame 
purpose. Colour therefore means unknown quantity, or the symbol of it: 
and the same Sanscrit word, varia, also signifying a literal character, letters 
are accordingly employed likewise as symbols; either taken from the alpha- 
bet ;* or else initial syllables of words signifying the subjects of the problem ; 
whether of a general nature,‘ or specially the names of geometrie lines in 
algebraic demonstrations of geometrie. propositions or solution of geometric’ 
problems.? Symbols too are employed, not only'for unknown quantities, 
of which the value is sought; but for variable quantities of which the value 
may bearbitrarily put, (Vij. Ch. 6, note on commencement of § 153—156,)and, 
-especially in demonstrations, for both given and sought quantities. Initials of 
the terms for square and solid respectively denote those powers; and combined 
they indicate the higher. These are reckoned not by the sums of the 
powers; but by their products.” An initial syllable is in ike manner used 
to mark a surd root.” The terms of a compound quantity are ordered ac- 
cording to the powers; and the absolute number invariably comes last. It 
also is distinguished by an initial syllable, as a discriminative token of 
known quantity.2 Numeral coefficients are employed, inclusive of unity 
which is always noted, and comprehending fractions; for the numeral divisor 
is generally so placed, rather than under the symbol of the unknown: and in 
like manner the negative dot is set over the numeral coefficient: and not 
over the literal character. The coefficients are placed after the symbol of the 


s 


! Vij.-gañń. and Brahm, 18, passim, ° Vij.-gan. $ 55. #2 Vij-gan.§17. Brahm. c. 18, § 2. 
* Vij-gan. ch. 6, $Vij-gan.§.11.  ĉ Vij-gan.§ 146. ` 

7 Lil. § 26. * Vij~-gan. § 29. e Vij.-gan. § 17. 

10 Stevinus in like manuer included fractions in coefficients. ‘ 
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unknown quantity." Equations are not ordered so as to put all the quanti- 
ties positive; nor to give precedence to a positive term in a compound quan- 
tity: for the negative terms are retaimed, and even preferably put in the first 
place. In stating the two sides of an equation, the general, though not inva- 
triable, practice ,1s, at least in the first instance,‘ to repeat every term, which 
occurs in the one side, on the other: annexing nought for the coefficient, if a 
term of that particular denomination be there wanting. 

If reference be made to the'’wnitings of Dropuantus, and of the Arabian 
algebraists, and their early disciples in Europe, it will be found, that the 
notation, which has been here described, is essentially different from all 
theirs; much as they vary. Diopnantus employs the inverted medial of 
fAAgnfss, defect or want (opposed to vreegis, substance or abundance’) to indi- 
cate a negative quantity. He prefixes that mark ~ to the quantity in ques- 
tion. He calls the unknown, zeifu@; representing it by the final >, which 
he doubles for the plural; while the Arabian algebraists apply the equiva- 
lent word for number to the constant or. known term; and the Hindus, on 
the other hand, refer the word for numerical character to the coefficient. 
He denotes the monad, or unit absolute, by p°; and the linear quantity is called 
by him arithmos; and designated, like the unknown, by.the final sigma. He 
marks the further powers by initials of words signifying them: g”, x”, d0”, dx”, 
xx", &c. for dynamis, powcr (meaning the square); cubos, cube; dynamo- 
dynamis, biquadrate, &e. But he reckons the higher by the sums, not the 
products, of the lower. Thus the sixth power is with him the cubo-cubos, 
which the Hindus designate as the quadrate-cube, (cube of the Baimen or 
square of the cube). 

The Arabian Algebraists are still more sparing of symbols, or rather entirely 
destitute of them.* They have none, whether valle y or abbreviated, either 
for quantities known or unknown, positive or negative, or for the steps and 
operations of an algebraic process: but express every thmg by words, and. 
phrases, at full Tea Their European scholars irode a few and very 
few abbreviations ‘a4 names: c’, c’, c’, for the three first powers; c°, q’, for 
the first and second unknown quella: p, m, for plus and minus; and 


*Vieta did so likewise. iÈ 

2 A word of nearly the same import with the Sanscrit d at, wealth, used by indu algebraists 
for the same signification. 

3 Def. 9. * As. Res. 12. 183. 
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R for the note of radicality ; oecur in the first printed work which is that of 
PacioLo.. Leonarpo Bonacct of Pisa, the earliest scholar of the Arabians,’ 
is said by Tarcion1 Tozzerrt to have used the small letters of the alphabet 
to denote quantities.» But Lreonarpo only does so beeause he represents 
quantities by straight lines, and designates those lines by letters, in elucidation 
of his Algebraie solutions of problems.4 ‘ 

The Arabians termed the unknown (and they wrought but on one) shai 
thing. It is translated by Leonarvo of Pisa and his disciples, by the corre- 
spondent Latin word res and Italian cosa; whence Regola de la Cosa, and 
Rule of Coss, with Cosstke practise and Cossike number of our older authors,’ 
for Algebra or Speculative practice, as Pacroio® denomimates the analytic 
art; and Cossic number, in writers of a somewhat later date, for the root of 
au equation. : 

The Arabs termed the square of the unknown mál, possession or wealth ; 
translated by the Latin census and Italian censo ; as terms of the same import: 
for it is in the aeceptation of amount of property or estate’ that census was 
here used by LEONARDO. 

The cube was by the Arabs termed Cd, a die or eube; and they combined 
these terms mál and cáb for compound names of the moré elevated powers ; 
in the manner of DiopnHantus by the sums of the powers; and not like the 
Hindus by their products. Such indeed, is their method in the modern ele- 
mentary works: but it is not elear, that the same mode was observed by their 
earlier writers; for their Italian scholars denominated the biquadrate and 
higher powers Relato primo, sceundo, tertio, &e. ° 

Positive they call zéid additional ; and negative nakis deficient: and, as 
before observed, they have no diseriminative marks for either of them. 

The operation of restoring negative quantities, if any there be, to the po- 
sitive form, which isan essential step with them, is termed jebr, or with the 
article Adjebr, the mending or restoration. That of comparing the terms and 
taking like froin like, whieh is the next material step in the process of resolu- 


, 
* Or Pacions, Pactuoto,—.t, &c. For the name is variously written by Jtalian authors. 
2 See Note L. -i ’ y 

3 Viaggi, 2d Edit. vol. 2, p. 62. 

* Cossati, Origine dell Algebra, i. 

> Robert Recorde’s Whetstone of Witte. 

* Secondo noi delta Pratica Speculativa. Summa 8. 1. 

7 Census, quicquid fortunarum quis habet. Steph. Thes. z= 
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tion, ìs called by them mukdbalah comparison... Hence the name of Tarik 
aljebr wa almukabala, ‘the method of restoration and comparison,’ which ob- 
tained among the Arabs for this branch of the Analytic art; and hence our 
name of Algebra, fron’ Leonarpo of Pisa’s exact version of the Arabic title. 
Fi istakhrajul majhuldt ba tarik aljebr wa almukdbalah,’ De solutione qua- 
rundam questionum secundum modum Algebre ct Almuchabale- 

The two steps or operations, which have thus given name to the method of 
analysis, are precisely what is enjoined without distinctive appellations of 
them, in the introduction of the arithmetics of Diopuantus, where he directs, 
that, if the quantities be positive on both sides, like are to be taken from 
like until one species be equal to one species; but, if on either side or on 
both, any species be negative, the negative species must be added to both sides, 
so that they become positive on hoth sides of the equation: after which like 
are again to be taken from like, until one species remain on cach side.° 

The Hindu Algebra, not requiring the terms of the equation to be all ex- 
hibited in the form of positive quantity, does not direct the preliminary step 
of restoring negative quantity to the aflirmative state: but proceeds at once 
to the opcration of equal subtraction (samasédhana) for the difference of like 
terms which is the process denominated by the Arabian Algebraists comparison 
(mukébalah). On that pomt, therefore, the Arabian Algebra has more aflinity 
to the Grecian than to the Indian analysis. 

As to the progress which the Hindus had made in the analytic art, it will 
be seen, that they possessed well the arithmetic of surd roots ;+ that they were 
aware of the infinite quotient resulting from the division of finite quantity 
by cipher ;° that they knew the general resolution of equations of the second 
degree ; and had touched upon those of higher denomination ; resolving them 
in the simplest cases, and in those in which the solution happens to be prac- 
ticable by the method which serves for quadraties :° that they had attained a 
general solution of indeterminate problems of the first degree :’ that they had 
arrived at a method for deriving a multitude of solutions of answers to pro- 


Khuldsatal hisdb. c. 8. Calcutta. 

Liber abbaci, 9.15.3. M.S. in Magliab. Libr. 

Def. 11. 

Brahm. 18.§ 27—29. Vij.-gan, § 29—52. 

Lil. § 45. Vij.-gan. § 15—16 and § 135. 

Vij-gan. $ 129. and § 137—138. 

Brahm. 18. § 3—18. V%.-gan. 53—73. Lil § 248—265. 
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blems of the second degree from a single answer found tentatively ;* which 
is as near an approach to a general solution of such problems, as was made 
until the days of Lacrance, who first demonstrated, that the problem, on. 
which the solutions of all questions of this nature depend, is always resolvable 
in whole numbers.? The Hindus had likewise attempted problems of this 
higher order by the application of the method which suffices for those of the 
first degree ;> with indeed very scanty success, as might be expected. 

They not only applied algebra both to astronomy* and to geometry ;* but 
conversely applied geometry likewise to the demonstration of Algebraic rules.’ 
In short, they cultivated Algebra much more, and with greater success, than 
geometry ; as is evident from the comparatively low state of their knowledge 
in the one, and the high pitch of their attainments im the other: and they 
cultivated it for the sake of astronomy, as they did this chiefly for astro- 
logieal purposes. The examptes in the earliest algebraic treatise extant 
(BrauMecupta’s) are mostly astronomical : and here the solution of indeter- 
minate problems is sometimes of real and practieal use. The instances m the 
later treatise of Algebra by BuAscara are more various: many of them geo- 
metric; but one astronomical ; the restnumeral : among which a great number 
of indeterminate ; and of these some, though not the greatest part, resembling 
the questions which chiefly engage the attention of DiopuHantus. But the 
general character of the Diophantine problems and of the Hindu unlimited 
ones is by no means alike: and several in the style of Diophantine are noticed 
by Biascara in his arithmetical, instead of his algebraic, treatise.’ 

To pursue this summary comparison further, Dioruantus appears to have 
been acquainted with the direct resolution of affected quadratic equations; 
but less familiar with the management of them, he seldom touches on it. 
Chiefly busied with indeterminate problems of the first degree, he yet seems 
to have possessed no general rule for their solution. His elementary in- 
structions for the preparation of equations are suceinet.? His notation, as 


* Brahm. 18.§ 29—49. Vij.-gan. § 75—99. 2 Mem. of Acad. of Turin: and of Berlin. 
3 Vij.-gan. § 206—207. + Brahm. 18, passim. Vij.-gan. 
5 Vij.-gan. § 117—127. § 146—152. 6 Vij.-gan. § 212—214. 


7 Brahm. 12. § 21; corrected however in Lil. § 169—170. 
Lil. § 59—61, where it appears, however, that preceding wrilers had treated the question alge- 
braically. See likewise § 139—146. 

9 Def. 11. 5 
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before observed, scanty and inconvenient. In the whole science, he is very 
far behind the Hindu writers: notwithstanding the infinite ingenuity, by 
which he makes up for the want of rule: and although presented to us under 
the disadvantage of mutilation; if it be, indeed, certain that the text of only 
six, or at most seven, of thirteen books which his introduction announces, has 
been preserved.’ It is sufficiently clear from what does remain, that the lost 
part could not have exhibited a much higher degree of attainment in the art. 
It is presumable, that so much as we possess of his work, is a fair specimen 
of the progress which he and the Greeks before him (for he is hardly to be 
considered as the inventor, since he seems to treat the art as already known 5) 
had made im his time. 

The points, in which the Hindu Algebra appears particularly distinguished 
from the Greek, are, besides a better and more comprehensive algorithm,— 
ist, The management of equations involving more than one unknown term. 
(This adds to the two classes noticed by the Arabs, namely simple and com- 
pound, two, or rather.three, other classes of equation.) 2d, The resolution 
of equations of a higher order, in which, if they achieved little, they had, at 
least, the merit of the attempt, and_anticipated a modern discovery in the 
solution of biquadratics. 3d, General methods for the solution of indeter- 
minate problems of Ist and 2d degrees, in which they went far, indeed, 
beyond Diopnantus, and anticipated discoveries of modern Algebraists. 
Ath, Application of Algebra to astronomical investigation and geometrical 
demonstration: in which also they hit upon some matters which have béen 
reinvented in later times. 

This brings us to the examination of some of their anticipations of modern 
discoveries. ‘The reader’s notice will be here drawn to three instances in 
particular. 

The first is the demonstration of the noted proposition of Pyrmacoras, 
concerning the square of the base of a rectangular triangle, equal to thie 
squares of the two legs containing aright angle. The demonstration ts given 
two ways in Buascara’s Algebra, (V7j.-gan. § 146.) The first of them is the 
same which is delivered by Watts in his treatise on angular sections, (Ch. 
0.) and, as far as appears, then given for the first time.’ 


* Note M. * He designates the sides C.D. Base B. Segments x, ð. Then 
: 7. E. fore J Po 
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On the subject of demonstrations, it is to be remarked that the Hindu ma- 
thematicians proved propositions both algebraically and geometrically : as is 
particularly noticed by Buascara himself, towards the close of his Algebra, 
where he gives both modes of proof of a remarkable method for the solution 
of indeterminate problems, which involve a factum of two unknown quan- 
tities. The rule, which he demonstrates, is of great antiquity in Hindu 
Algebra: being found in the works of his predecessor BRanMEGUPTA, and 
being there a quotation from a more ancient treatise ; for it is injndiciously 
censured, and a less satisfactory method by unrestricted arbitrary assumption 
given in its place.  BuAscara has retained: both. . 

‘The next instance, which will be here noticed, is the general solution of in- 
determinate problems of the first degree. It was first given among moderns 
by Bacnet de Meziriac in 1624.4. Having shown how the solution of 
equations of the form ar—by=c is reduced to avr—by=21, he proceeds to 
resolve this equation: and prescribes the same operation on a and das to find 
the greatest common divisor. He names the residues c, d, e, f, &e. and the 
last remainder is necessarily unity: a@ and 5 being prime to each other. By 
retracing the steps from eẸ1 or f+1 (aceordingas the number of remainders 
is even or odd) eF 1=s, ed =¢, cl =y, ybtl =B, pa+1 =4 

€ d c b 
or ft1=C, C&FL =, ed+1 4, &e. 
fa’ 
The last numbers @ and « will be the smallest values of v and y, Itis ob- 
served, that, if a and b be not prime to cach other, the equation cannot 
subsist in whole numbers unless ¢ be divisible by the greatest common mea- 
sure of a and b. 

Here we have precisely the method of the Hindu algebraists, who have 

not failed, likewise, to make the last cited observation. See Brahm. Algebra, 


Therefore C*+ D*=(Bx+B 3=B into x+2=) B’. 
The Indian demonstration, with the same symbols, is 


U pi na: C? 
B: ah a Theretore d B. 
B D:D $= D? a 


B 
Therefore B=z + =C? -+ D? and B'=C'+ D*. * 
T B | 
* Problémes plaisans et délectables qui se font par les nombres. 2d Edit, (1624). Lacranee’s 
additions to EuLer’s Algebra, ij. 382. (Edit. 1807.) 
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section 1. and Bháse. Lil. ch. 12. Fij. ch.2. It is so prominent in the 
Indian Algebra as to give name to the oldest treatise on it extant; and to 
constitute a distinct head in the enumeration of the different branches of 
mathematical knowledge in a passage cited from a still more ancient author. 
See Lil. § 248. 

Confining the comparison of ‘Hindu and modern Algebras to conspicuous 
instances, the next for notice is that of the solution of indeterminate pro- 
blems of the 2d degree: for which a general method is given by Braume- 
Gupta, besides rules for subordinate eases: and two general methods (one of 
them the same with Braumecupta’s) besides special cases subservient 
however to the universal solution of problems of this nature; and, to obtain 
whole numbers in all circumstances, a combination of the method for pro- 
blems of the first degree with that for those of the second, employing them 
alternately, or, as the Hindu algebraist terms it, proceeding im a circle. 

Buaseara’s second method (V7. § 80—81) for a solution of the problem on 
which all indeterminate ones of this degree depend, is exactly the same, which 
Lord Brounexer devised to answer a question proposed by way of challenge 
by. Fermar in 1657. The thing required was a general rule for finding the 
innumerable square numbers, which multiplied by a proposed (non-quadrate) 
number, and then assuming an unit, will make a square. Lord BrouncKeEr’s 
rule, putting 2 for any given number, 7° for any _ taken at pleasure, 


2rxX2r 
and d for difference between z and 7° (7° a n) w na CF =) the oo 


required. In the Hindu mile, using the same symbols, — - is the square root 


required* But neither BrouncKer, ‘nor WALLIs, P himself contrived 
another method, nor Fermat, by whom the question was proposed, but whose 
mode of solution was never made known by him, (probably because he had not 
found anything better than Waxuis and BrounckeEr diseovered,*) nor Fre- 
NICLE, who treated the subject without, however, adding to what had been 
done by Wactuis and BnounckeEr,’ appear to have been aware of the impor- 
tance of the problem and its universal use: a discovery, which, among the 
moderns, was reserved for Eurer in the middle of the last century. To him, 
among the moderns, we owe the remark, which the [Hindus had made more 
than a thousand years before,* that the problem was.requisite to find all the 


s * Vij-gar. § 80—81. (1° 2 Wallis, Alg. c. 98. 3 Ibido: 
` * Bhéscara Vij. § 173, and $ 207. See likewise Brahm; Alg. sect. 7. 3 
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possible solutions of equations of this sort. Lacrance takes credit for 
having further advanced the progress of this branch of the indeterminate 
analysis, so lately as 1767 ;* and his complete solution of.equations of the 
2d degree appeared no earlier than 1769.° 

It ne been pretended, that traces of the art are to se dicovered in the 
‘writings of the Grecian geometers, and particularly in the five first proposi- 
tions of Evcrin’s thirteenth book; whether, as Wars conjectures, what 
we there have be the work of Turon or some other antient scholiast, rather 
than of Everip himself :* Also examples of analytic investigation in Pap- | 
Pus ;* and indications of a method somewhat of a like nature with algebra, 
or at least the effects of it, in the works of ARCHIMEDES and APOLLONIUS; 
though they are supposed to have very a concealed this their-art of 
invention.’ : . 

This proceeds on the ground of considering Analysis and Algebra, as in- 
terchangeable terms ; and applying to Algebra Euctip’s or Tirzon’s defini- 
tion of Analysis, ‘ a taking of that as granted, which: is a ; and thence 
by consequences arriving at what is vöníesddii true.’ 

Undoubtedly they possessed a geometrical analysis; RiT or traces of 
which exist in the writings of more than one Greek mathematician, and 
especially in thośe of ArcHIımeEpDESs. But this is very different from the 
Algebraic Calculus. The resemblance extends, at most, to the-method of 
inversion; which both Hindus and Arabians consider to be entirely distinct 
from their respective Algebras; and which the former, therefore, join with 
their arithmetic and mensuration.” 

In a very general sense, the analytic art, as Hindu writers observe, is 
merely sagacity exercised; and is independent of symbols, which do not 
constitute the art. In a more restricted sense, according to them, it is cal- 
culation attended with the manifestation of its principles: and, as they fur- 
ther intimate, a method aided by devices, among which symbols and literal 
signs are conspicuous.’ Defined, as analysis is by an illustrious modern 


* Mem. de !’Acad. de Berlin, vol. 24. 

2 See French translation, of Euler's Algebra, Additions, p.286. And Legendre Theorie des 
Nombres 1. $ 6. No. 36. 

3- Wa LLIS, Algebra, c. 2. + Ibid. and Preface, 

* Ibid. and Nunez Algebra 114. 6 WALLIS, following Vreta’s version, Alg. c. 1. 

? Lil, 3.1.§47. Khuldsat, Iiséb. c. 5. * Vij.-gar. § 110, 174, 215, 224. 
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mathematician,’ ‘a method of resolving mathematical problems by reducing 
them to equations, it assuredly is not to be found in the works of any 
Grecian writer extant, besides Diopiantus. 

In his treatise the rudiments of Algebra are clearly contained. He deli- 
vers m a succinct manner the Algorithm of affirmative and negative quanti- 
ties; teaches to form an equation ; to transpose the negative terms; and to 
bring out a final simple equation comprising a smgle term of each species 
known and unknown. 

‘Adinitting on the ground of. the mention of a mathematician of his name, 
whose works were commented by Hypatra about the beginning of the fifth 
century ;? and on the authority of the Arabic annals of an Armenian Chris- 
tiau; which make him contemporary with Jurian; that he lived towards 
the middle of the fourth century of the Christian era; or, to speak with pre- 
cision, about the year 360 ;* the Greeks will appear to have possessed in 
the fourth century so much of Algebra, as is to be effected by dexterous 
application of the resolution of equations of the first degree, and even the 
second, to limited problems; and to indeterminate also, without, however, 
having attained a gencral solution of prablems of this latter class. 

The Arabs acquired Algebra extending to simple and compound (meaning 
quadratic) equations; but it was confined, so far as appears, to limited pro- 
blems of those degrees: and they possessed it so early as the close of the 
eighth century, or commencement of the ninth. Treatises were at that 
period written in the Arabic language on the Algebraic Analysis, by two 
distinguished mathematicians who flourished under the Abbasside ALMAmuUN: 
and the more ancient of the two, MuHamMED BEN Musa Al Khuwérezmi, — 
is recognised among the Arabians as the first who made Algebra known to 
them. He is the same, who abridged, for the gratification of ALMAMUN, an 
astronomical work taken from the iiaia system in the preceding age, under 
Aumansur. He framed tables likewise, grounded on those of the Hindus; 
which he professed to correct. And he studied and communicated to his 


* D'ALEMBERT. * Surpas, in voce Hypatia. 

3 GREGORY ABULFARAJ. Ex iis eliam [nempe philosophis qui prope tempora Juliani florue- 
runt] Diophantus, cujus liber, quen Algebram vocant, celebris est, in quem si immiserit se Lector, 
oceanum hoc in genere reperiet.— Pococke. i 

4 JuLran was emperor from 360 to 363. See note M. 
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countrymen the Indian compendious method of computation ; that is, their 
arithmetic, and, as is to be inferred, their analytic calculus also.’ 
. The Hindus in the fifth century, perhaps earlier, were in possession of: | 
Algebra extending to the general solution of both determinate and indeter- 
minate problems of the Ist and 2d degrees: and subsequently advanced to 
the special solution of biquadratics wanting the second term; and of cubics 
in very restricted and easy cases. | 

Priority seems then decisive in favour of both Grecks and Hindus against 
any pretensions on the part of the Arabians, who in fact, however, prefer: 
none, as inventors of Algebra. They were avowed borrowers im science: 
and, by their own unvaried acknowledgment, from the Hindus they learnt 
the science of numbers. That they also received the Hindu Algebra, is 
much more probable, than that the same mathematician who studied the 
Indian arithmetic and taught it-to his Arabian brethren, should, have, hit. 
upon Algebra unaided by any hint or suggestion of the Indian analysis. 

The Arabs became acquainted with the Indian astronomy and numerical 


science, before they had any knowledge of the writings of the Grecian as- 


tronomers and mathematicians: and it was not until after more than one 
century, and nearly two, that they had the benefit of an interpretation of 
Drornaxrtus, whether version or paraphrase, executed by MUHAMMED 
ArBULWAFA Al Buzjání; who added, in a separate form, demonstrations of 
the propositions contained in DiopnantTus; and who was likewise author of 
Commentaries on the Algebraic treatises of the Khuwarezmite MUHAMMED, 
BEN Musa, and of another Algebraist of less note and later date, Ani Yanya, | 


whose lectures he had personally attended.’ Any inference to be drawn 


from their knowledge and study of the Arithmetics of Diornantus and 
their seeming adoption of his preparation of equations in their own Algebra, 
or at least the close resemblance of both on this point, is of no avail against 
the direct evidence, with which we are furnished by them, of previous in- 
struction in Algebra and the publication of a treatise on the art, by an author 
conversant with the Indian science of computation in all its branches. . 

But the age of the carliest known Hindu writer on Algebra, not being 
with certainty carried to a period anterior, or even quite. equal to that im 
which Driopuantus is on probable grounds placed, the argument of priority, 
so far as investigation has yet proceeded, is in favour of Grecian invention. 


! Note N. * See note I. 3 See note N. 
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The Hindus, however, had certamly made distinguished progress in the 
science, so early as the century immediately following that in which the 
Grecian taught the rudiments of it. The Hindus had the benefit: of a good 
arithmetical notation: the Greeks, the disadvantage of a bad one. Nearly 
allied as aleebra is to arithmetic, the invention of the algebraic calculus was 
more easy and natural where arithmetic was best handled. No such marked 
identity of the Hindu and Diophantine systems is observed, as to demon- 
strate communication. They arc sufficiently distinct*to justify thè pre- 
sumption, that both might be invented independently of cach other. 

: If, however, it'be insisted, that a hint or suggestion, the seed of their know- 
ledge, may have reached the Hindu mathematicians immediately from the 
Greeks of Alexandria, or mediately through those of Bactria, it must at the 
same time be confessed, that a slender germ grew and fructified rapidly, and 
soon attained an approved state of-maturity in Indian soil. 

More will not be here contended for: since it is not impossible, that the hint 
of the one analysis may have been actually received by the mathematicians of 
the other nation; nor unlikely, considering the arguments which may be 
brought for a probable communication on the subject of astrology; and ad- 
verting to the intimate connexion between this and the pure mathematics, 
through the medium of astronomy. i `- 

The Hindus had undoubtedly made some progress at an early period in 
the astronomy cultivated by them for the regulation of time. Their calen- 
dar, both civil and religious, was governed chiefly, not exclusively, by the 
moon and sun: and the motions of these luminaries were carefully observed 
‘by them: and with such success, that their determination of the moon’s 
synodical revolution, which was what they were principally concerned with, 
is a much more correct one than the Greeks ever achieved.’ They had a 
division of the ecliptic into twenty -seven and twenty-eight parts, suggested 
evidently by the moon’s period in days; and peeustiertly their own: it was 
certainly borrowed by the Arabians.* .Being led to the observation of the 
fixed stars, they obtained a knowledge of the positions of the most remark- 
able; and noticed, for religious purposes, and from superstitious notions, the 
heliacal rising, with other phoenomena of a few. The adoration of the sun, 
of the planets, and of the stars, m common with the worship of the elements, 


> As, Res. 2 and 12. 7 As. Res. 9, Essay vi. 
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held a principal place in their religious observances, enjoined by the Védas :' 
and they-were led consequently by piety to watch the heavenly bodies. 
They were particularly conversant with the most splendid of the primary 
planets; the period of Jupiter being introduced by them, in conjunction 
with those of the sun and moon, into the regulation of their calendar, sacred 
and civil, in the form of the celebrated cycle of sixty years, common to 
them and to the Chaldeans, and still retained by them. From that cycle 
they advanced by. progressive stages, as the Chaldeans likewise did, to larger 
periods ; at first by combining that with a number specifically suggested by 
other, or more correctly determined, revolutions of the heavenly bodies ;. and 
afterwards, by merely augmenting the places of figures for greater scope, 
(preferring this to the more exact method of combining periods of the 
planets by an algebraic process; which they likewise investigated’): until 
they arrived finally at the unwieldy cycles named MMahdyugas and Calpas. 
But it was for the sake of astrology, that they pushed their cultivation of 
astronomy, especially that of the minor planets, to the length alluded to. 
Now divination, by the relative position of the planets, seems to have been, 
in part at least, of a foreign growth, and-comparatively recent introduction, 
among the Hindus. The belief in the influence of the planets and stars, 
upon human affairs, is with them, indeed, remotely antient; and was a 
natural consequence of their creed, which made the sun a divine being, and 


the planets gods. But the notion, that the tendency of that supposed in- , 


fluence, or the manner in which it will be exerted, may be foreseen by man, 
and the effect to be produced by it foretold, through a knowledge of the posi- 


tion of the planets at a particular moment, is no necessary result of that: 


creed: for it takes from beiugs believed divine, merece i in other respects, 
as in their visible movements. 
Whatever may have been the period when the notion first obtained, that 
foreknowledge of events on earth might be gained by observations of planets 
and stars, and by astronomical computation; or wherever that fancy took its 
Tise; certain it is, that the Hindus have received and welcomed communica- 
tions from other nations on topicsof astrology: and although they had astro- 
logical divinations of their own as early as the days of Parasara and 
GARGA, centuries before the Christian era, there are yet grounds to presume 


' As. Res. 8. 2 BRAHMEGUPTA, Algebra. 
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that communications subsequently passed to them on the like subject, either 
from the, Greeks, or from the same common source (perhaps. that of the 
Chaldeans) whence the Greeks derived the grosser superstitions engrafted on 
their own genuine and antient astrology, which was meteorological. 

This opinion is not now suggested for the first time. Former occasions 
have been taken of intimating the same sentiment on this point:' and it has 
been strengthened by further consideration of the subject. As the question 
is closely connected with the topics of this dissertation, reasons for this 
opinion will be stated in the subjoined note. * 

Joining this indication to that of the division of the zodiac a“ twelve 
signs, represented by the same figures of animals, and named by words of thie 
same import with the zodiacal signs of the Greeks; and taking into consi- 
deration the analogy, though not identity, of the Ptolemaic system, or rather 
that of Hrrrarcnus, and the Indian one of excentric deferents and epicycles, 
which in both serve to account for the irregularities of the planets, or at least 
to compute them, no doubt can be ately ae that tle Hindus received hints 
from the astronomical schools of the Greeks. 

It must then be admitted to be at least possible, if not probable, in the 
absence of direct evidence and positive proof, that the imperfect algebra of 
the Greeks, which had advanced in their hands no further than the lig 
of equations, involving one unknown term, as it is taught by DroPnaxrtTus, 
was made known to the Hindus by their Grecian instructors in improved 
astronomy. But, by the ingenuity of the Hindu scholars, the hint was 
rendered fruitful, and the algebraic method was soon ripened from that slen- 
der beginning to the advanced state of a well arranged science, as it was 
taught by Anyasuatra, and as it is found in treatises compiled by Bran- 
MEGUPTA and Buascara, of both which versions are here presented to the 
public. 


* As. Res. 12. ` # Note O. 
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Tue oldest EE of ascertained date, whieh has come. - into the 
translator’s hands, and has been accordingly employed by him for the pur- 
pose of collation,. as well as in the progress of translation, 1s one composed 
by Gancap’nara son of Gésarn’Hana and grandson of Divacara, 
inhabitant of Jambusara.’ It appears from an example of an astronomical 
computation, which it exhibits, to have been written about the year 
1342 Saca (A.D. 1420). Though confined to the Lilévati, it expounds and 
consequently authenticates a most material chapter of the V2ja-ganita, 
which recurs nearly verbatim in both treatises ; but is so essential a part of 
the one, as to have given name to the algebraic analysis in the works of the 
early writers.* His "eller brother ae PANDITA was author of a treatise 
of arithmetic, &c. named Ganita-sara, a title borrowed from the Te 
of Srip’uara. It is frequently quoted by him. 

The next commentary in age, and consequent importance for the objects now 
under consideration, 1s that of Surya surr also named SURYADASA, hative of 
Pérthapura, near the confluence of the Gédé and Vidarbha rivers. He was 
author of a complete commentary on the Siddhdnta-sirémani; and of a dis- 
tinct work on calculation, under the title of Gavita-mdlati ; and of a compi- 
lation of astronomical and astrological doctrines, Hindu and Muhammedan, 
under the name of SidD héhta-sanhité-sdra- samuchchaya ; in whieh he makes 
mention of his commentary on the Sirdmari. The Riss on the Lilavati, en- 


* A town situated in Gujrat (Gurjara), Creat “eight a north of e town of si oe 


2 LH. § 264. t : i alt 
3 Cuttacdd’hydya, the title of BRauMEGUPTA’s chapter on Algebra, and of a ered in ARYA- 
BHATTA’s work. = : 
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titled Ganitamrita, and that on the Vija-ganita, named Surya-pracasa, both 
excellent works, containing a clear interpretation of the text, with a concise 
explanation of the principles of the rules, are dated the one m 1460, the other 
in 1463 Saca; or A.D. 1538 and 1541. His father JnyAnarasa, son of 
NAGANATHA, a Brahmen and astronomer, was author, among other works, 
of an astronomical course, under the title of Siddhanta-sundara, still extant,‘ 
which, like the Siddhdnta-sirémani, comprises a treatise on algebra. It is 
repeatedly cited by his son. 

GaNESa, son of CEsava, a distinguished astronomer, native of Nandi- 
grama, near Décagiri, (better known by the Muhammedan name of Daule- 
tabad ),* was author of a commentary on the Siddhdanta-sirémavi, which is 
mentioned by his nephew and scholiast Nrisinna ; in an enumeration of his 
works, contained in a passage quoted by ViswanaT ra on the Grahalaghaca. 
His commentary on the Lilavati bears the title of Budd hivildsini, and date of 
1467 Saca, or A.D. 1545. It comprises a copious exposition of the text, 
with demonstrations of the rules: and has been used throughout tlie trans- 
Jation as the best interpreter of it. He, and his father CEsava, and nephew 
Nristnua, as well as his cousin Lacsumipasa, were authors of numerous 
works both on astronomy and divination. The most celebrated of his own 
performances, the Grahalaghaca, bears date 1442 Saca, answering to A. D. 
on l 

The want of a commentary by GANEsa on the Vija-gaviita, is supplied 
by that of Crisuwa, son of BaLiAza, and pupil of Visunv, the disciple of 
GaN£§Sa’s nephew Nristnua. It contains a clear and copious exposition 
of the sense, with ample demonstrations of the rules, much in the manner of 
GaneSa, on the Lilécati ; whom also he imitated in composing a commen- 
tary on that treatise, and occasionally refers to it. His work is entitled 
Calpalatécatdra. Its date is determined, at the close of the sixteenth 
century of the Christian era, by the notice of it and of the author in a work 
of his brother RancanaTua, dated 1524 Saca (A.D. 1602), as well as in 
one by his nephew Moniswara. He appears to have been astrologer in 
the service of the Emperor JenANcir, who reigned at the beginning of the 
seventeenth century. 

The gloss of Rancanat’na on the Vdsand, or demonstratory annotations 


* The astronomical part is in the library of the East India Company. 
* Nandigrém retains its ancient name; and is situaled west of Dauletabad, about sixty-five miles. 
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of Buascara, which is entitled Afita-bhashini, contains no specification of. 
date; but is determined, with sufficient certainty, towards the middle of 
the sixteenth century of the Saca era, by the writer's relation of son ito 
Nristxnua, the author of a commentary on the. Strya-sid@hdnta, dated 
1542 Šaca, and of the Vásaná-vártica (or gloss on Buascara’s annotations 
of the Sirémani), which bears date in 1543 Saca, or A.D. 1621; and’ his: 
relation of brother, as well as pupil, to Ca xa Lacara, author of the Sidd hánta- 
tatwa-vicéca, also composed towards the middle of the same century of; 
the Saca era. Nristnna, and his uncle ViswanaT ia, (author of astrolo- 
gical commentaries,) describe their common ancestor Diyacara, and his 
crandfather Rama, as ALahardshtra Brahmens, living at Gélagrama,' on 
the northern bank of the Géddvari, and do not hint a migration of ‘the 
family. NristnHa’s own father, Crisuna, was author of a treatise on 
algebra in compendious rules (sutra), as his son affirms. | ol, bom: 
The Vija-prabéd ha, a commentary on the Vija-gañita, by Rama Crisuna, 
son of LacsumMawna, and grandson of Nrisinua, inhabitant of Amaracati,* 
is without date or express indication of its period; unless his grandfather 
Nristnua be the same with the nephew of ViswaNATHA just now men- 
tioned: or else identified with the nephew of GaweEsa and preceptor of 
VisuNu, the instructor of Crisuwa, author of the Calpalatdvatara.. The 
presumption is on either part consistent with proximity of country: Amard- 
vati not being more than 150 miles distant from Nandigrdéma, nor more than 
200 from Gélagrdma. It is on one side made probable by the anthor’s 
frequent reference to a commentary of Ins preceptor Crisuwa, which in 
substance corresponds to the Calpalatdcatdra; but the title differs, for he 
cites the Nacdéneura. On the other side it is to be remarked, that CrisuNa, 
father of the Nrisinuia, who wrote the V’asand-vartica,. was author of a 
a treatise on Algebra, which is mentioned by his son, as before observed. 
The Jfanéranjana, another commentary on the Zilazati, which has been 
used in the progress of the translation, bears no date, nor any indication 
whatsoever of the period when the author Rasra- Crisuwa DEVA, sön df 
SADADEVA, surnamed ApADEYVA, Wrote. te nolitlee 


The Gatita-caumudi, on the Lilioati, is frequently cited - by the modérn’ 
> s l hms yai 
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commentators, and in particular by SUrya-surr and Rancanarna: but 
has not been recovered, and is only known from their quotations. 
' Of the numerous commentaries on the astronomical portion of Buascara’s 
Sid@hanta-sirémani, little use having been here made, either for settling the 
text of the algebraic and arithmetical treatises of the author, or for interpreting 
particular passages of them, a reference to two commentaries of this class, 
besides those of SuUrya-suri and GaNn¥Sa, (which have not been recovered,) 
and the authors own annotations and the interpretation of them by 
Nrisinna above noticed, may suffice: viz. the Ganita-tatwa-chintamani, by 
Lacsumipasa, grandson of Czsava, (probably the same with the father of 
Ganesa before'mentioned,) and son of VAcuEspati, dated 1423 Saca, (A.D. 
1501); and the Afdricha, by Muntswara, surnamed Viswarupa, grandson 
of BALLALa, and son of RanGanat'na, who was compiler of a work dated 
1524 Saca (A. D. 1602), as before.mentioned. ‘Muniswara himself is the 
author of a distinct treatise of astronomy entitled Sidd’ hdnta-sarvabhauma. 
Persian versions of both the Lilévati and Vija-ganita have been already - 
noticed, as also contributing to the authentication of the text. The first by 
Farzí, undertaken by the command of the Emperor AcBrr, was executed in 
the $2d-year of his reign; A. H. 995, A.D. 1587. The translation of the 
Vi ya-ganita is later by half a centur y having been completed by Ara ULLAN 
= in the’ pi year of the reign of unis Jenan; A.H. 1044, A.D. 
1634. ` mally 
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ASTRONOMY OF BRAHMEGUPTA. 


BRAHME GUPTA’s entire work comprises twenty-one lectures or chapters ; 
of which the ten first contain an astronomical system, consisting (Ist and 2c) 
in the computation of mean motions and true places of the planets; 3d, 
solution of problems concerning time, the points of the horizon, and the 
position of places; 4th and 5th, calculation of lunar and solar eclipses; €th, 
rising and setting of the planets; 7th, position of the moon’s cusps; 8th, 
observation of altitudes by the gnomon; 9th, conjunctions of the planets; 
and, 10th, their conjunction with stars. The next ten are supplementary, 
including five chapters of problems with their solutions: and the twenty- 
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first explains the principles of the astronomical system in a compendious 
treatise on spherics, treating of the astronomical sphere and its circles, the 
construction of sines, the rectification of the apparent planet from mean 
motions, the cause of lunar and solar eclipses, and the construction of the 
armillary sphere. : 
The copy of the scholia and co in the translator’s possession, wants the 
whole ‘of the 6th, 7th, and 8th chapters, and exhibits gaps of more or less 
extent in the preceding five ; and appears to have been transcribed from an 
- exemplar equally defective. From the middle of the 9th, to near the close of 
the 15th chapters, is an uninterrupted and regular series, comprehending a very 
curious chapter, the 11th, which coutains a revision and censure of earlier 
writers: and next to it the chapter on arithmetic and mensuration, which is 
the 12th of the work. It is followed in the 13th, and four succeeding g chapters, 
by solutions of problems concerning mean and true motions of planets, find- 
ing of time, place, and points in the horizon; and relative to other matters, 
which the defect of tlic two last of five chapters renders it impracticable to 
specify. Next comes, (but in a separate form, being transcribed from a diffe- 
rent exemplar,) the 18th chapter on Algebra. The two, which should succeed, 
(and one of which, as appears from a refcrence to a chapter on this subject, 
treats of the various measures of time under the several denominations. of 
solar, siderial, lunar, &c.; and the other, from like references to it, is known 
to treat of the delineation of celestial plienomena by diagram,) are entirely 
wanting, the remainder of the copy being defective. The twenty-first 
chapter, however, which is last in the author's arrangement, (as the corre- 
sponding book on spherics of Buascara’s Sidd'hdnta-sirémani is in his,) 
has been transposed and first expounded by tlie scholiast: and very properly 
so, since its subject is naturally preliminary, being explanatory of the prin- 
ciples of astronomy. It stands first in the copy under consideration; and is 
complete, except onc or two initial couplets. 
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C. 


BRAHMA-SIDD'HÁNTA, TITLE OF BRAHMEGUPTAS 
ASTRONOMY. 


Tue passage is this: “ Branmécta-graha-ganitam mahaté caléna yat 
Chili-bhitam, abhid hiyaté sphutan tat Jisunu-suta BRANMEGUPTENA.” 

‘ The computation of planets, taught by Brausa, which had become im- 
perfect by great length of time, is propounded correct by BrauMEGuPTa son 
of Jisunu.’ 

The beginning of Prrr’HUpaca’s commentary on the Brahma-sidd’hanta, 
where the three initial couplets of the text are expounded, being deficient, 
the quotation cannot at present be brought to the test of collation. But the 
title is still more expressly given near the close of the cleventh chapter, 
($59) “ Brahmé sphuta-sidd’ hanté ravindu-bh& yégam, &c.” 

And again, (§ 61) “ Chandra-ravigrahanéndu-ch héyddishu sarcadé yat6 
Brahmé, drig-ganitaicyam bhacati, sphutd-sidd’hantas taté Brahmah.” 
‘ As observation and computation always agree in respect of lunar and solar 
eclipses, moon’s shadow (i. e. altitude) and other particulars, according to 
the Brahma, therefore is the Brahma a correct system, (sphuta-sidd’ hanta J 

It appears from the purport of these several passages compared, that 
BraliMEGuPta’s treatise is an emendation of an earlicr system, (bearing the 
same name of Brahma-sidd’hanta, or an equivalent title, as Pitamaha- 
sidd’hanta, ot adjectively Paitamaha,) which lad ceased to agree with 
the phcenomena, and into which requisite corrections were therefore intro-- 
duced by him to reconcile computation and observation ; and he entitled ‘his 
amended treatise ‘ Correct Brahma-sidd’hanta.’ That earlier treatise is con- 
sidered to be the identical one which is introduced into the Vishiu-d’hermét- 
tara purdna, and from which parallel passages are accordingly cited by the 
scholiasts of Buascara. (Sec following note.) It is no doubt the same 
which is noticed by VARAUAMIHIRA under the title of Paitdmaha and Brahma 
siddhanta. Couplets, which are cited by his commentator Bu ATTÓTPALA from 
the Brahma-sid@hanta, are found in Braumecurta’s work. But whether 
the original or the amended treatise be the one to which the scholiast re- 
ferred, is nevertheless a disputable point, as the couplets in question may be 
among passages which BrAHMEGUPTA retained unaltered. 


a 





NOTES AND ILLUSTRATIONS. © XXX 
gp ind : 


VERIFICA TION OF THE TEXT OF BRAHMEGUPTAS 
TREATISE OF ASTRONOMY. 


A PASSAGE, aie the commencement of astronomical periods and of 
planetary revolutions, to the supposed instant of the creation, is quoted from 
Braumecurra, with a parallel passage of another Brahma sidd hénta 
(comprehended in the Vishni-dherméttara-purdna) in a compilation by 
Muniswara one of Buascara’s glossators." It is verified as the 4th couplet 
of Braumecurra’s first chapter (upon mean motions) in the translator’s copy. 

Seven couplets, specifying the mean motions of the planets’ nodes and 
apogees, are quoted after the parallcl-passage of the other Brahma sidd’ hanta, 
by the same scholiast. of Buascara, asthe textof Braumecurta: and they 
are found in the same order from the 15th to the 21st 1 in the first chapter of 
his work in the copy above mentioned. 

This commentator, among many other corresponding passages noticed by 
him on various occasions, Bis quoted one from the same Brahma sidd’hanta of 
the Vi shiu-dharméttara concerning the orbits of the planets deduced from the 

magnitude of the sky computed there, as it alsois by BraumEGupPta (ch. 21, 
§9), but in other words, at a circumference of 18712069200000000 ydjanas : 
he goes on to quote the subsequent couplet of Branmecurta declaring that 
see travel an equal measured distance in their orbits in equal times : and 
then cites his scholiast (¢#cacéra) CuarurvEDACH ARYA. 

The text of Bkanmecurpta (ch. 1, $21) specifying the diurnal’ revolutions 
of the siderial sphere, or number of siderial days in a calpa, with the corre-, 
spondent one of the Paitamaha sidd’hanta in the Vishru- dherméttara, is ano- 
ther of the quotations of the same writer in his commentary on BuAscana, _ 

A passage relating to oval epicycles,’ cited by the same author in another 
place, is also verified in the 2d chapter (in the rectification of a planet's place). 

A number of couplets | on the subject of eclipses’ is cited by Lacsumipasa, 
a commentator of Buascara. They are found in the 5th chapter (on 
eclipses) § 10 and 24; and ma section of the 21st (on the causc of eclipses) 
§ 37 to 46, in the copy in question. 

Several couplets, relating to the positions of the constellations and to the 


1 As. Res. 12, p. 232. 2 Ibid. 12, p. 236. 2 Ibid. 12, p. 241, 


xxxii NOTES AND ILLUSTRATIONS. 


longitudes and latitudes of principal fixt stars, are cited from BransEGUPTA 
in numerous compilations, and specifically i in the commentaries on the Sarya- 
sid@hanta and Sidd’hanta-sirémani.|. They are all found correct in the 10th 
chapter, on the conjunctions of planets with fixt stars. 

A quotation by Ga Nesa on the Lilavati (A. D. 1545) deseribing the attain- 
ments of a true mathematician,’ occurs with exactness as the first couplet of. 
the 12th chapter, on arithmetic ; and one adduced by Buascara himself, in 
his arithmetical treatise (§ 190), giving a rule for finding the diagonal of a 
trapezium,* is precisely the 28th of the same chapter. 

A very important passage, noticed by Buascara in his notes on his 
Sidd hánta-sirómarńi, and alluded to in his text, and fully quoted by his com- 
mentator in the ALéricha, relative to the rectification of a planct’s true place. 
from the mean motions,‘ is found in the 21st chapter, 427. Buascara has, 
on that océasion, alluded to the scholiast, who is accordingly quoted by name 
in the commentary of LacsumMipasa (A. D. 1501): and here again the cor- 
respondence is exact. i 

The identity of the text as Braumecupta’s, and of the gloss as his scho- 
hast’s, being (by these and many other instances, which have been collated,) 
satisfactorily established ; as the genuineness of the text is by numerous quo- 
tations from the Brahma-siddhauta (without the author’s name) in the more 
ancient commentary of Buatrérpaca.(A. D. 968) on the works of Varaua- 
mimira, which also have been verified in the mutilated copy of the Brahma- 
sidd’hdnta under consideration ; the next step was the examination of the 
detached copy of a commentary on the 18th chapter, upon Algebra, which is 
terminated by a colophon so describing it, and specifying the title of the entire. 
book Brahma-sidd’hdnta, and the name of its author BRAHMEGUPTA. 

For this purpose materials are happily presented in the scholiast’s enume- 
ration, at the close of the chapter on arithmetic, of the topics treated by his 
author i in the chapter on Algebra, entitled Cutéaca:’ in a general reference 
to the author's algorithm of unknown quantities, affirmative and negative 
terms, cipher and surd roots, in the same chapter; ;° and the same scholiast’s 
quotations of the initial words of four rules; one of them relative to surd 
roots 3’ the other three regarding the resolution of quadratic equations ;* as 


= me Res. 9. = 6. 2 Lil. em — 3” LAL. § 190. 
* As. Res. 12, 239. $ Arithm. of Brahm. § 66. © Ibid. § 13. 
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also in the references of the scholiast of the Algebraic treatise to. passages mn 
the astronomical part of his author’s work. N 

The quotations have been verified; and théy exactly agree with the rulc 
concerning surds (§ 26) and the three pitts which compose the section relating 
to fadik equations (§ 32—34); and with the rule in the chapter on the 
solution of astronomical problems concerning mean motions (ch. 13, § 22): 
and this verification and the agreement of the more general references: 
demonstrate the identity of this treatise of Algebra, - consonantly to its colo-: 
phon, as Branmecurta’s Algebra entitled Cutiaca and a part of his 
Brahma-sidd’hanta. 





E. 
CHRONOLOGY OF ASTRONOMICAL AUTHORITIES ACCORD- 
ING TO ASTRONOMERS OF UJJAYANL ° 


THE names of astronomical writers with their dates, as furnished by the 
astronomers of Ujjayani who were consulted by Dr. WrLLIAM HUNTER so- 
journing there with a British embassy, are the following: 


VARAHA-MIHIRA 122 Saca [A.D. 200-17 
Another VARAHA-MIHIRA 427 [A. D. 505-6] 
BRAHMEGUPTA 550 [A. D. 628-9] 
MuNSALA 854 [A.D. 932-3] 
BHATTÓTPALA 890 . [A. D. 1068-9] 
SwETOTPALA 9389 [A. D. 1017-8] 
VARUNA-BHATTA 962 [A. D. 1040-1] 
Buésa-RAJA 964 [A. D. 1042-3] 
Bu aAscara 1072 [A. D. 1150-1] 
CALYANA-CIIANDRA 1101 [A.D.1179-80] 


The grounds, .on which this chronology proceeds, are insanning i in the 
note which Dr. HunTER preserved of the'communication. But means exist 
for verifying two of the dates specified and corroborating others. ; 

The date, assigned to BuAscaRa, is precisely that of his Sidd’ hénta-sirémani, 
plainly concluded from a passage of it, in which he declares, that it was 


3 Alg. of Brahm. § 96 (Rule 55). 
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completed by him, being thirty-six years of age; and that his birth was in. 
1036 Saca. 

Raja Buésa-peEva, or Buésa-Rasa, 1s aol in this list of Hindu astrono- 
mers apparently on account of his name being affixed as that of the author, 
to an astrological treatise on the calendar, which bears the title of Raja- 
mértanda, and which was composed probably at his court and by astrologers 
in his service. It contains: no date ; or at least none is found in the copy 
which has been inspected. But the age assigned to the prince is not incon- 
sistent with Indian History : and is aiad by the colophon of a poem 
entitled Subhdshita ratna-sandóha, composed by a Jainasectary named AMITA- 
GATI who has given the date of his poem in 1050 of Vicramáditya, in the 
reign of Munya. Now Muxsa was uncle and predecessor òf BHÓJA-RÄJA, 
being regent, with the title of sovereign, during his nephew’s minority : and 
this date, which answers to A. D. 993-4, is entirely consistent with that given 
by the astronomers of Vijayan, viz. 964 Saca corresponding to A. D. 1042-3: 
for the reign of Bu6ésa-DEVA W as long: extending „at the lowest computation, 
to half a century, and reaching, according to an extravagant reckoning, to the 
round number of an hundred years. 

‘The historical ‘notices. of this King of Dhdré* are examined by Major 
WILrorp and Mr. BENTLEY 1n the oth : and §th volumes of Asiatic Researches : , 
and they refer him to the tenth century of the Christian era; ; the one making 
him ascend the throne in A. D. 982; the other, in A. D. 913. The former, 
which takes his reign at an entire century, including of course his minority, 
or the period of the administration, reign, or regency, of his uncle MUNJA, is 
compatible with the date of Am1raGati’s poem (A. D. 993) and with that of 
the Rdja-martanda or other astrological and astronomical works ascribed to 
him (A. D. 1042) according. to the chronology of the astronomers of Ujjayant. 

The age, assigned to BRAHMEGUPTA, Is corroborated by the arguments 
adduced in the text. That, given to MunsA1a, is consistent with the quota- 
tion of him as at the head of a tribe of authors, by Buascara at the distance 
of two centuries. The period allotted to VaRANAMINIRA, that is, to the 
second and most celebrated of the name, also admits corroboration. This. 
point, however, being specially important, to the history of Indian astronomy, 
and collaterally to that of the. Hindu: Algebra, deserves ‘and will receive a 
fulland distinct consideration. w a 


_ * The modern Dhar. Wixrorp. As. Res. 
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AGE OF BRAHMEGUPTA INFERRED FROM ASTRONOMI 
CAL DATA. 


Tue star Chitrd, which unquestionably is Spica Virginis,' was referred by 
BrauMecupta_to the 103d degree counted from its origin to the inter- 
section of the star’s circle of deih pe whence the star’s Tigh ascension is 
deduced 182° 45’. Its actual right ascension in A. D. 1800 was 198° 40’ 9”.* 
The difference, 15° 55’ 2”, is the quantity, by which the beginning of the first 
zodiacal asterism and lunar mansion, Aswini, as interible from the position of 
the star Chitrd, has receded from the equinox: and it indicates the lapse of 
1216 years (to A. D. 1800,) since that point coincided with the equinox ; the 
annual precession of the star being reckoned at 47", 14.4 : 

The star Récati, which appears to be ¢ Piscium,’ had no longitude, accord- j 
ing to the same author, being situated precisely at the close of the asterism 
“Yad commencement of the following one, Aswini, without latitude or decli- 
nation, exactly in the equinoctial point. . Its actual right ascension in 
1800 was 15°49 15”.° This, which is the quantity by sien the origm of 
the Indian ecliptic, as inferible from the position of the star Révati, fee re- 
ceded from the equinox, indicates a period of 1221 years, elapsed to the end 
of the eighteenth century; the annual precession for that star being 46’, 63.7 

The mean of the two is 12184 years; which, taken from 1800, leave 581 
or 582 of the Christian era. Braumecurra then appears to have observed 
and written towards the close of the sixth, or the beginning of the following 
century; for, as the Hindu astronomers scem not to have Get very accurate 
observers, the belief of his having lived and published in the seventh 
century, about A. D. 628, which answers to 550 Saca, the date assigned 
to him by the astronomers of Ujjayani, is not inconsistent with the position, 
that the vernal equinox did not sensibly to hts view deviate from the begin- 


* As. Res. vol. 9, p 339. (8¥0) Sq feet) 
2 Ibid. 9, 327, (8vo.), and 12, p. 240. 
* Zach’s Tables for 1800 deduced from Maskelyne’s Catalogue. 
+ Maskelyne’s Catalogue: the mean precession of the equinoctial points en ATO, 50", 3. 
5 As. Res. 9, p. 346. (8yvo.) $ Zach's Tables. , — Zach's Tables. l 
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ning of Aries or AZésha, as determined by him from the star Blast: 
(¢ Piscium) which he places at that point. 

The same author assigns to Agastya or Canopus a distance of 87°, and to 
Lubdhaca or Sirius 86°, from the beginning of Mésha. From these positions 
a mean of 1280 years is deducible. 

The passage in which this author denies the precession of the colures, as 
well as the comment of his scholiast on it, being material to the present 
argument, they arc here subjoined in a literal version. 

‘The very fewest hours of night occur at the end of AZithuna; and the 
seasons are governed by the sun’s motion. Therefore thg pair of solstices 
appears to be stationary, by the evidence of a pair of eyes.’ ; 

Scholia: ‘ What is said by VisnNu Cuanpra at the beginning of the 

chapter on the yuga of the solstice: (“ Its revolutions through the asterisms 
are here [in the calpa] a hundred and cighty-nine thousand, four hundred and 
eleven. This is termed a yuga of the solstice, as of old admitted by Brauma, 
Arca, and the rest.”) is wrong: for the very fewest hours of night to us 
occur when the sun’s place is at the end of Afit’huna [Gemini]; and of 
course the very utmost hours of day are at the same period. From that limi- 
tary point, the sun’s progress regulates the seasons; namely, the cold season 
(sisira) and the rest, comprising two months each, reckoned from Macara 
[Capricorn]. Therefore what has been said concerning the motion of the 
limitary point 1s wrong, being contradicted by actual. ae of days 
and nights. 
- £ The objection, a a is not valid: for now the greatest decrease and 
increase of night and day do not happen when the sun’s place is at the end of 
Mithuna: and passages are remembered, expressing “ The southern road of 
the sun was from the middle of Aslésha; and the northern one at the be- 
ginning of Dhanish?ha;”* and others [of like. import]. But all this only 
proves, that there is a motion; not that the solstice has made many revolu- 
tions through the astcrisms.” 

It was hinted at the beginning of this note, that BRAHMEGUPTA`S longi- 
tude (dhruvaca) of a star is the arc of the ecliptic intercepted by the star's 
circle of declination, and counted from the origin of the ecliptic at:the be- 


* Brahma-sidd’hanta, 11, § 54. 
a This quotation is from VARAHA-MIHIRA’s sanhitd, ch. 3, § 1 and 2. 
2 PrRiIPHUDACA SWAMI CHATURVEDA on Brahm, ` 
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‘ginning of Mésha; as his latitude (‘orcshépa) of a star is the star’s distance 
on a circle of declination from its point of intersection with the ecliptic. In 
-short, he, like other Hindu astronomers, counts longitude and latitude of stars 
‘by the intersection of circles of declination with the ecliptic. The subject 
had been before noticed.! To make it more clear, an instance may be taken: 
and that of -the scholiast’s computation of the zenith distance and meridian 
altitude of Canopus for the latitude of Canyacubja ( Ganao ) may serve as an 
apposite example. 

.From the vicshépa of the star Agastya, 77°, he subtracts the declination of 
the intersected point of the ecliptic 23°.58'; to the remainder, which is the 
declination of the star, 53° 2’, he adds the latitude of the place 26° 35’; the 
sum, 79° 87, is the zenith. distance; and its complement to ninety degrees, 
10° 23, 1s the. meridian altitude of the star.* 

The annual variation of the star in declination, 1”, 7, is too small to draw 
any.inference as to the age of the scholiast from the declination here stated. 
‘More especially as it is taken from data furnished by his author; and as he 
appears to have been, like most of the Hindu astronomers, no very accurate 
observer; the latitude assigned by him to the city, in which he dwelt, being 
no less than half a degree wrong: for the ruins of the city of Canow are in 


yost N: 





G. 
ARYABHATTA’S DOCTRINE. 


AryaBHattTa was author of the Arydshfasata (800 couplets) and Dasagt- 
tica (ten stanzas), known by the numerous quotations of BRAHMEGUPTA, 
BuattérTPaca, and others, who cite both under these respective titles. The 
laghu Arya-sid@hdnta, as a work of the same author, and, perhaps, one of 
those above-mentioned, is several times quoted by Buascara’s commentator 
Muniswana. - He likewise treated of Algebra, &c. under the distinct heads 
of Cuitaca, a problem serving for the resolution of indeterminate ones, and 
Vija principle of computation, or analysis in general.— Lil. c. 11. 


* As. Res. 9, p. 327. (Svo.), and 12, p. 240; (4to.) 
* Prituupaca swami on Brahm. ch. 10,§ 35. 


xxxviii NOTES AND ILLUSTRATIONS. 


From the quotations of writers on astronomy, and particularly of Braume- 
Gupta, who in many instances cites AnYABHATYA to controvert his positions, 
(and is in general contradicted in his censure by his own scholiast Prit’nu- 
DACA, cither correcting his quotations, or vindicating the doctrine of the 
earlier author), it appears, that ARYABUATTA affirmed the diurnal revolution 
of the earth on its axis; and that he accounted for it by a wind or current of 
acrial fluid, the extent of which, according to the orbit assigned to it by him, 
corresponds to an elevation of little more than a hundred miles from the sur- 
face of the earth; that he possessed the true theory of the causes of lunar and 
solar eclipses, and disregarded the imaginary dark planets of the mythologists 
and astrologers; affirming the moon and primary planets (and even the stars) 
to be essentially dark, and only illumined by the sun: that he noticed the 
motion of the solstitial and equinectial points, but restricted it to a regular 
oscillation, of which he assigned the limit and the period: that he ascribed 
to the epicycles, by which the motion of a planet is represented, a form 
varying from the circle and nearly elliptic: that he recognised a motion of 
the nodes and apsides of all the primary planets, as well as of the moon; 
though in this instance, as in some others, his censurer imputes to him 
variance of doctrine. | 

The magnitude of the earth, and extent of the encompassing wind, is 
among the imstances wherem he is reproached by BranmEcurta with ver- 
satility, as not having adhered to the same position throughout his writings; 
but he 1s vindicated on this, as on most occasions, by the scholiast of his cen- 
surer. Particulars of this question, leading to rather curious matter, deserve 
notice. 

ARYABNATYA’s text specifies the earth’s diameter, 1050 yéjanas; and the 
orbit or circumference of the earth’s wind [spiritus vector] 3393 yédjanas ; 
which, as the scholiast rightly argues, is no discrepancy, The diameter of 
this orbit, according to the remark of BraumMEGuPTA, is 1080. 

On this, it is to be in the first place observed, that the proportion of the 
circumference to the diameter of a circle, here employed, is that of 22 to 7; 
which, not being the same which is given by Branmecurrta’s rule, (Arithm: 
§ 40,) must be presumed to be that, which Aryanuatta taught. Applying 
it to the earth’s diameter as by him assigned, viz. 1050, the circumference of 
the earth is 3300; which evidently constitutes the dimensions by him in- 
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tended: and that number is accordingly stated by a commentator of BuAs- 
cara. See Gai. on Lil.§ 4. . . i 

This approximation to the proportion of the diameter of a circle to` its 
periphery, is nearer than that which both BRAHMEGUPTA and Srip’Hara, 
though later writers, teach in their mensuration, and which is employed in 
the Stirya-sid@hanta; namely, one to the square-root of ten. . It is adopted 
by Buascara, who adds, apparently from some other authority, the still 
nearer approximation of 1250 to 3927.—(Lil. §201.) = =u ; 

ARYABHATTA appears, however, to have also made use of the ratio which 
afterwards contented both BRAHMEGUPTA and ŚRÍD’ HARA; for his rule ad- 
duced by Gan sa (Lil. § 207) for finding the arc from the chord and versed 
sine, is clearly founded on the proportion of the diameter to the peripbery, 
as one to the square root of ten: as will be evident, if the semicircle be com- 
puted by that rule: for it comes out the square root of 1°,.the diameter 
being 1. ` ume 

A more favourable notion of his proficiency in geometry, a science, how- 
ever, much less cultivated by the Hindus than Algebra, may be received from 
his acquaintance with the theorem containing the fundamental property of 
the circle, which is cited by Pri'rnuvpsaca.—{ Brahm. 12, § 21.) ete 

The number of 3300 yéjanas for the circumference of the earth, or 92 
ydjanas for a degrec of a great circle, is not very wide of the truth,-and is, 
indeed, a very near approach, if the yé6jana, which contains four cróśas, be 
rightly inferred from the modern computed crésa found to be 1, 9 B. M.! 
For, at that rate of 7, 6 miles to a yéjana, the carth’s circumference would be 
- 25080 B. miles. my 

The difference between the diameter of the earth, and that of its air (vdyu), 
by which term AryaBnatta scems to intend a current of wind wailing as a 
vortex, and causing the earth’s revolution on its axis, leaves 15 ydjanas, or 
114 miles, for the limit of elevation of this atmospheric current. 


" As. Res. 5. 105. (8vo.) 


xl NOTES AND ILLUSTRATIONS. 
H. ; 


SCANTINESS OF THE ADDITIONS BY LATER WRITERS ON 
ALGEBRA. 


Tire observation in the text on the scantiness of the improvements or ad- 
ditions made to the Algebra of the Hindus in a long period of years after 
AryaBuatta probably, and after BRauMEGurTA certainly, is extended to 
authors whose works are now lost, on the faith of quotations from them. 
Srib’uaRa’s rule, which is cited by Buascana (Vij.-gań. § 131) concerning 
quadratics, is the same in substance with one of Braumecupta’s (Ch. 18. 
§32—33). PapMaNABuA, indeed, appears from the quotation from his treatise 
(Vij.-gań. § 142.) to have been aware of quadratic equations affording two 
roots; which BraumMecupta has not noticed; and this is a material acces- 
sion which the science received. There remains an uncertainty respecting 
the author, from whom Buascara has taken the resolution of equations of 
the third and fourth degrees in their simple and unaffected cases. 

The only names of Algebraists, who preceded Buascara, to be added to 
those already mentioned, are 1st an earlier writer of the same name (Buas- 
cara) who was at the head of the commentators of AryaBHaTta ; and 2d, 
the elder scholiast of the Brahma-sidd’hanta, named Buatf¥a BALABHADRA. 
Both are repeatedly cited by the successor of the latter in the same task of 
exposition, Priruvpaca Swami; who was himself anterior to the author of 
the Sirémani ; being more than once quoted by him. As neither of those 
earlier commentators is named by the younger Buascara; nor any intima- 
tion given of his having consulted and employed other treatises besides the 
three specified by him, in the compilation of the Vija-ganita, it is presumable, 
that ‘the few ‘additions, which a comparison with the Cuttaca of BRAHME- 
Gupta exhibits, are properly -ascnibable cither to Srip’HaRa or to PapMa- 
WABHA: most likely to the latter; as he is cited for one such addition ;? and 
as SRID'HARA’S treatise of arithmetic and mensuration, which is extant, is 
not seemingly the work of an author improving on the labours of those 
who went before him.*. The corrections and improvements introduced by 
BuAdscara himself, and of which he carefully apprizes his readers,’ are not 
very numerous, nor in general important.* 

t Vij-gan. § 142. 2 Lil. § 147. Brahm. 12,§2land 40. Gan. Sar. § 126. 


3 Vij.-gan. before § 44, and after § 57. also Ch. 1, towards the end; and Ch: 5. § 142. 
* Unless Lid. § 170 and 190. 
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I. 
AGE, OF ARYABHATÍA.. 

Usper the Abbasside Khalifs ALmansur and Atm xmvy, in the middle 
of the eighth and beginning of the ninth centuries of the Christian era, the 
Arabs G conversant a the Indian astronomy. It was.at that period, 
as may be presumed, that they obtained mformation of the existence and 
currency of three astronomical systems among the Indians ;* one of which 
bore the name of ArkyABHATTA, or, as written in Arabic. characters, Ansa- 
BAHAR,” (perhaps intended for AnsABHAR) which is as near an approxima- 
tion as the difference of characters can be expected to exhibit. This then 
unquestionably was the system of the astronomer whose age is now to be 
investigated ; and who is in a thousand places cited by Hindu writers on 
AsthOHOtht: as author of a system and founder of a sect in this science. It 
is inferred from the acquaintance of the Arabs with the astronomical attain- 
ments of the Hindus, at that time, when the court of the Khalif drew the 
visit of a Hindu astrologer and mathematician, and when the Indian deter- 
mination of the mean motions of the planets was made the basis of astrono- 
mical tables compiled by order of the Khalifs, ‘ for a guide in matters per- 
taining to the stars,’ and when Indian treatises on the science of numbers 
were put in an Arabic dress; adverting also to the difficulty of obtaining . 

further insight into the Indian sciences, which the author of the Térikhwt 

hukma complains of, assigning for the cause the distance_of countries, and 
the various impediménts to intercourse: it is inferred, we say, from these, 
joined to other considerations, that the period in question was that in which 
the name of Aryabuatra was introduced to the knowledge of the Arabs, 
This, as a first step in inquiring the antiquity of this sr ascertains „his 
celebrity as an astronomical authority above a thousand years ago. 

He is repeatedly named by Hindu authors of a still earlier nest : particu- 
larly by Bkaumecupra, in the first’ part of the seventh century of the Chris- 
tian era. He had been copied by writers whom BraumeEcupra ‘cites, 
Vv ARANA-MIIURA has allusions to him, or employs his astronomical Ce 


¥ 


* Taritkhul hukmé, or Bibl. Arab. Phil, quoted by Casini: Bib]. Arab. Hisp. 426. See A 
Note M. ` 

* Cossaxi’s Argebakr is a misprint (Orig. &c. dell’ Alg. i. 207). Casırı gives, as in the ppa, 

Argebahr: which, in the orthography here followed, is Arjabahr. d se ° a . 
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nations in an astrological work at the beginning of the sixth century. These 
facts will be further weighed upon as we proceed. 

For determining Árrasnatta’s age with the greater precision of astro- 
nomical onoaiia, grounds are prkcton ted, at the first view promising, but 
on examination insufficient. 

Tn the investigation of the question upon astronomical grounds, recourse 

was in the first ete had to his doctrine concerning the precession of the 
-equinoxes. As quoted by Munrswara, a clea of Bnascara, he main- 
tained an oscillation of the equinoctial points to twenty-four degrees on 
either side; and he reckoned 578159 such librations in a calpa. From ano- 
ther passage cited by BHATÝÓTPA LA on V ARAHA-MINIRA,* his position of the 
mean equinoxes was the beginning of Aries and of Libra.’ T'rom one more 
passage quoted by the scholiast of BranmecurTa,* it further appears, that 
he reckoned 1986120000 years expired’ before the war of the Bhárata: and 
the duration of the Calpa, if he be rightly quoted by Braumecurra,” is 
1008 quadruple yugas of 4320000 years each. 
_. From these data it follows that according to him, the equinoctial point 
had completed 263699, oscillations at the epoch of the war of the Bharata. 
But we .are without any information as to the progress made 1 m the current 
oscillation when he wrote; or the actual. distance of the equinox from the 
beginning of Mésha: the position, of which, also, as by him received, is 
uncertain. 

His limit of the motion in trepidation, 24°, was ev idently suggested to him 
by the former ponon of the colures declared by Parasara; the exact dif- 
ference being 23° 20. But the commencement of Parasana’s Aslésha, in 
his sphere, or the origin of his siderial AZésha, are unascertained. Whether 
his notions of the duodecimal division of the Zodiac were taken from the 
Grecian or Egyptian spheres, or from what other immediate source, is but 
matter of conjecture. 

Quotations of this author furnish the revolutions of Jupiter in a yuga; 
and of Saturn’s aphelion in a Calpa ;* and those of the moon in the latter 


" As. Res. 12. 213. * Vrihat-sanhita. 2 
_ 3 © From the beginning of Mésha to the end of Canyd (Virgo), the half the ecliptic passes through 
the nari From the beginning of Tula to the end of (the fishes) Mina, the remaining half passes 
hy the south, F 
4 Da ieee on Brahm. c. 1, § 10 and 30. ¢. 11. § 4. i i 
5 Six menus, twenty-sev en yugas and three ne _ § Priv’nvpaca on Brahm. ce. 1. § 12. 
7 As. Res. 3. 215. :, : <3. Mun. on Bhds. c. 1. § 33. 
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period: but the same passage,’ in which the number of: lunar revolutions in 
that great period are given, supplies those of the:sun; namely 4320000000 ; 
differing from the- duration of the. Calpa according to this author as cited by 
more ancient compilers. The truth is, as’ appears: from another ‘quotation,’ 
that Aryasmatra, after'delivering one complete astronomical system, pro- 
ceeds in a second and distinct chapter to deliver another and different one as 
the doctrine of ParxSana; whose authority, he obsérves, prevails in the'Cali 
age: and though he seems to indicate the Calpa as the same in both, ‘he also 
hints that in one a deduction is made for the time employed in’ creation ; and 
we have seen, that the duration of the Calpa differs in the quotations’. of 
compilers from this author. Ias 

The ground then being insufficient, until a more definitive. knowledge bf 
either system, as dev eloped by him, be recovered,: to support any positive 
conclusion, recourse must be had, on failure of precise proof, to’more loose 
presumption. It is to be observed, that he does not use the Saca or Sambat of 
VicramAnrrya, nor the Saca era of SALIVAHANA: but exclusively employs 
the epoch of the war of the Bharata, which is the era of YupursuT HRA 
and the same with the commencement of the Cali yuga. “Hence it is to be 
argued, that he flourished before this era was superseded by the introduction 
of the modern epochas. V ARAN A-MINIRA, on the other hand, does employ 
the Saca, termed by him Saca-bhupa- -cála and Sactndra-cdla: which the old 
scholiast interprets “ the time when the barbarian kings called aca were 
discomfited by VicramApitya:”5 arid Branmecupra uses the modern Saca 
era; which he expresses by Saca-nripdnté, interpreted by the scholiast of 
Buascara “ the end [of the life or reign] of Vicramapitya who slew a 
people of barbarians named Sacas.” VarAua-minira’s epoch of Saca ap- 
pears to have been understood by his scholiast : Buatvorpara to be the same 
with the era of VicramApitya, which now is usually called Sambat; ; and 
which is reckoned to commence after 3044 years of the Cali age’ were’ ex- 
pired : and BraumEcurta’s epoch of Saca is the era of Sida red rare begin- 
ning at the expiration of 3179 years of the Cali yuga: and accordingly. this 
number is specified in his Brahma-sidhdnta. When those eras were first 
introduced is not at present with certainty known. If that of Vicrama- 
pitya, dating with a‘ most memorable event of his reign, came into use 
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: Mun, on Bhás. c. 1.§ 16—18. ? Várt. and Mun. on Bhás., 3 Vrihat-sanhitá. 
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during its continuance, still its introduction could not be from the first so 
general as at once and universally to supersede the former cra of Yupuisn- 
Tuma. But the argument drawn from AryaBnatra’s use of the ancient 
epoch, and his silence respecting the modem, so far as it goes, favours the 
presumption that he lived before the origin of the modern eras. Certainly 
he is anterior to Braumecurta, who cites him in more than a hundred 
places by name; and to VARAHA-MIHIRA, Whose compilation is founded, 
among other authorities, on the Rémaca of Srisuxna, and Vasishtha of 
air a which Braumecupta affirms to be partly taken from 
AryaBnatta. ‘The priority of this author is explicitly asserted likewise 
by the celebrated astronomer GaNnesa, who, in explanation of his own wn- 
dertaking, says, “ Rules framed by other holy sages were right in the Trétd 
“and Dwapara; but, in the present age, P is dam S. ARYABITATYA, 
“ however, finding his imperfect, after great lapse of time, reformed the sys- 
“tem. It grew inaccurate and was angina amended by Durcasixua, 
4 Mrnina, and others. This again became insufficient: and correct rules 
“were framed by the son of J ISHNU [Branumecurta] founded upon 
* Brauma’s revelation. His sytem also, after a long time, came to exhibit 
“ differences. _CeEsava rectified it. Now, finding this likewise, a little in- 
“ correct after sixty years, his son GANESa has perfected it, and reconciled 
‘“ computation and experience.” 

, AryvaBnafta then preceded Braimecupra who lived towards the middle 
of the sixth century of the Saca era; and VARANA-MIHIRA placed by the 
-chronologers of Ujjayani at the beginning of the fifth or of the second; (for 
they notice two astronomers of the name.) He is prior also to Visunu 
(CHANDRA, SRisnENa, and Durcasinna; all of them anterior to the second 
VARAMA-MIHIRA; and an interval of two or of three centuries is not more 
than adequate to a series of astronomers following each other in the task of 
-emendation, which process of time rendered successively requisite. 

On these considerations it is presumed, that ÁryaBnatta is unquestion- 
ably to be placed earlier than the fifth century of the Saca; and probably so, 
by several (by more than two orthree) centuries: and not unlikely before the 
commencement of either Saca or Sambat eras. In other words, he flourished 
some ages before the sixth century of the Christian era: and perhaps lived be- 
fore, or, at latest, soon after its commencement. Between these limits, either 


* Brahm. Sid@’h. c. 1t. § 48—51. ? Citation by Nrisinira on Sér. Sidd’h. 
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the third or the fourth century might -be assumed as a middle term. > We 
shall, however, take the fifth of Curis as the latest period to which ARyA- 
BHATTA can, on the most moderate assumption, be referred. 


; 
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Tuis distinguished astrological writer, a native of. Ujjayani, and son of 
ApityapDasa,' was author of a copious work on astrology, compiled, and, as 
he declares, abridged from earlier writers. It is comprised in three parts; 
the first on astronomy; the second and third, on divination :, together con- 
stituting a complete course. Such a course, he observes in his preface to 
the third part, has been termed by ancient writers Sanhitd, and consists of 
three Scandhas or parts: the first, which teaches to. find a planet’s place by 
computation (ganita), is called tantra; the second, which ascertains lucky 
and unlucky indications, is named hérdé; it relates chiefly to nativities, 
journeys, and weddings; the third, on prognostics relative to various mat- 
ters, is denominated Sdc’ha. The direct and retrograde motions of planets, 
with their rising and setting, and other particulars, he goes on to say, had 
been propounded by him in a treatise termed Caravia, meaning, as the scho- 
liast remarks, his compilation entitled Pancha-sidd’hdnticad: which consti= 
tutes the first and-astronomical portion of his entire work. What relates to 
the first branch of astrology (hérd), the author adds, had likewise been de- 
livered by him, including nativities and prognostics concerning journeys and 
weddings. These astrological treatises of his author, the scholiast observes, 
-are entitled Vrihat-jdtaca, Vrihad-ydtrd, and Vrihad-vivcha-patala., The 
author proceeds to deliver the third, part of his course, or the second” on 
divination, omitting, as he says, superfluous and pithless. matter, which 
abounds in the writings of his predecessors: such as questions and-replies.in 
dialogue, legendary tales, and the mythological origin of the planets. 


* Vrithat-jataca, c. 26 § 5; where the A so describes himself. His scholiast ie riis hiin 
Acantica from his native city Ujjayant, and terms him a Magadha Brahmen, and a compiler. of 
astronomical science. BuatrorrpaLa on Vri.-jét. 1. The same scholiast similarly describes. him 
in the introduction of a commentary on a work of his son PrirHuyasas. , 
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The third part is extant, and entire; and is generally known and cited by 
the title of Vrihat-sanhitd; or great course of astrology : a denomination 
well deserved ; for, notwithstanding the author’s professions of conciseness, 
it contains about four thousand couplets distributed in more than a hundred 
chapters, or precisely (including the metrical table of contents) 106. 

Of the second part, the first section, on casting of nativities, called Vrihat- 
jataca, is also extant, and comprises twenty-five chapters; or, with the me- 
trical table of contents and peroration which concludes it, twenty-six. The 
other two sections of this part of the course have not been recovered, though 
probably extant in the hands of Hindu astrologers. 

The scholia of the celebrated commentator of this authors works, who is 
usually called Buarfórrarta, and who in several places of ‘his commentary 
names himself Urraza, (quibbling with simulated modesty on his appella- 
tion; for the word signifies stone :') are preserved ; and are complete for the 
third part of the author’s course; and for the first section of the second: 
and the remainder of it likewise is probably extant; as the copy of the first 


section, in the possession of the author of this disser tation, terminates abrupt- 
ly after the commencement of the second. 


This commentator is noticed in the list of authorities furnished by the 
astronomers of Ujjayani ; and is there stated as of the year 890 of the Saca 
era (A. D. 1068). Sir Villiam Joxrs supposed him to be the son of the 
author, whose work is expounded by him. The grounds of this notion, 
-which is not, however, very positiv ely advanced by . chee learned orientalist,* 
are not set forth.- No intimation of such relation of the scholiast to his 
author, appears in the preface or the conclusion, nor in the colophon, of the 
-commentary which has been inspected: nor in the body of the work ; where 
.the author is of course repeatedly named or referred to, without however 
-any addition indicative of filial respect, as Hindu writers usually do employ 
‘when speaking of a parent or ancestor. Neither is there any hint of rela- 
tionship in the commentary of the same scholiast Buatf6rpata on a brief 
treatise of divination, entitled Prasna-céshti, comprizing fifty-six stanzas, by 


. Preface to the Commentary on the Vrihat-jdtaca. Conclusion of the gloss on ch. 18 of Vrihat- 
sanhita, &c. « Stone (utpala) frames the raft of interpretation to cross the ocean composed by 
Varákamihira’ 


* The words are * the comment written by BHATTÓTPALA, who, it seems, ‘was a son of the au- 
thor? As. Res. 2. 390. 


I VARA HA-MIHIRA; ~. xlvii 


f 


PriTuuyasas son of VARAHA-MIHIRA. The suggestion of the filial rela- 
tion of the scholiast is probably. therefore a: mere error. 
The Pancha-sidd hantica of VARAHA-MIHIRA has not yet been secoverod:; 
and is only at present known from quotations of authors; and particularly a 
number of passages cited from it by his scholiast in couse of interpreting 
his astrological writings. An epa passage of it so, quoted .will be 

noticed indara 

It is a compilation, as its name implies, from five sidd worded 3 and they 
are specified in the second chapter of the Vrihat-sanhitd, where the author 
IS enumerating the requisite qualifications of an astronomer competent. to 
calculate a calendar: among other attainments he requires him to be con- 
versant with time measured by yugas, &c. as taught in the five sidd'hántas 
upon astronomy named Pauliśsa, Rómaca, Vásishť ha, Saura, and Paitámaha. 

The title of Vardna-mtuira’s compilation misled a writer on Hindu 
astronomy? into an unfounded supposition, that he was the acknowledged 
author of the five sidd'hdntas ; the names of two of which moreover are 
mistaken, Séma and Paulastya being erroncously substituted for Rémaca and 
Paulisa. These two, as well as thie Vasishtha, are the works of known 
authors, namely, Puxisa, SrisHENA, and VisuNv- CHANDRA; all three men- 
tioned by Braumecupta: by whom also the whole five sidd'hántas are 
noticed under the very same names and in the same order ;? aud who: has 
specified the authors of the first three.* The Vasisht’ha of VisuNu-cHanpra 
was indeed preceded by an earlier work (so entitled) of an unknown author, 
from which that, as well as the Rémaca, is in part taken;’ and it may be 
deemed an amended edition: but the Iémaca and Paulisa are single of the 
names; and no Hindu astronomer, possessing any knowledge of the history 
of the science cultivated by him, ever could imagine, that VaRAHA-MIHIRA 
composed the work which takes its name from Puxisa, the distinguished 
founder of a sect or school in astronomy opposed to that of Anwaspuatta. 

_The passage of the Pancha-sidd’hantica cited by the scholiast,°: and 
promised to be here noticed, has been quoted in an essay inserted in the 
researches of the Asiatic Society,’ as well as a parallel passage of the Vrihat- 


ts 


* Vrihat-sanhitd, c. 2. § 7. 2 As. Res. 8. 196. : 
3 Brahm. Sidd’h. c. 14. + Ibid. c. 11. 5 Ibid, 
£ On Frihat-sanhitá, c. 2. 7 As, Res. 12, 
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sanhité,* both relative to the ancient and actual position of the colures ; and 
deemed parallel (though one be less precise than the other); since they are 
cited together as of the same author, and consequently as of like import, 
by the scholiast The text of the Vrihat-sanhité is further authenticated by - 
a quotation of it in the commentary of Prit’nuvpaca on BRauMEGUPTA;° 
and the former position of the colures is precisely that which is described in 
the calendar appendant on the Védas,* and which is implied in a passage of 
PArxsarA, concerning the seasons, which is quoted by Buatyérrata. 

The position of the colures, affirmed as actual in his time by Varata- 
-MIHIRA, in the Vrihat-sanhité, implies an antiquity of éither 1216 or 1440 
years before A. D. 1800, according to the origin of the ecliptic determined 
from the star Chitrd (Spica virginis) distant cither 180° or 183° from it; or 
a still greater antiquity, if it be taken to have corresponded more nearly 
with the Grecian celestial splicre. The mean of the two numbers (disre- 
‘garding the surmise of greater antiquity,) carries him to A. D. 472. If 
VARANA-MIHIRA concurred with those Indian astronomers, who allow an 
oscillation of the equinox to 27° in 1800 years, or a complete: oscillation of 
-that extent both E. and W. in 7200 years, he must have lived soon after the. 
‘year 3600 of the Cali yuga, or 421 Saca, answering to A. D. 499; which is 
‘but six years from the date assigned to him by the astronomers of Ujjayani : 
and twenty-seven from the mean before inferred. 

It is probable, therefore, that he flourished about the close of the fifth 
century of the Christian cra; and this inference is corroborated by the 
mention of an astrologer of this name in the Panchatantr a, the sanscrit ori- 
ginal of the fables of Pilpay translated in the reign of Nusutrvay, King of 
Reich, in the latter part of the sixth century ated begmning of the seventh.5 

To that conclusion there 1s opposed an argument drawn from a passage of 
‘the Bhascati-caranra; i which the author of that treatise dated 1021 Saca 
(A. D. 1098) professes to have derived instruction from Mihira, meaning, 
as is supposed, oral instruction from VARAHA-MUIRA; and the argument 
‘has been supported by computations which make the Sérya-sid@hdanta and 
Jatacérnaca, the latter ascribed to VarAHA-MIUIRA, to be both works of tlic 
same period, and as modern as the eleventh century.’ 


* C.3.§ 1 and 2. ' 2.On Vri. Sanh.c. 2. ` 
3 Brahm. Sidd’h. c. 11, § 54. : * As. Res. 8. 469. 
> Pret. to the Sansc, Hitopadésa. -Edit. Serampur. © As. Res.'6.°572. 
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To this it has been replied, that the Mrnira, from whom Satananpa, 
author of the Bhdswati, derived instruction, is not the same person or per- 
sonage with the author of the Frihat sanhitá; if indeed SATÄNANDA’S ex- 
pression do intend the same name, Varana.! That expression must` be 
allowed to be a very imperfect designation, which omits half, and that the 
most distinctive half, of an appellation: and it is not such, as would be 
applied by a contemporary and auditor to an author and lecturer, whose 
celebrity could not yet be so generally diffused, as to render a part of his 
‘name a sufficient intimation of the remainder: without previous and well 
established association of the terms. But even conceding the interpretation, 
it would then be right ‘to admit a third VaraHa-MIHERA, besides the two 
noticed by the chronologists of Ujjayani ; and the third will be an astrono- 
mer, contemporary with Rasa Buésa-pEva; and the preceptor of Sara- 
NANDA; and author of the Jdé¢acériiava, supposing this treatise on nativities 
to be properly ascribed to an author bearing that name, and to be on sufi- 
cient grounds referred to the eleventh century. 

There remains to be here noticed another treatise on casting of nativities, 
to which the same favourite name of a celebrated astrologer is affixed. It 
is a concise tract entitled Laghu-jdtaca: and its authenticity as a work of 
the astrologer of Ujjayani is established by the verifying of a quotation of 
the scholiast BuatTérraLa; who cites a passage of his authors compen- 
dious treatise on the same subject (swalpa jataca) in course of expounding 
a rule of prognostication concerning the destination of a prince to the throne 
and his future character as a monarch (Vrihat-jdtaca, 11. 1.). That passage 
occurs in the Laghu-jdtaca (Mise. Chap.). It is hardly to be supposed, that 
the same writer can have given a third treatise on the same subject of 
uativities, entitled Jétacdrnava. ' 

The question concerning the age of the Strya-sidd hdnta remains for con- 
sideration. It is a very material one; as both VARAHA-MIHIRA and Bran- 
MEGUPTA speak of a Saura (or Solar) sidd hánta, which is a title of the same 
import: and, unless a work bearing this title may have existed earlier than 
the age, which is assigned, for reasons to be at a future time examined, to 
the Strya-sidd@hdnta, the conclusions respecting the periods when they re- 
speetively wrote, are impeached in the degree in which those grounds of 
calculation may deserve confidence. ‘Those grounds in detail will be dis- 
cussed at a separate opportunity. But independently of this discussion of 


* As. Res. 12. p. 224. 
h 
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their merits, sufficient evidence does exist to establish, that more than one 
edition of a treatise of astronomy has borne the name of Sérya (with its 
synonyma) the sun. For Lacsumipasa cites one under the title of Vrihat 
strya-sidd’ hanta’ (for a passage which the current solar Sidd’hanta does not 
exhibit ;) in contradistinction to another more frequently cited by him with- 
out the distinctive epithet of Vrihat: and in these latter instances his quota- 
tions admit of verification. A reference of Buascara to a passage of the 
Saura, or, as explained by ‘his own annotation, the Sérya-sidd@hdnta, does not 
agree with the text of the received Stra ‘ya-siddhanta*? His commentators 
indeed do not unreservedly conclude from the discrepancy a difference of 
the work quoted, and that usually received under the same title. Yet the 
inference seems legitimate. At all events the quotation from the Vrihat- 
súrya-siddhánta, in the Ganita-tatwa-chintamani of Lacsumipasa, proves 
beyond qnestion, that in that commentator’s opinion, and consistently with 
his knowledge, more than one treatise bearing the same name existed. 

There is evidence besides of Arabian writers, that a system of astronomy 
bearing the equivalent title of Arca (Solar) was one of three, which were 
found by them current among the Hindus, when the Arabs obtained a 
knowledge of the Indian astronomy in the time of the Abbasside Khalifs, 
about the close of the eighth century or commencement of the ninth of the 
Christian era.* Arcand, the name by which the Arabs designate onc of those 
threc astronomical systeins, assigning it as an Indian term, is the well known 
corruption of Arca in the common Heian and is familiar in the application 
of the saine word as a name of a plant (Asclepias Gigantea) which, bearing 
all the synonyma of the sum, is called vulgarly Acand, or Arcand. 

The solar doctrine of astronomy appears then to have been known by this 
name to the Arabians as one of three Indian astronomical systems a thousand 
yearsago. The fact is that both the title and the system are considerably more 
ancient. Revisions of systems occasionally take place; like BranmMEGuptTa’s 
revisal of the Brahma-sidd’hanta, to adapt and modernise them ; or, in other 
words, for the purpose, as BRauMEGUPTA Mtimates, of paii iite compu- 
tation and observation. The Stéryaor Arca-siddhénta, no doubt, has under- 
gone this process; and actually exhibits manifest indications of it.* 

In every view, it is presumed, that any question concerning the age of 
the present text of the Surya-stddhanta, or determination of that question, 


* Gdn. tawat vhint. on Spherics of Sirémati, ch. 4. Cons. of Sines. "3. As, Res, 12. 
3 See Note N. _ * As. Res. 2. 235. 
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will leave untouched the evidence for the age of the author of the Vrihat- 
sanhitd, VARAHA-MINIRA, son of Apttyapasa, an astrologer of Ujjayani, 
who appears to have flourished at the close of the fifth, or beginning of the 
sixth century of the Christian era. He was preceded, as it seems, by another 
of the same name, who lived, according to the chronologists of Ujjayani, at 
the close of the second century. He may have been followed by a third, 
who is said to have flourished at the Court of Rasa Budésa-pEva of Dhara, 
and to have had Satananpa, the author of the Bhasvati, for his scholar. 





L. 


INTRODUCTION AND PROGRESS OF ALGEBRA AMONG 
THE ITALIANS. 


Lronarpo of Pisa was unquestionably thie first who made known the 
Arabian Algebra to Christian Europe. ‘This fact was, indeed, for a time 
disputed, and the pretensions of the Italians to the credit of being the first 
European nation, which cultivated Algebra, were contested, upon vague 
surmises of a possible, and therefore presumed probable, communication of 
the science of Algebra, together with that of Arithmetic, by the Saracens of 
Spain to their Christian neighbours in the Peninsula, and to others alleged 
to have resorted thither for instruction. The conjecture, hazarded by WALLIS 
(Algebra historical and practical) on this point, was assisted by a strange 
blunder, in which BLancanus was followed by Vossivs and a herd of: sub- 
sequent writers, concerning the age of Leonarpo, placed by them precisely 
two centuries too low. The claims’of. the Italians in his favour, and for 
themselves as his early disciples, were accordingly resisted with a degree of 
acrimony (Gua. Mem. de l’Acad. des Sc. 1741. p. 436.) which can only be 
accounted for by that disposition to detraction, which occasionally manifests 
itself in the literary, as in the idler, walks of society. The evidence of his 
right to acknowledgments for transplanting Arabian Algebra into Europe, 
was for a long period ill set forth: but, when diligently sought, and care- 
fully adduced, doubt was removed and opposition silenced.’ 


* Montucla, 2d Ed. Addns. 
h2 
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The merit of vindicating his claim belongs chiefly to Cossatr.4 A manu- 
script of Leonarpo’s treatise on Arithmetic and Algebra, bearing the title 
of Liber Abbaci compositus a Leonardo filio Bonacci Pisano in anno 1202, 
was found towards the middle of the last century by TarGiont Tozzerri’ in 
the Magliabeechian library at Florence, of which he had the care; and 
another work of that author, on square numbers, was afterwards found by 
the same person inserted in an anonymous compilation, treating of compu- 
tation, (un trattato dAbbaco), in the library of a royal hospital at the same 
place. A transcript of one morc treatise of the same writer was noticed by 
Tozzerti in the Magliabecchian collection, entitled Leonardi Pisani de filiis 
Bonacci Practica Geometric composita anno 1220. The subject of it is 
confined to mensuration of land; and, being mentioned by the author in his 
epistle prefixed to the revised Liber Abbaci, shows the revision to be of later 
date. It appears to be of 1928.°  Tozzerri subsequently niet with a second 
copy of the Liber Abbaci in Magliabecchi's collection: but it is deseribed by 
him as inaccurate and incomplete.‘ A third has been since discovered in the 
Riccardian collection, also at Florence: and a fourth, but imperfect one, was 
communicated by -NEx11 to Cossart.’ No diligence of research has, how- 
ever, regained any trace of the volume which contained Leon axpo’s treatise 
on square numbers: the library, in which it was seen, having been dispersed 
previously to CossaLt’s inquiries. 

It appears from a brief account of himself and his travels, and the motives 
of his undertaking, which Leoxarpo has introduced into his preface to the 
Liber Abbaci, that he travelled into Egypt, Barbary, Syria, Greece, and 
Sicily; that being in his youth at Bugia in Barbary, where his father 
Boxaccı held an employment of scribe at the Custom House by appointment 
from Pisa, for Pisan merchants resorting thither, he was there grounded in 
the Indian method of accounting by nine numerals; and that finding it more 
commodious, and far preferable to that which was used in, other countries 
visited by him, he prosecuted the study,® and with some additions of his own, 
and taking some things from Euclid’s geometry, he undertook the com- 

t Origine, &c. dell’Algebra. Parma 1797. ' 2 Viaggi iand vi. Edit. 1751—1754. 

3 Cossoli, Origine, &c. c. 1.§ 5. * Viaggi, ìi. Edit. 1768. 

5 Origine, &c. dell? Algebra, c. 2. § 1. 

6 Quare amplectens strictius ipsum modum Yndorum, et actentius studens in e0, cx proprio 
sensu quædam addens, et quedam ex subtilitatibus Euclidis geomeiria artis apponens, &c. 
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position of the treatise -in question, that “ the Latin race might no longer be 
found deficient in the complete knowledge of that method of computation.” 
In the epistle prefixed to the revision of his work he professes to have taught 
the complete doctrine of numbers according to the Indian method.’ 

His peregrinations then, and his study of the Indian computation through 
the medium of Arabic, in an African city, took place towards the close of 
the twelfth century; the earliest-date of his work being A. C. 1202. 

He had been preceeded by more than two centuries, in the study of arith- 

.- metic under Muhammedan instructors, by GerBERT (the Pope SitvesTer I1.*), 
whose ardour for the acquisition of knowledge led him at the termination of 
a two years noviciate, as a Benedictine, to proceed by stealth into Spain, 
where he learnt astrology from the Saracens, and with it more valuable 
science, especially arithmetic. This, upon his return, he communicated to 
Christian Europe, teaching the method of numbers under the designation of 
Abacus, a name. apparently. first introduced by him, (rationes numerorum 
Abaci,?) by rules abstruse and ‘difficult to be understood, as WrLLraMm of 

Malmesbury affirms: Abacum certe primus a Saracenis rapiens, regulas dedit, 
gueasudantibus Abacistis vir intelliguntur* It was probably owing to this 
obscurity of his rules and manner of treatmg the Arabian, or rather Indian 
arithmetic, that it made so little progress between his time and that of the 
Pisan. , e ; f 

Lroxanpo’s work Isa treatise of Arithmetic, terminated, as Arabic treatises 
of computation are similarly,’ by the- solution of equations of the two first 
degrees. Inthe enumeration and exposition of the parts comprised in his 
fifteenth chapter, which is his last, he says, Tertia erit super modum A leebre et 
Almucabalæ; and, beginning to treat of it, Incipit pars tertia de solutione 
quarundam quæstionum secundum modum. Algebræ et Almucabaleæ, scilicet op- 
positionis et restaurationis. ‘The sense of the Arabic terms are here given in 
the inverse order, as has been remarked by Cossaui, and as clearly appears 
from LeoNaRpDo’s process of resolving an equation, which will be hereafter 
shown. 


' Plenam numerorum doctrinam edidi Yndorum, qnem modum in ipsa scientia præstantiorem 
elegi. 

* Archbishop in 992; Pope in 999; died in 1003. ' 

3 Ep. prefixed to his Treatise De Numerorum Divisione. Gerb. Ep. 160. (Ed. 1611.) 

* De Gestis Anglorum, c. 2. | 

5 See Mr. Strachey’s examination of the Khuldsatu’l hisb, As. Res. 12. Early History of Al. 
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He premises the observation, that in number three considerations are dis- 
tinguished: one simple and absolute, which is that of number in itself: the 
other two, relative; being those of root and of square. The latter, as he 
adds, is called census, which is the term he afterwards employs throughout. 

It is the equivalent of the Arabic Mál, which properly signifies wealth, 
estate; and census seems therefore to be here employed by Leonanpo, on 
account of its correspondent: acceptation; (quicquid fortunarum guis habet. 
Steph.) in like manner as he translates the Arabic skai by res, thing, as a 
designation of the root unknown. 

He accordingly proceeds to observe, that the simple number, the root, and 
the square (census), are equalled together in six ways: so that six forms of 
equality are distinguished: the three first of which are called simple; and 
the three others compound. The order, in which he arranges them, is pre- 
cisely that which is copied by Pacroxo.* It differs by a slight transposition 
from the order in which they occur in the earliest Arabic treatises of Alge- 
bra;? and which, no doubt, was retained in the Italian version from the 
Arabic executed by GucireLtao Dr Lunts, and others who are noticed by 
CossaLi upon indications which are pointed out by him.’ For Pacroxo 
cautions the reader not to regard the difference of arrangement, as this is a 
matter of arbitrary choice. Leonarno’s six-fold distinction, reduced to the 
modern algebraic notation, is Ist, v°=pa. 2d, 2=n. 3d, pv=n. 4th, 
wt+per=n. Sthprtn=c*. 6th, c+n=p xv. In Pacroro’s abridged no- 
tation it is Ist, Cec’. 2d, cen’. 3d, cr en’, &c.’ The Arabie arrange- 
ment, in the treatise of the AKhuwwarezmite, 1s, 1st, =p v. 2d, 2*=n. 3d, 
pean. ath, c+prv=n. 2d, atn=per. 3d, partn=2*. Later compi- 
lations transfer the third of these to the first place.’ 

Like tle Arabs, LEonarpo omits and passes unnoticed the fourth form of 
quadratic equations, 2*+p r+n=o. It could not, indeed, come within the 
Arabian division of equations into simple, between species and species, and 
compound, between one species and two:’ quantity being either stated 
affirmatively, or restored in this Algebra to the positive form. Paci1oLo 
expressly observes, that in no other but these six ways, is any equation be- 


’ Summa de Arithmetica, &c. 2 See Note N. 3 Origine, &c. dell’Alg. 
“Summa, 8. 5.5. s Summa, 8. 5. 5. . © Khuldsatu’l hisdb. 
1 Khuldsatu’l hisdb. 
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tween those quantities possible: Aléramente che i igus 6 discorsi modi nou e 
possible alcuna loro eguatione. : 

Lroxarpo’s resolution of the three iDa cases of equation is n ex- 
hibited by Cossarı. It is, however, the same, no doubt, with that which is 
taught by Paciozo; and which precisely agrees with the rules contained in 
the Arabic books.’ To facilitate comparison, and ‘obviate distant reference, 
Pacioxo’s rules are here subjoined in fewer words than he employs. 

Ist, Divide the things by the squares [aalisin by eodbaienah tlic 
quotient is the value of seinen 

od, Divide the number by the squares [by the pasklicipni of the square], 
‘the root of the quotient is the value of thing. 

3d, Divide the number by the things [that is, bie the coefficient], the 
quotient is the value of thing.’ 

The resolution of the three cases of compound cquations is delivered by 
Cossa LI from LEONARDO, contracting his rugged Latin into modern Alge- 
braic form. D giw 

Ist, Be a*+pa=n. Then r=—4pt+V G pP +n). i 

od, Be 2°=p rt+n. Then anio aia G p +n). - 

3d, Be 2°+n=p x. Then, if + p4 n, the equation is siesta If 
4 p =n, then v=4 p. If 4 pyn, then r=3 p—Y G p’-n), or =1 p+y 
G p-n). 

He adds the remark: Et sic, si non solvetur questio cum diminutione, solve- 
tur cum additione. 

The rules are the same which are found in the Arabic treatises of ag 
The same rules will be likewise found in the work of Pactoxo, expressed 
with his usual verboseness in his Italian text: to which, in this instance, he 
has added in the margin the same instructions delivered ina conciser form in 
Latin memorial verses. As they are givenat length by Monruc ra, it is un- 
necessary to cite them im this place.. On the subject of the impossible case 
Pacioro adds, as a Notandum utilissimum, ‘ Sel numero qual si troca in la 
detiu equatione accompagnato con le censo, sel nen e minore o veramente equale 
al quadrato de la mita de le cose, el caso esserë insolubile: e pur conseguente 
detto agguagliamenlo non potere avvenire per alcun modo’? Summa, 8. 4. 12. 

Concerning the two ‘roots of the quadratic equation in the other case, 


? See Note N; and As. Res. 12. > Summa, 8. 5. 6. 3 See Note N. 
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under the same head, he thus expands the short concluding remark of Lro- 
NARDO: Sia che luno e altro modo satisfa al tema: ma a levolte se havi la 
verita a luno modo, ale volte a Valtro;' el perche, se cavanda' la radice del 
detto remanente de la mita de le cose non satisfacesse al tema, la detta radice 
aggiugni ala mita de le cose e averai el quesito: e mai fallera che a luno di lai 
modi non sia satisfatta al quesito, cìoe giognendo le, ovvero cavando la del 
dimeciamento de le cose. Summa, 8. 4. 12. 


BomBELL1 remarks somewhat differently on the same point. Nei quesiti 


alcuna volta, ben che di rado, il restanté non servi, ma ben si la somma sempre. 
Alg. 2. 262. 

The rules for the resolution of compound equations are demonstrated by 
Leonarpo upon rectilinear figures; and m the last instance he has reference 


to Euclid.—Lib. 2. Th. 5. There is room then to surmise, that some of the - 


demonstrations are among the additions which he professes to have made. 

Among the many problems which he proceeds to resolve, two of which are 
selected by Cossa.i for instances of Iris manner, it will be sufficient to cite 
one, in the resolution of which the whole thread of: his operations is ex- 
hibited; substituting, however, the more compendious modern signs. His 
manner of conducting the algebraic process may be fully understood. from 
this single instance. `; 

Problem: To divide the number 10 into two parts, such that dividing one 
by the other, and adding 10 to the sum of the quotient, and multiplying the 
aggregate by the greater, the amount Is finally 114. 


Let the right line a be the greater of the parts sought; whiti I call thing 


(quan) pono eam): and the gitt line 6 g equal to 10: to which are joined in 
the same direction g d, de, arain the quotients of division of the parts, 
one by the other. Since a multiplied by b e is equal to 114, therefore 
axb g+aXxXgd+a+d e=114; and taking from eaclı side aX% g, there will be 
axg d+aXd e=114—aXb g. Be gd the quotient 10—a, there will arise 
a 
10—at+aXd e=114—aXb g=114—104a; since bg is equal to 10. Whence 
aXde=104—9a. Butdeisthe quotient a : wherefore a* =104—9a, 
m 10—@ 10—a 
So that a*=1040—194.a+9a*. Restore diminished things (restaura res di- 





.’ Compare with Hindu Algebra. Vij.-gań. § 130 and 142, 
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minutas), and take one square fromyeach side (et extrahe unum censum 
ab utraque parte), the remainder is 8 a*+1040=1944; and, dividing by 
eight, a*+130=2414; and resolving this according to rule, a=97— 
3 8 
V(97}—130=97—33=8: consequently 10—a=2. 

“ & 8 68 

Besides his great work on arithmetic and algebra, Leonarpo was author 
of a separate treatise, as already intimated, on square numbers. Reference 
is formally made to it by PacioLo, who drew largely from this source, and 
who mentions Le guali domande (Questions concerning square numbers) 
sono difficillisstme quanto ala demonstratione dela practica: comme sa chi ben 
la scrutinato. Maxime Leonardo Pisano in un particulere tractato che fa 
de quadratis numeris intitulato. Doce con grande sforzo se ingegna dare 
norma e rezola a simili solutioni. Summa 1. 4. 6. 

The directions for the solution of such problems being professedly taken 
by Pacroxo chiefly from Lroxarpo, and the problems themselves which 
are instanced by him being probably so, it can be no difficult task to restore 
the lost work of LEonagpo on this subject. The divination has accordingly 
been attempted by Cossaxi, and with a considerable degree of success. 
(Origine, &c. dell’ Algebra, c. 5.) 

Among problems of this sort which are treated by Pactoro after Lro- 
NARDO, several are found in the current Arabic treatises; others, which 
belong to the indeterminate analysis, occur in the algebraic treatises of the 
Hindus: some, which are more properly Diophantine, may have been taken 
from the Arabic translation, or commentary, of the work of Diophantus. 
Lroxarpo's endeavour to reduce the solution of such problems to general 
rule and system,vaccordmg to Pacioxo’s intimation of his efforts towards 
that end, must bave been purely his own: as nothing systematic to this effect 
is to be found in the Arabic treatises of Algebra; and as he clearly had-no 
communication through his Arab instructors, nor any knowledge of the 
Hindu methods for the general resolution of indeterminate problems simple 
or quadratic. 

Mowtecia, who had originally underrated the performance of Leo- 
N ARDO, seems to have finally conceded to it a merit rather beyond its desert, 
when he ascribés to that author the resolution of certain biquadratics as 
derivative equations of the second degree. The derivative rules were, 
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according to Carpan’s affirmation, added to the original ones of LEonanpo 
by an uncertain author; and placed with the principal by Pacrtoto. Car- 
DAN’s testimony in this respect is indeed not conclusive, as the passage, in 
which the subject is mentioned, is in other points replete with errors: attri- 
buting the invention of Algebra to MunamMMeEp son of Musa, and alleging 
the testimony of Leonarpo to that point; limiting Leonarpo’s rules to 
four, and intimating that Pacioxto introduced the derivative rules in the 
same place with the principal: all which is unfounded and contrary to the 
fact. Cossa LI, however, who seems to have diligently examined Leonarpo’s 
remains, does not claim this honour for his author: but appears to admit 
Carpan’s position, that.the derivative, or, as they are termed by Pacroxo, 
the proportional equations, and rules for the solution of them, were devised 
by an uncertain author; and mtroduced by Pacroto into. his compilation 
under a separate head: which actually is the case. (Summa 8, 6, 2, &c.) 

In regard to the blunder, in which Monructa: copied earlier writers, 
respecting the time when Leonarpo of Pisa flourished, he has defended 
himself (2d edit. Additions) against the reprehension of CossaLi, upon the 
plea, that he was not bound to know of manuscripts existing in certain 
libraries of Italy, which served to show the age in which that author lived. 
The excuse is not altogether valid: for Tarcion1 Tozzert: had announeed 
to the.public the discovery of the manuscripts in question, with the date, 
and.a sufficient intimation of the contents; several years before the first 
volumes of Montucta’s History of Mathematics appeared.’ 

I am withheld from further animadversion on the negligence of an author, 
who has in other respects deserved well of science, by the consideration, 
that equal want of research, and in the very same instance, has been mani- 
fested by more recent writers, and among our own countrymen. Even so 
lately as in the past year (1816) a distinguished mathematician, writing in 
the: Encyclopedia which ,bears the national appellation,’ has relied on obso- 
. lete authorities and antiquated disquisitions concerning the introduction of 
the denary numerals into Europe; and shown total unacquaintance with 
what was made public sixty years ago by Tarcionr Tozzerri and amply 
discussed by CossaLr in a copious work on the progress of Algebra in Italy, 


y aii TozzETTY’S frst rola bears date 1751. His sixth, (the last of his first edition) 
1754. MONTUCLA’S first two dian were published i in 1758. 
2 Encycl. Brit. Supp. art. Arithmetic. 
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and in an earlier one on the’ origin of Arithmetic, published more than 
twenty years since: matter fully recognised by Monructa in his second’ 
edition, and briefly noticed in common biographical dictionaries.’ 

In the article of the Encyclopedia, to which reference has been just made, 
the author is not less unfortunate in all that he says concerning the Hindus 
and their arithmetical knowledge. He describes the Lildoati as “a short 
and meagre performance headed with a silly preamble and colloquy of the 
gods.” (Where he got this colloquy is difficult to divine; the Lildvati. 
contains none). ‘The examples,” he says, “are generally very easy, and 
only written on the margin with red ink.” (Not'so written in any one 
among the many copies collated or inspected.) “Of fractions,” he adds, 
“ whether decimal or vulgar, it treats not at all.” (See Ch.'2. Sect. 3. and 
Ch. 4. Sect. 2. also § 138.) 

He goes on to say, “ the Hindus pretend, that this arithmetical treatise 
was composed about the year 1185 of the Christian era, &c.” Every thing 
in that passage is erroneous. The date of the Lildvatt is 1150, at the latest. 
The uncertainty of the age of a manuscript does not, as suggested; affect 
the certainty of the date of the original composition. It is not true, as 
alleged, that the oriental transcriber is accustomed’ to incorporate without 
scruple such additions in the text as he thinks fit. ` Nor is it practicable for 
him to do so with a text arranged in metre, of which the lines are numbered: 
as is the case with Sanscrit text books ‘in general. Collation demonstrates 
that no such liberty has been taken with the particular book in question. . 
The same writer affirms, that “ the Persians, though -no longer sovereigns 
of Hindustan, yet display their superiority over the feeble Gentoos, since 
they generally fill the -offices of the revenue, and have the reputation of 
being the most expert calculators in the cast.” This is literally and precisely 
the reverse of the truth; as every one knows, who has read or heard ‘any 
thing concerning India. 

The author is not more correct when he asserts, that “it appears from a 
careful inspection of the manuscripts preserved in the different publie libra- 
ries in Europe, that the Arabians were not acquainted with the denary 
numerals before the middle of the thirteenth century of the Christian era.” 
Leonarpo of Pisa had learned the Indian numerals from Arabian instruc- 


* Dict. Hist. par Chaudon and Delandine: art. Leonard de Pise. 7 Edit. (1789). Probably in 
earlier editions likewise. 
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tion in the twelfth’ century and taught the use of them in the second year, 
of the thirteenth: and the Arabs were in possession of the Indian mode of 
computation .by these numerals so far back as, the eighth century of the 
Christian era.’ 

To return to the subject. 

After Lronanrpo of Pisa, and before the invention of the art of printing 
and publication of the first printed treatise on thie science, by Pacr1oLo, 


Algebra was diligently cultivated by the Italian mathematicians; it was pub- 
licly taught by professors; treatises were written on it; and recurrence was, 


again had to the Arabian source. A translation of “ the Rule of Algebra” 
(La Regola dell’ Argebra) from the Arabic’ into the language of Italy by 
GvuGLiELMo pr Lunis, is noticed at the beginning of the Ragionamento di 


Algebra by Rarrarro Caracci, the extant manuscript of which is consi-. 


dered by antiquarians to be of the fourteenth century.* A translation of the 
original treatise. of Mun AMMED BEN Musa the Khuwarezmite appears to 
have been current in Italy; and was seen at a later period by both Carpan 
and BomBELLI? Paoro pELLA Percoia, Demetrio BraGapini, and 
Antonio Cornaro, are named by Pacioto as successively filling the pro- 
fessor’s chair at Venice; the latter his own fellow-disciple. He himself 


taught Algebra publicly at Peroscia at two different periods. In the pre- 
ceding age a number of treatises on Algorithm, some of them with that title;. 


others like Leonaxpo’s, entitled De Abaco, and probably like his touching 
on Algebra as well as Arithmetic, were circulated. Paoto pı DAGOMARI, 
in particular, a mathematician living in the middle of the fourteenth century, 
obtained the surname of Dell’ Abaco for his skill in the science of numbers, 
and is besides said to have been conversant with equations (whether algebraic 
or astronomical may indeed be questioned;) as well as geometry.* 

With the art of printing came the publication of Pacioro; and the subse- 
quent history of the mventions in Algebra by Italian masters is too well 
known to need to be repeated in this place. 


* See Note N. 

2 Cossaut, Orig. &c. dell’ Algebra, i. 7. 
“3 Tbid.i. 9. Carpan Ars Magn. 5. , 
4 Ibid. i. 9. -a 
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ARITHMETICS OF DIOPHANTUS. 


_. Five copies of Diopuantus, vizt. three in the Vatican (Cossali, Orig. dell’ 
Alg. i. 4. § 2.); XILANDER’s, supposed (Coss. ib. § 5) to be the same with 
the Palatine inspected by Saumatse, though spoken of as distinct by Bacner, 
(Epist. ad. lect.); and the Parisian used by Bacner himself (id.); all 
contain the same text. But one of the Vatican copies, believed to be that 
which BosrBexxr consulted, distributes a like portion of text into seven in- 
stead of six books. (Coss. ib.§ 5.) In truth the division of manuscript 
books 1s very uncertain: and it is by no means improbable, that the remains 
of DiopHantTus, as we possess them, may be less incomplete and constitute 
a larger portion of the thirteen books announced by him (Def. 11.), than is 
commonly reckoned. His treatise on polygon numbers, which is surmiscd 
to be one, (and that the last of the thirteen,) follows, as it seems, the six 
(or seven) books in the exemplars of the work, as if the preceding portion 
were complete. It is itself imperfect: but the manner is essentially different 
from that of the foregoing books: and the solution of problems by equations 
is no longer the object, ans rather the demonstration of propositions. There 
appears no ground, beyond bare surmise, to presume, that the author, in the 
rest of the tracts relative to numbers which fulfilled his promise of thirteen 
books, resumed the Algebraic manner: or in short, that the Algebraic part 
of his performance is at all mutilated in the copies extant, which are consi- 
dered to be all transcripts of a single imperfect exemplar. Qacnar Ep. ad. 
lect.) 

It is indeed alleged, that the resolution of compound equations (two 
species left equal to one) which DiopHantus promises (Def. 11.) to show 
subsequently, hears reference to a lost part of his work, But the author, 
after confining himself to cases of simple equations (one species equal to one 
species) in the first three books, passes occasionally to compound equations 
(two species equal to one; and even two equal to two species;) in the three ~ 
following books. See iv. Q. 33; vi. Q.6 and 19; and Bacuer on Def: 11, 
and 1. Q. 33. In various instances he pursues the solution of the problem, 
until he arrives at a final quadratic equation ; and, as in the case of a simple 
equation, he then merely states the value inferrible, without I. the 
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steps by which he arrives at the inference. Sce iv. Q.23; vi. Q.7,9 ad 11. 
But, in other places, the steps are sufficiently indicated: particularly iv. Q. 
33 and 45; v. Q. 13; vi. Q. 24: and his method of resolving the equation 
is the same with.the second of Branmrcupra’s rules for the resolution of 
quadratics (Brahm. 18. § 34). The first of the Hindu author’s rules, the 
sane with Srip'nara’s quoted by Buascara (V}j.-gan. § 131. Brahm. 18. 
§ 32.), differs from that of. Nuenez (Noxrus) që" by Bacner (on Dioph.. 
i. 33), in dispensing with the preliminary step of reducing the square term 
to a'single square: a preparation which the Arabs first introducèd, as well 
as the distinction of three cases of quadratics: for it was practised neither 
by Diornaxrtus, nor by the Hindu Algebraists. 

Diopuantus has not been more explicit, nor methodical, on simple, than 
on compound, equations. But there is no reason to conclude, that he re- 
turned to either subject in a latter part of his work, for the purpose of com- 
pleting the instruction, or better explaining the method of conducting the 
resolution of those equations. Such does not seem to be the manner of his 
arithmetics, in which general methods and comprehensive rules are wanting. 
It is rather to be mferred, as Cossari does, from the compendious way 
in which.the: principles of Algebra are delivered, or alluded to, by him, 
that the determinate analysis was previously not unknown to the Greeks ; 
wheresoever they got it: and that Dropuawnrus, treating of it cursorily as a 
matter already understood, gives all his attention to cases of indeterminate 
analysis, in-which perhaps he had no Greek precursor. (Coss. Orig. dell’ 
Alg. i. 4.§ 10.) He certainly intimates, that some part of what he proposes 
to teach is new: tows piv dv doxts ro wozypæ dvoxspisepov tmsidn, unre yuibonasy işi. 
While in other places (Def. 10) he expects the student to be previously 
exercised in the algorithm of Algebra. The seeming contradiction is recon- 
ciled by conceiving the principles to have been known; but the application 
of them to a certain class of problems concerning numbers to have been 
new. 

Concerning the probable antiquity of the Diophantime Algebra; all that 
can be confidently affirmed is, that it is not of later date than the fourth. 
century of Christ., Among the works of Hypatra, who was murdered 
A. D. 415, as they are enumerated by Surpas, is a commentary on a work 
ofa Dropuantus, most hkely this author. An epigram in the Greek an- 
thologia (lib. 2. c. 22) is considered with probability to relate to him: but 
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the age of its author LuciLuivus is uncertain. Bacner observes, that, so far 
as can be conjectured, Lucitutivs lived about the time of Nero. This, 
however, is mere conjecture. 

DiopHanrus is posterior to Hypsictes, whom he cites in the treatise on 
polygon numbers. (Prop, 8.) This should furnish another fixt point. But 
the date of Hypsicxes is not well determined. He is reckoned the author, 
or at least the reviser,! of two books subjoimed to Evcxip’s elements, and 
numbered 14th and 15th. In the introduction, he makes mention of APoL- 
LONIUS, one of whose writings, which touched on the ratio of the dode- 
caedron and icosaedron inscribed in the same sphere, was considered by 
Bastcipes of Tyre, and by the father of him (Hypsicues) as incorrect, and 
was amended by tliem accordingly: but subsequently he (Hypsicies) met 
with another work of APoLLonius, in which the investigation of the pro- 
blem was satisfactory, and the demonstration of the proposition correct. Here 
again Bacner observes, that, so far as can be conjectured, from the manner 
in which he speaks of ApoLtonius, he must have lived not long after him. 
CossaLı goes alittle further; and concludes on the same grounds, that they 
were nearly contemporary. (Orig. dell’ Alg.1.4.§ 4.) The grounds seem 
inadequate to support any such conclusion: and all that can be certainly 
inferred is, that HypsicLes of Alexandria was posterior to APOLLONIUs, who 
flourished in the reign of Protomy EVERGETIS: two hundred years before 
Christ. 

Several persons of the name of Diopnanrtus are noticed by Greek ahaa: 
but none whose place of abode, profession, or avocations, seem to iige 
any correspondence with those of the mathematician and Algebraist: one a 
prætor of Athens mentioned by Dioporus SicuLus, ZENoBIUsS, and SurpDAs; 
another, secretary of king Heron, put to death for forgery, as noticed: by 
Tzetzes; and a third, the instructor of Liırasxıius in eloquence, named by 
SUIDAS in the article concerning that sophist and rhetorician. 

The Armenian ABu’LFARAS ode the Algebraist Diopuantus under the 
Emperor Jutian. But it may be questioned, whether he has any authority 
for that date, besides.the mention by Greek autliors of a learned person of 


the name, the instructor of Lrpanius, who was contemporary with that 
emperor. = 


“a Térikhwl hukmá cited by Casırı, Bibl. Arab, Hisp. i. 346. The a author uses the 
word Asleh amended. 
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Upon the whole, however, it seems preferable to abide by the date fur- 
nished ina professed history, even an Arabic one, on a Grecian matter: and 
consider Diopnantus as contemporary with the Emperor Juran, about 
A. D. 365. That date is consistent with the circumstance of HYPATIA 
writing a commentary on his works; and is not contradicted by any other 
fact; nor by the affirmation of any other writer besides BomBELLI: on whose 
authority Cossart nevertheless relies. 

BomsBetus, when he announced to the public the existence of a manu- 
script of Diopnantus in the Vatican, placed the author under the Emperor 
Antoninus Pius without citing any grounds. His general accuracy is, 
however, impeached by his assertion, that the Indian authors are frequently 
cited by DiopHantus. No such quotations are found in the very manu- 
script of that author's work, which he is known to have consulted: and 
which has been purposely reexamined. (Coss. 1.4. § 4.) BomMBELLI's 
authority was, therefore, very properly rejected by Bacuet; and should 
have been so by Cossaut. 
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PROGRESS AND PROFICIENCY OF THE ARABIANS IN 
ALGEBRA. i 


Ix the reign of the second Abbasside Khalif Atmansur, and in the 156th 
year of the Hejira (A. D. 773), as is related in the preface to the Astrono- 
mical tables of Ben-ALt-ADAMi published by his continuator AtcaseM in 
308 H. (A.D. 920), an Indian astronomer, well versed in the science which he 
professed, visited the court of the Khalif, bringing with him tables of the 
equations of planets according to the mean motions, with observations rela- 
tive to both solar and lunar eclipses and the ascension of the signs; taken, 
as he affirmed, from tables computed by an Indian prince, whose name, as 
the Arabian author writes it, was PHigHar. The Khalif, embracing the 
opportunity thus happily presented to him, commanded the book to be 
translated into Arabic, and to be published for a guide to the Arabians in 
matters pertaining to the stars. The task devolved on Munammep ben 
Ipranio Alfasdri; whose version is known to astronomers by the name of 
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the greater Sind-hind or Hind-sind: for the term occurs written both ways. 
It signifies, aceording to the same author Ben-ar-Apami, the revolving 
ages, Al dehr al daher ; which Casirt translates perpetuum xternumque.* 

No Sanscrit term of similar sound occurs, bearing a signification recon- 
cilable to the Arabic interpretation. If a conjecture is to be hazarded, the 
original word may have been Sidd’hanta. Other guesses might be proposed: 
partly combining sound with interpretation, and taking for a termination 
sind hu ocean, which occurs in titles now familiar for works relative to the 
regulation of time, as Cdla-sind’hu, Samaya-sind’hu, &c. or adhering exclu- 
sively to sound, as Indu-sindhu, or Indu-siddhanta; the last a title of the 
same import with Soma-siddhdnta still current. But whatever may have 
been the name, the system of astronomy, which was: made known to the 
Arabs, and which is by them distinguished by the appellation in question,’ 
appears to have been that which is contained in the Brahma-sidd hanta, and 
which is taught in BranmeGupta’s revision of it. This fact is deducible 
from the number of elapsed days between the beginning of planetary mo- 
tions and the commencement of the present age of the world, aecording to 
the Indian reckoning, as it is quoted by the astrologer of Balkh A BU-MÂSHAR,- 
and which precisely agrees with Braumecurta.. The astrologer does not 
indeed specify which of the Indian systems he is citing. . But it is distinetly 
affirmed by later Arabian authorities, that only one of the three Indian doc- 
trines of astronomy was understood by the Arabs; and that they had no 
knowledge of the other two beyond their names.’ Besides, ARYABHATTA 
and the Arca-sidd‘hénta, the two in question, would have furnished very 
different numbers. > l 

The passage of Asvu-mAsuar, to which reference has been now made, is 
remarkable, and even important ; and, as it has been singularly misunder- 
stood and grossly misquoted by Barxty in his Astronomie Ancienne (p. 302), 
it may be necessary to cite it at full length in this place. It occurs at the 
end of the fourth tract (and not, as BatLty quotes, the beginning of the. 
fifth,) in Apu-mAsuar’s work on the conjunctions of planets. The author 
there observes, that “ the Indians reckoned the beginning [of the world] on, 


* Bibl. Arab. Hisp. citing Bibl. Arab. Phil. (Tértkhu’l hukmé) i. 428. voce Alphazért. — 
* Ibid. i. 426. voce Katka. Sind and Hind likewise signify, in the Arabian writers, the hither 
and remoter, India. D’Herbelot. Bibl. Orient. 415. 
3 Térikhul hukmé, cited by Castry, Bibl. Arab. Hisp. i. 426. voce Katka. 
k 
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“ Sunday at sunrise (or, to quote from the Latin version, Et estimaverunt 
“ Indi quod principium fuit die dominica sole ascendente;) and between that 
‘day and the day of the deluge (et est inter eos, s. inter illum diem et illum 
“ diem diluvii) 720634442715 days equivalent to 1900340938* Persian years 
“and 344 days. The deluge happened. on Friday (et fuit diluvium die 

“ veneris) 27th day of Rabe Ist, which is 29 from Cibaé and 14 from Adris- 
“ ¢inich. Between the deluge and the first day of the year in whieh the’ 
‘© Hejira occurred (fuerunt ergo mter diluvium et primum diem anni in 
“quo fuit Alhegira) 3837 years and 268 days; which will- be, according to 
“the years of the Persians, 3725 years and 348 days. And between the 
“deluge and the day of Jesdagir (YEzDAJERD) king of the Persians, from 
“the begining of whose reign the Persians took their era,.... 3735 years, 
“10 months, and 22 days.” The author proceeds with the comparison of 
the eras of the Persians and Arabians, and those of ALEXANDER and Put- 
rrp; and then concludes the treatise: completi sunt quatuor tractatus, deo 
adjuvante. 

‘ Barxuy’s reference to this passage is in the following words. “ ALBU- 
“ MASAR? rapporte que selon les Indiens, il s'est écoulé 720634442715 jours 
‘entre le déluge et l'époque de lhégire. Ilen conclud, on ne sait trop com- 
“ ment, qu'il s’est- écoulé 3725 ans dans cet imtervalle: ce qui placeroit le 
“déluge 3103 ans avant J. C. précisément à l'époque chronologique ct astro- 
. “ nomique des Indiens. Mais ALBUMAsar ne dit point comment il est 
“« parvenu à égaler ces deux nombres de 3725 ans ct de 720634442715 jours.” 
Ast. anc. ecl. liv. 1. § xvil. 

Now on this it is to be observed, that Bartiy makes. the antediluvian 
period between the Sunday on which the world began and the Friday on 
which the deluge took place, comprising 7206344427.15 days, to be the same 
with the postdiluvian period, from the deluge to the Hejira; and that he 
quotes the author, as unaccountably rendering that number equivalent to 
3725 years, though the text expressly states more than 1900000000 years. 
The blunder is the more inexcusable, as BarLLY himself remarked the in- 
consistency, and should therefore have reexamined the text which he cited, 
to verify his quotation. 


o> 


* There is something wanting in the number of years: which is deficient at the third place. 
Both editions of the translation (Augsburg 1489, Venice 1515) give the same words. 
* De Magn, Conj. Traité v, au commencement. 
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“Major Witrorp (As. Res. 10. 117.), relying ‘on the correctness of 
BarLiy’s quotation, concluded, that the error originated with either the 
transcriber or translator. But in fact the mistake rested solely with the 
citer: as he would have found if his attention had been drawn to the more 
correct quotation in ANQuETIL pU PERRon’s letter prefixed -to his- Rech. 
Hist. et Geog. sur l Inde, inserted in Bernou.wr’s 2d vol. of Desc. de [Inde 
(p. xx). But, though ANn@vueETIL is more accurate than BarLiy in quota- 
tion, he is not more successful in his inferences, guesses and surmisés. ‘For 
he strangely concludes from a passage, which distimctly proves the use of 
the great cycle of the calpa by the Indian astronomers to whom ABu- 
mMASHAR refers, that they were on the contrary unacquainted in those days 
with a less cycle, which is comprehended in it. So little did he understand 
the Indian periods, that he infers from a specified number of elapsed days 
and correspondent years, reckoned from the beginning of the great cycle 
which dates from the supposed moment of the commencement of the world, 
that they knew nothing of a subordinate period, which is one of the ele- 
ments of that cycle. Nor is he nearer the truth, but errs as much the other 
way; in lis conjecture, that the number of solar years stated by ABU- 
MASHAR relates to the duration of a life of BRAHMA, comprising a hundred 
of that deity’s years. 

In short, ANQUETIL’s conclusions are as erroneous as BAILLY’s premises. 
The discernment of Mr. Davis, to whom the passage was indicated by 
Major Witrorp, anticipated the correction of this blunder of Barry, by 
restoring the text with a conjectural emendation worthy of his sagacity. 

The name of the Indian author, from whom AsumMAsHAR derived the 
particulars which he has furnished, is written by Bainty, Kankaraf; taken, 
as he says, from an ancient Arabic writer, whose work is subjoined to that 
of Messala published at Nuremberg by Joach. HELLER mm 1648.7 The 
Latin translation of Messahala (Ma-suxai-ALLAH) was edited by Joachim 
HELLER at Nuremberg in 1549; but it is not followed, in the only copy 
accessible to me, by the work of any other Arabic author; and the quotation 
consequently has not been verified. D°’HrerBetor writes the name vari- 
ously; Kankah or Cancah, Kenker or Kankar, and Kengheh or Kanghah ;° 


* As. Res. 9.242. Appendix to an Essay of Major WILFORD. 
? Ast. Anc. 303. $ 
3 Bibl. Or. Art. Cancah al Hendi, and Kenker al Hendi. Also Ketab Menazel al Camar and 


Ketab al Keranat. 
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to which Retske and ScuuLrens, from further research,’ add another varia- 
tion, Aengch ;* which is not of Arabic but Persian orthography. Casiri, 
by a difference of the diacritical poimt, reads from the ZVarikhwl hukmd, 
and transcribes, Katka? That the same individual is all along meant, 
clearly appears from.the correspondence of the works ascribed to him; 
especially his treatise on the greater and less conjunctions of the ae 
which was imitated by ABU-MÀSHAR. 

Amidst so much diversity in the orthography of the word it is difficult 
to retrieve the original name, without too much indulgence in conjecture. 
Canca, which comes nearest to the Arabic corruption, is in Sanscrit a proper 
name among other significations: but it does not occur as the appellation of 
any noted astrologer among the Hindus. Garea does; and, as the Arabs 
have not the soft guttural consonant, they must widely corrupt that sound: 
yet Canghar and Cancah seem too remote from it to allow it to be proposed 

as a conjectural restoration of the Indian name. 
=- To return to the more immediate subject of this note. The work’ of 
Alfasari, taken from the Hindu astronomy, continued to be in general use 
among the Muhammedans, until the time of ALMAmuUN; for whom it was 
epitomized by: Munammep ben Musa Al Khuwéresmi; and his abridgment 
was thenceforward known by the title of the less Sind-hind. It appears to 
have been executed for the satisfaction of ALmamuwn before this prince’s ac- 
cession to the Khelafet, which took place early in- the third century of the 
Hejira and ninth of Christ... The same author compiled similar astronomical 
tables of his own; wherein he professed to amend the Indian tables which 
furnished the mean motions; and he Is said to have taken, for that purpose, 
equations from the: Persian astronomy; some other matters from Protomy ; 
and to have added something of lis own on certain points. His work is 
reported to have been well received by both Hindus and Muhammedans: 
and the greater tables, of which the compilation was commenced in the fol- 
lowing age by Ben aL apami and completed by Ar Casem, were raised 
upon the like foundation of Indian astronomy: and were long in general use 
among the Arabs, and by them deemed excellent. Another and earlier set 
of astronomical tables, founded on the Indian system called Sind-hind, was 
compiled by Haxnasu an astronomer of Baghdad; who flourished m the 


* Bibl. Or. (1777-79). iv. a: Should be Kengeh: a like error occurs in p: 727, where sharch 
is put for shareh. 
* Bibl. Arab. Hisp. i. 426. 
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time of the Khalif AtmamuUn.’ Several others, similarly founded on the 
‘Mean motions furnished by the same Indian system, were published in the 
third century of Hejira or earlier: particularly those of Fazu ben Hatim 
Neérizi; and Au Hasan ben Mispan.? | : 

It was no doubt at the same period, while the Arabs were gaining a 
knowledge of one of the Indian systems.of Astronomy, that they became 
apprized of the existence of two others. No intimation at least occurs of 
any different specific time or more probable period, when the information 
-was likely to be obtained by them; than that in which they were busy with 
-the Indian astronomy according to one of the three systems that prevailed 
among the Hindus: as the author of the Térikhwl hukmd& quoted by 
Casiri affirms. This writer, whose compilation is of the twelfth century,° 
observes, that ‘owing to the distance of countries and impediments to 
‘intercourse, scarcely any of the writings of the Hindus had reached the 
‘ Arabians. There are reckoned, he adds, three celebrated systems (Mazhab) 
‘of astronomy among them; namely, Sind and hind; Arjabahar, and Ar- 
“cand: one only of which has been brought to us, namely, the Sind-hind : 
‘which most of the learned Muhammedans have followed.’ After naming 
the authors of astronomical tables founded on that basis, and assigning. the 
interpretation of the Indian title, and quoting the authority of Ben aL ADAMI, 
the compiler of the latest of those tables mentioned by him, he goes on to 
say, that ‘of the Indian sciences no other communications have been re- 
‘ceived by us (Arabs) but a treatise on music of which the title in Hindi is ` 
‘ Biydphar, and the signification of that title “ fruit of knowledge ;’* the 
“ work entitled Calilah and Damanah, upon ethics: and a book of numerical 
“computation, which Anu JArrk MunamMMeED BEN Musa Al Khuwdrezmi 
‘amplificd (basat) and which is a most expeditious and concise method, and 
“testifies the ingenuity and acuteness of the Hindus.’ * 

The book, here noticed as a treatise on ethics, is the well-known collection 
of fables of Pilpai or Bidpai (Sans. Vaidyapriya); and was translated from 


* Tarikhu'l hukmá, Casiri, i. 426 and 428. AsuLraraJs; Pococke 16}. 

7b. i421 and’413. 

7 He flourished in 595 I]. (A. D. 1198), as appears from passages of his work. M, S. 
MDCCLXXIII. Lib. Esc. p. 74 and 316. Casiri, ii. 332. 

+ Sans. Vidydphala, fruit of science. 

* Casini, i. 426 and 428. The Cashfu'l zanún specifies three astronomical systems of the 
Hindus under the same names. i 
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the Pehleviversion into Arabic, by command of the same Abbaside Khalif 
ALMANSUR,' who caused an Indian Astronomical treatise to be translated 
into the Arabian tongue. The Arabs, however, had other communicatiotis 
of portions of Indian science, which the author of the Tarikhwl hukma has 
an this place overlooked: especially upon medicine, on which many trea- 
tises, general and particular, were translated from the Indian tongue. For 
instance, a tract upon poisons by Suawac, (Sanse. Characa?) of which an 
‘Arabic version was.made for the Khalif ALMamuN, by his preceptor ABBAS 
ben SAip Jéhari. Also a treatise on medicine and on materia medica in 
particular, which bears the name of Suasuurp (Sansc. SusruTa); and nu- 
‘merous others.’ 

The Khuwarezmite MunamMep BEN Musa, who is named as having 
made known to the Arabians the Indian method of computation, is the same 
who is recognized by Arabian authors with almost a common consent (Zaca- 
RIA of Casbin, &e.) as the first who wrote upon Algebra. - His competitor for 
the honour of priority is ABu Kamit Suusaa ben ASLAM, surnamed the 
Egyptian arithmetician, (Hasib al Misri, ); whose treatise on Algebra was 
commented by Ari ben AumMED Al Amrdni of Musella; and who is said by 
D’Hersetot to have been the first among learned Muslemans, that wrote 
upon this branch of mathematics. Thecommentator is a writer of the tenth 
century; the date of his decease bemg recorded as of 344 H.' (A. D. 955.) 
The age, in which his author flourished, or the date of his text, is not fur- 
nished by any authority which has been consulted: and unless some evidence 
be found, showing that he was anterior to the Khuwdrezmi, we may 
abide’ by the historical authority of Zacarta of Cashin; and consider the 
Khiwarezmi as the earliest writer on Algebra in Arabic. Next was the 
celebrated Alchindus (Anu Yuser ALKEND/{) contemporary with the astro- 
loger ABU-MASHER in the third century of the Hejira and ninth of the 
Christian era,’ an illustrious philosopher versed in the sciences of Greece, of 


t Introd. Rem. Hitépadésa. Sansc. ed. 1804. 

* D’HeExsecot, Bibl. Orient. Ketab al samoun, Ketab Sendhaschat, Ketab al sokkar, Ketab 
Schaschourd al Hendi, Ketab Rai al Hendi, Ketab Noufschal al Hendi, Ketab al akakir, &c. 

3 Térikhu’l hukmdé, Castri, i. 410. 

* Bibl. Orient. 482. Also 226 and 494. No grounds are specified. Erw Kmaccan and 
Hast Knauran, whom he very commonly follows, have been searched in vain for authority on 
this point. 

3 Tar. CASIRI, i. 410. : s Abulfaraj; Pococke, 179. 
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India, and of Persia, and author of several treatises upon numbers. In the: 
prodigious multitude of his writings upon every branch: of seience, one is. 
specified as a tract on Indian computation ( Hisabu’l hindi ):. others occur 
with titles which are understood by Castri to relate to Algebra, and to the 
‘finding of hidden numbers:’ but which seem rather to appertain to other. 
topics.’ It is, however, presumable, that one of the works composed by 
him did treat of Algebra as a branch of the science of computation. His’ 
pupil Aumep ben MunamMen of Sarkhasi in Persia, (who flourished in the: 
middle of the third century of the Hejira; for he died in 286 H.). was author, 
of a complete treatise of computation embracing Algebra with Arithmetic.. 
About the same time a treatise of Algebra was composed by Apu HANIFAH 
Dainéwari, who lived till 290 H. (A. D. 903.) 

Ata later period Apu’Lwara Buzjdni, a distinguished vnius who. 
flourished in the fourth century of the Hejira, latie the years. 348 when: 
he commenced his studies, and 388 the date of his demise, composed nume- 
rous tracts on computation, among which are specified several commentaries: 
on Algebra: One of them on the treatise of the Khuwarezmite upon that sub- 
ject: another ona less noted treatise by ABu Yanya, whose lectures he had 
attended: an interpretation (whether commentary or paraphrase may per-: 
haps be doubted) of the work of Diopuantus: demonstrations of the pro- 
positions contamed in that work: a treatise on numerical computation in 
general: and several tracts on particular branches of this subject.* 

A question has been raised, as just now hinted, whether this writer’s inter- 
pretation of Diopmanrus is to be deemed a translation or a commentary. 
The term, which is here employed in the 7érikhw'l hukmá, (tafsir, para- 
phrase,) and that which ABULFARAaJ uses upon the same occasion (fasr, ; 
interpreted,) are ambiguous. Applied to the relation between works in the 
same language, the term, no doubt, implies a gloss or comment; and is so 
understood in the very same passage where an interpretation of the Khu- 
warezmite’s treatise, and another of Asu YAuya’s, were spoken of. But, . 
where a difference of language ‘subsists, 1t seems rather to intend a ver- 
sion, or at least a paraphrase, than mere scholia; and is employed by the, 
same author in a passage before cited,? where he gives the Arabic sig- 
nification of a Hindi term. That Busjani’s performance is to be deemed a 


* Térikhu'l hukmé ; Casini, i. 353—360. 2 Ib, i. 433. 3 [b. i. 426, Art. Katka. 
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translation, appears to be fairly inferrible from the separate mention of the- 
demonstration of the propositionsin DiopHantus, asa distinct work: for the 
latter seems to be of the nature of a commentary ; and the other consequently 
is the more likely to have been a version, whether literal or partaking of 
paraphrase. Besides, there is no mention, by any Arabian writer, of an 
earlier Arabic translation of Diopuantus; and the Busjani was not likely to 
be the commentator in Arabic of-an untranslated Greek book. D’Hrerse tor 
then may be deemed correct in naming him as the translator of the Arithme- 
tics of DiopHantus; and CossaLi, examining a like question, arrives at 
nearly the same conclusion; namely, that the Busjani was the translator, 
and the earliest, as well as the expositor, of Diopnantus.—(Orig. dell’ Alg. 
1.175.) The version was probably, made soon after the date, which Asut- 
FARAJ assigns to it, 348 H. (A. D. 969), which more properly is the date of 
the commencement of the translator's mathematical studies. . 

- From all.these facts, joined with other circumstances to be noticed in pro- 
gress of this note, it is inferred, 1st, that the acquaintance of the Arabs with 
the Hindu astronomy is traced to the middle of the second century of the 
Hejira, in the reign of ALMaNsUR; upon authority of Arabian historians | 
citing that of the preface of ancient astronomical tables: while their know- 
ledge of the Greek astronomy does not appear to have commenced until the 
subsequent reign of HAarnvn ALRraAsuip, when a translation of the Almagest 
is said to have been executed under the auspices of the Barmacide Yanya 
ben Kn XLep, by Ana nian and SaLamA employed for the purpose.’ @dly, 
That they were become conversant, in the Indian method of numerical com- 
putation, within the second century; that is, hefore the beginning of the 
reign of ALMAMUN, Whose accession to the Khelafet took place in 205 H. 
3dly, That the first treatise on Algebra in Arabic was published in his reign; 
but their acquaintance with the work of Diopuantus is not traced by any 
historical facts collected from their writings to a period anterior to the middle 
of the fourth century of the Hejira, when Anu’Lwara Buszjani flourished. 
4thly, That Munammep ben Musa Khuwaresmi, the same Arabic author, 
who, in the time of ALMAmUN, and before his accession, abridged an earlier 
astronomical work taken from the Hindus, and who published a treatise on- 
the Indian method of numerical computation, is the first also who furnished 


* Casiri, i. 349, © 
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the Arabs with a knowledge of Algebra, upon which he expressly wrote, and 
in that Khalif’s reign: as will be more particularly shown, as we proceed. 

A treatise of Algebra bearing his name, it may be here remarked, was in 
the hands of the Italian Algona translated into the Italian language, 
not very long after the introduction of the.science into .that country by 
Leonarpo of Pisa. It appears to have been seen at a later period both by 
Carpaw and by BomsBettr. No manuscript of that version is, however, 
now.extant; or at least known to be so. 

Fortunately a copy of the Arabic original is preserved in the Bodleian 
collection. It is the manuscript marked CMXVIII Hunt. 214. fo. and 
bearing the date of the transcription 743 H. (A. D. 1342.) The rules of 
the library, though access be readily allowed, preclude the study. of any 
book which it contains, by a person not enured to the temperature of apart- 
ments unvisited by artificial warmth. This impediment to the examination 
of the manuscript in question has been remedied by the assistance .of the 
under librarian Mr. Alexander Nrcort; who has furnished ample extracts 
purposely transcribed by him from the manuscript. This has made it practi- 
cable to ascertain the contents of the book, and to identify the work as that 
in which the Ahuwdrezsmi taught the principles of Algebra; and conse- 
quently to compare the state of the science, as it was by him taught, with its 
utmost progress in the hands of the .Muhammedans, as exhibited in an. ele- 
mentary work of not very ancient date, which ts to this time studied among 
‘Asiatic Muslemans. 

I allude to the Khulásetwl hisúb of BEnav’LpIN; an author, yis lived 
between the years 953 and 1031 H. The Arabic text, with a Persian com- 
mentary, has been printed in Calcutta; and a. summary: of its contents had 
been previously given by Mr. Stracney in his “ Early History of Algebra,” 
in which, as in his other exertions for the investigation of Hindu and Ara- 
bian Algebra, his zeal surmounted great difficulties; while his labours have 
thrown much light upon the subject.' 

The title page of the manuscript above described, as well as a marginal 
note on it, and the author's peasy all concur in declaring.it the work of 
MvunammMep ben Musa Khuwdrezmi: and the mention of the Khalif ALMA- 


' See Bija Ganita, or i miba of the Hindus; — 1813. Hurron’s Math. Dict. Ed. 
1815. Art. Algebra: and As. Res. 12. 159. , 
r l 
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MUN in that preface, establishes the identity of the author, whose various 
works, as is learned from Arabian historians, were composed by command, or 
with encouragement, of that Khalif, partly before his accession, and partly 
during his reiga. 
The seed a transcript of which was supplied by the care of Mr. 
Nicoit, has been examined at my request, by Colonel John Barxiie. 
After perusing it with him, I am enabled to atlirm, that it intimates “ en- 
couragement from the Jmém AtmAmun Commander of the Faithful, to 
compile a compendious treatise of calculation by Algebra;” terms, which 
amount not only toa disclaimer of any pretensions to the invention of the 
Algebraic art; but which would tomy apprehension, as to that of the distin- 
guished Arabic scholar consulted, strongly convey the idea of the  pre- 
existence of ampler treatises upon Algebra in the’ same language (Arabic), 
did not the marginal note above cited distinctly assert this to be “ the first 
treatise composed upon Algebra among the faithful;” an assertion corrobo- 
rated by the similar affirmation of Zacaria of Casbin, and other writers 
of Arabian history. Adverting, however, to that express affirmation, the 
author must be here understood.as deelaring that he compiled (alaf is the 
verb used by him) the treatise upon Algebra from books in .some other lan- 
guage: doubtless then in the Indian tongue; as ‘it has been already shown, 
that he was conversant with peas sree, and .Hindu:computation and 
ACEOMNES meie aet 207! ae at Hoe . m 
It may be right to notice, that the title of the manuscript devlontihates the 
author “ ABU ABDULLAH MunammMeEp ben Musa al Khuwdrezmi, differ- 
ing in the first part of the name from the designation, which occurs in one 
passage of the Zarikhu’l hukma, quoted by Casiri, where the Khuwarezmi 
MUHAMMED: ben Musa i is called Apu-sAFR.*. But. that-is not a sufficient 
ground for questioning the sameness of, persons: and genuineness. of -the 
work, as the Khuwdrezmi is not usually designated by either of those addi- 
tions, or by any other of that nature taken a the name of offspring: and 
error may be presumed; most probably on the part of the Egyptian author 
‘of the Zarikhwl hukmd, since the addition, which he introduces, that of 
Asu-sAFr, belongs to MunamMen ben Musa ben SHAKER, a very different 
person; as appears from another passage of the same Egyptian’s compilation.’ 


* CASIRI, į; 428. * Casini,i. 418. ' 
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The following is a translation of the Khuwdérezmi’s directions for the solu- 
tion of equations :- simple and compound: a topic, which he enters upon at no 
great distance from the commencement of the volume: having first treated 
of unity.and number in general. 

‘I found, that the numbers, of which there is need in computation by 
restoration and comparison," are of three kinds; namely, roots and squares, 
and simple number relative to neither root nor square. A root is the whole 
of thing multiplied by {r oot] itself, consisting of unity, or numbers ascending, 
or fasten: descending. A square isthe whole amount of root multiplied into 
itself. And simple imber is the whole that is denominated by the number 
without reference to root or square. 

‘ Of these three kinds, which are equal, some to some, the cases are these : 
for instance, you say “squares are equal to roots;”: and “ squares are equal to. 
numbers ;” and “ roots are equal to numbers.” 

© As to the case in which squares ‘are equal to roots; for example, “asquare 
is equal to five roots of the same:” the root of the square is five; and the 
square is twenty-five: and that is equivalent to five times its stias 

-4 So' you say ‘“ a third of the square is equal to four roots:? the whole 
square then is equal to twelve roots; and that-is a hundred and forty- four; 
its root is twelve. eri ane om 

< “Another example: you say “ five squares are equal to ten roots.” Then’ 
one square is equal to two roots: and the root of the square is two; and the 
square is four. -- - 

‘In like manner, — the squares be many or few, they are reduced to 
a single square: and as much is done to the equivalent in roots; reducing it 
to the like of that to which the square has been brought. 

€ Case in which squares are equal to numbers: for instance, you say, “ the 
square is equal to nine.” Then that is the square, and the root is three. 
And you say “five squares are equal to cighty:” then one square is a fifth of 
cighty; and that is sixteen. And, if you say, “ the half of the square is 
equal to eighteen:” -then the square is equal to thirty-six; and its root is six. 

‘In like manner, with all squares affirmative and negative, you reduce 
them toa single square. If there be less than a square, you add thereto, 
until the square be quite complete. Do as much with the equivalent in 


nunibers. itt 
1 Hisdbwl jebr wa al mukdbalah. 
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‘Case in which roots are equal to number: for mstance, you say “ the root 
equals three in number.” Then the root is three; and the square, which is 
raised therefrom, is nine. And, if you say “ four roots are equal to twenty E 
then a single root is equal to five; and the square, that is raised therefrom, is 
twenty-five. And, if you say “ the half of the root is equal to ten:” then the 


[whole] root is equal to twenty ; and the square, whichis raised therefrom, 1s 


four hundred. 


‘I found, that, with these three kinds, namely, roots, squares, and number 
compound, there will be three compound sorts [of equation}; that 1s, squares 
and roots equal to number; squares and number equal to roots; and roots 
and number equal to squares. 

‘ As for squares and roots, which are equal to number: for example, you 
say ‘ square, and ten roots of the same, amount to the sum of thirty-nine.” 
Then the solution of it is: you halve the roots; and that in the present 
instance yields five. Then you multiply this by its like, and the product is 
twenty-five. Add this to thirty-nine: the sum is sixty-four. Then take 
the root of this, which is eight, and subtract from it half the roots, namely, 


five; the remainder is three. It is the root of the square whìch you re- 
quired ; and the square is nine. 


‘In like manner, if two squares be specified, or three, or less, or more, rez, 


duce them to a single square ; and reduce the roots and number therewith to 


the like of that to which you reduced the square. 

‘For example, you say “ two squares and ten roots are equal to forty- 
eight dirhems:” and the meaning is, any two [such] squares, when they are 
summed and unto them is added the equivalent of ten times the root of one 
of them, amount to the total of forty-eight dirkems. ‘Then you must reduce 


the two squares to a single square: and assuredly you know, that one of two 


squares isa moiety of both. Then reduce the whole thing in the instance to, 


its half: and itis as much as to say, a square and five roots are equal to 
twenty-four dirhems ; and the meaning is, any [such] square, when five of 


its roots are added to it, amounts to twenty-four. Then halve the roots, and, 


the moiety is two and a half. Multiply that by its like, and the product is 
six and a quarter. Add this to twenty-four, the sum ts thirty dirhems anda 
quarter. Extract the root, it is five and a half. Subtract from -this the 
moiety of the roots; that is, two anda half: the remainder is three. It is 
the root of the square: and the square 1s nine. 
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- * In'like manner, if it be said “ half of the Square and five roots are equal 
to twenty-cight dirhems.” It signifies, that, when you add to the moiety of. 
any [such] square the equivalent of five of its roots, the amount is twenty- 
eight dirhems. Then you ‘desire to complete your square so as it shall 
‘amount to one whole square; that is, to double it. Thérefore double it, 
and double what you have with it; as well as what is equal thereunto. 
Then a square and ten roots are equal to fifty-six dirhems. - Add half the 
roots multiplied. by itself, twenty-five, to fifty-six; and the sum is eighty-one. 
Extract the root of this, it is nine. Subtract from this the moiety of the 
roots; that is, five: theremainder is four. It is the root of the square which 
you required: and the square is sixteen: and its moiety is eight. . 

‘ Proceed in like manner with ‘all that comes of squares and roots; and: 
what number equals them. Pom + 

‘ As for squares and number, which are equal to roots; for example, you 
say, “a square and twenty-one are equal to ten of its roots :? the meaning of 
which is, any [sich] square, when twenty-one dirhems are added to it, 
amounts to what is the equivalent of ten roots of that square: then the solu- 
tion is, halve the roots; and the moiety is five. Multiply this by itself, the 
product is twenty-five. Then subtract from it. twenty-one, the number spe- 
cified with the square: the remainder is four. Extract its root; which is 
two. Subtract this from the moiety of the roots; that is, from five; the re- 
mainder is three. It is the root of the square which you required: and the 
square is nine. Or, if you please, you may add the root to the moiety of the 
roots: the sum is seven., It is the root of the square which you required; 
and the square is forty-nine. } 

‘ When a case occurs to you, which you bring under this head, try its 
answer by the sum: and, if that do not serve, it certainly wih by the dif- 
ference. This head is wrought both by thesum and by the difference. Not 
so either of the others of three cases requiring for their solution that the root _ 
be halved. And know, that, under this head, when the roots have been 
halved, and the moiety has been multiplied by its like, if the amount of the 
product be less than the dirhems which are with the Square, then the instance 
is impossible: and, if it be equal to the dirhems between them, the root of 
the square is like the. moiety of the roots, without either addition or sub- 
traction. 

‘In every instance where you have ‘two squares, or more or less, reduce to 
a single square, as I explained under the first head. 
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‘ As for roots and number, which are equal to squares: for example, you 
say, “ three roots and four in number are equal to a square:” the solution of 
it is, halve the roots; and the moiety. will be one anda half. Multiply this 
by its like, [the.product 1s two and a quarter. Add it to four, the sum is six 
and a quarter. Extract the root, which is two and a half. To this add the 
moicty of the roots. The sum is four. It is the root of the square which 
you required: and the square is sixteen. J 

The author returns to the subject in a distinct chapter, which i is entitled 
“ On.the six cases of. Algebra.” A short extract from it may suffice. 
| © The first of the six cases. For. example, you say, “ you divide ten into 
two parts, and multiply one of the two parts by the other: then you multiply . 
one of:theni by itself, and the product of this’ multiplication into itself is 
equal to four times that of one of the parts by the other.” 

‘ Solution., Make one of the two parts thing, and the other ten less thing : 
then multiply zhing by.ten less thing, and the product will be ten things less 
a square. .'Multiply. by four: for you said “ four times.” It will be four 
tunes the product;of.one part by the other; that is, forty things less four 
squares. |. Now multiply thing by thing, whichis one of the parts by itself: 
the result: is, square;equal to forty things less four squares. . Then restore it 
in thé four square’,and add it'to'the one square. There will be forty things 
equal'to five squares ; and,a single square is equal to eight roots. It is 
sixty-four; and its root.is eight : and that is one of the two parts, which was 
muultipled into. itself :, and. the’ remainder of ten is two; and that is the other 
part. Thus has this instance been solved under one of the six heads: and 
that is the case of “is Sa equal to roots. . 

‘ The.‘second case.’ “ You divide ten into two parts, and multiply the 
amount.of a part into itself. Then multiply ten into itself; and the product 
of this multiplication of ten into itself, is equivalent to twice the product of 
the part taken into itself, and seven ninths: or it is equivalent to six times 
and a quarter the product of the other part taken into itself. 

‘Solution... Make one of the parts thing, and the other ten less thing. 
Then you multiply thing into itself: it is a square. Next by two and seven 
ninths: the product will be two squares, and seven ninths ofa square. Then 
multiply ten into itself, and the product is a hundred. Reduce it to a single 
square, the result is nine twenty-fiths; that is, a fifth and four fifths of a fifth. 
Take a fifth of a hundred and four fifths of a fifth, the quotient is thirty-six, 
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which is equal to one square. “Then extract tne root, which is six. It is one 
of the two parts; and the other is undoubtedly four. Thus you solve this 
instance under one of the six heads: and that is “ squares equal to number.” 

These extracts may serve to convey an adequate notion of the manner, in 
which the Khuwérezmi conducts the resolution of equations simple and 
compound, and the investigation of problems by their means. Ifa compari- 
son be made with the Khulasetwl hisab, of which a summary by Mr. 
STRACHEY will be found in the researehes of the Asiatic society," it may be 
seen, that the Algebraic art has been nearly stationary in the hands of the 
Muhammedans, fam the days of MUHAMMED of Khuwárezm* to those of 
BenAV’LDÍN of Aamul; notwithstanding the intermediate study of the 
arithmetics of DropHantus, ‘translated .and expounded by MuuamMMep of 
Buzjdn. Neither that comparison, nor the exclusive considcration of the 
Khuwérezmi’s performance, leads to any other conclusion, than, as before in- 
timated, that, being’ conversant with the sciences of the Hindus, especially 
with their astronomy and their method of numerical calculation, and being 
the author of the earliest Arabic treatise on Algebra, he must be deemed to 
have learnt from the Hindus the resolution of simple and quadratic equations, 
or, in short, Algebra, a branch of their art of computation. 

The conclusion, åt which we have arrived, may be strengthened by the 
coincident opinion of Coss att, who, after diligent fas itd ample disqui- 
sition, comes to the following result.* 

‘Concerning the origin of Algebra among the Arabs, what is certain is, 
that MunamMep ben Musa the Rhutwdres mite first taught ittothem. The 
Casbinian, a writer of authority affirms it; no Historical fact, no eo no 
reasoning = it. 

f There is nothing in history respecting Munammep ben Musa ‘indi- 
vidually, which devours the opinion, that he took from the Greeks, the Alge- 
bra, which he taught to the Muhammedans. s 

‘ History presents in him no other than a mathematician of a country most 
distant from Greece and contiguous to India; skilled in the Indian tongue; 
fond of Indian matters: which he translated, aniended, epitomised, adorned: 
and he it was, who was the first instructor of the Muhammedans in the Alge- 
brate arts 


*Vol.12. 2 On the Oxus. 3A district of Syria; not Amal a town in Khurdsdn. Com. 
4 Ong. dell’ Alg. i. 216. > Orig, dell’ Alg. i. 219. 
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‘ Not having taken Algebra from the Greeks, he must have either invented 
it himself, or taken it from the Indians. Of the two, the second appears to 
me the most probable.” 





O. 


‘COMMUNICATION OF THE HINDUS WITH WESTERN 
‘NATIONS ON: ASTROLOGY AND ASTRONOMY. 


Tue position, that Astrology is partly of foreign growth in India; thatis, 
that the Hindus have borrowed, and largely. too, from the astrology of a 
more western region, is grounded, as the similar inference concerning a dif- 
ferent branch of divination,’ on the resemblance of certain terms employed 
in both. The mode of divination, called Tdjaca, implies by its very name 
its Arabian origin. Astrological prediction by configuration of planets, in 
like manner, indicates even by its Indian name a Grecian source. It is 
denominated Hora, the second of three branches which compose a complete 
course of astronomy and astrology :* and the word occurs in this sense in the 
writings of early Hindu astrologers. VARAHA-MIHIRA, whose name stands 
high in this class of writers, has attempted to supply a Sanscrit etymology ; 
and in his treatise on casting nativitics derives the word from Ahórátra, 
day and night, a nycthemecron. This formation of a word by dropping both 
the first and last syllables, is not conformable to the analogies of Sanscrit ety- 
mology. It is more natural then to look for the origin of the term in a 
foreign tongue: and that is presented by the Greek age and its derivative 
seorxorG, an astrologer, and especially one who considers the natal hour, and 
hence predicts events. Thesame term héré occurs again in the writings of 
the Hindu astrologers, with an acceptation (that of hour’) which more 
exactly conforms to the Grecian etymon. 

The resemblance of a single term would not suffice to ground an inference 
of common origin, since it might be purely accidental. But other words arc 
also remarked in Hindu astrology, which are evidently not Indian. An in- 


* Sec his reasons at large. 2 As, Res. 9. $76. 3 See Note K, 
* Hesych. and Suid. - 3 As. Res. 5. 107. 
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stance of it is dréshcdria,' used in the same astrological sense with the Greek 
dexav@- and Latin decanus : words, which, notwithstanding their classie sound, 
are to be considered as of foreign origin (Chaldean or Egyptian) in the classic 
languages, at least with this acceptation.2 The term is assuredly not genuine 
Sanscrit; and hence it was before? inferred, that the particular astrological 
doctrine, to which it belongs, is exotic in India. It appears, however, that 
this. division of the twelve zodiacal signs into three portions each, with 
planets governing them, and pourtrayed figures representing them, is not 1m- 
plicitly the same among the Hindu astrologers, which it was among the Chal- 
deans, with whom the Egyptians and Persians coincided. Variations have 
been noticed.’ Other points of difference are specified by the .astrologer of 
Balkh;* aud they concern the allotment of planets to govern the decani and 
dréshcanas, and the figures by which they are represented. ABU-MASHAR is a 
writer of the ninth century; and his notice of this astrological division of 
the zodiac as received by Hindus, Chaldeans, and Egyptians, .confirms the 
fact of an earlier communication between the Indians and the Chaldeans, per- ` 
haps the Egyptians, on the subject of it. 

With the sexagesimal fractions, the introduction of which is by evant 
ascribed to Protomy among the the Greeks,° the Hindus have adopted for 
the minute ofa degree, besides a term of their own language, cald, one taken 
from the Greek àszlæ scarcely altered in the Sanscrit diptd. The term must 
be deemed originally Greek, rather than Indian, in that aceeptation, as it 
there corresponds to an adjective asI@, slender, minute: an import which 
precisely agrees wth the Sanscrit calá and Arabie dakik, fine, minute; whence, 
in these languages respectively, calé and dakik for a minute. of a degree. 
But the meanings of Jiptd in Sanscrit’ are, Ist, smeared; 2d, infected with 
poison; 3d, eaten: and its derivative liptaca signifies a poisoned arrow, being 
derived from dip, to smear: and the dictionaries give no. mterpretation of the. 
word that has any affinity with its special acceptation as a technical term in 
astronomy and mathematics. - Yet it occurs so employed in the work of 
BrRaAuMEGUPTA.® 

By a different analogy. of the sense and not the sound, the Greek porga, a 


™ As. Res. 9. 367. 2 Ibid. Vide Salm. Exerc. Plin. 3 Ibid. 9. 374. 
4 Lib. intr. in Ast. Albumasis Abalachi, 5. 12 and 13. 
5 Died in 272 H. (885 C.) aged a hundred. 
© Wallis. Alg. c. 7. 7 Am. Cosh. 7 C. 1. § 6, et passim. 
m -e 
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part, and specially a degree ofa circle, is.in Sanserit ansa, bhaga, and other 
synonyma of part, applied emphatically. nm technical language’ to the 360th 
part of the.periphery of ‘a circle: > The resemblance of the radical sense, in 
the one instance, tends to corroborate the infant from the similarity of 
sound in the.other. > ; as ] 

Céndrais used-by.BRaumecurrsa and the Strya-siddhanta, as well as 
other astronomical writers(Buavscana, &c.), and by. the astrologers VARA MA- 
MNIRA and the rest, to signify the cquation of the centre. .The same term 
is employed in the. Indian“ mensuration: for the centre of a circle ;* also 
denoted by med’hya, middle. . It comes so near in sound, as in signification, 
to the Greek xivteov, that the inference of a common origin for these words 
is not to'be. avoided. But iun Sanscrit it is exclusively technical; it is 
unnoticed by tlie vocabularies of the language; and it is not easily traced 
to a Sanscrit root:' In’ Greek, on the contrary, the correspondent term was 
borrowed in mathematics from a familiar word signifying a goad, spur, thorn, 
or point; and derived from a Greek theme xéJew. , 

The other term, which has been mentioned as commonly used for the 
centre. of a'circle, namely ‘medhya, middle, is one of :the nunierous instances 
of, radical and .primary. analogy between: the Sanscrit and the Latin and 
Greek: languages. .‘It isa conmmon word of the ancient Indian tongue; and 
is clearly’ the. same.with the’ Latin medius; and serves-to show that the 
Latin is nearer to:the ancient pronunciation of Greek; -tham pér@ ; from 
which Stpontrnus derives.it; but. which must: be. deemed .a corrupted or 


softened utteranec of.ah ancient term coming nearer to the Sanscrit medh yas 
and Latin medius. © ~ | a e om 


i + i 


Ona hasty glance over the Játacas:or Indian treatises upon horoscopes, 
several other terms of the art have been noticed,. which'are not Sanscrit, but 
apparently barbarian. ‘For instance anapha, sunapha, durudhara, and 
cémadruma, ‘designating certain configurations.of the planets. They occur 
in both the treatises of VARAUA-MINIRA ; and a passage, relative to this sub- 
ject, is among those quoted from the abridgment by the scholiast of the 
greater treatise, and verified in the text of the less... The affinity of those 


* Brahm. sidd’h. c. 2. Sir. Sidd'h. c. 2. Vrihat and Laghu Jétacas. . * Sur. on Lil. § 207: 


3 See p. xlix. Another passage so quoted and verified uses the term céndra in the sense above- 
mentioned. 
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terms to words) of otlier Janguages ‘used. in.a similar astrologieal sense, has ‘not 
been traced: for,want; pe nlia of competent; acquaintance with the. termi- 
nology of. that;jsilly : art... x Butsit -mist::not -be: passed < ainremarked,.: that 
VARAHA-MIHIRA; Who ba in ‘another: place: praised the: Yavanas for their 
proficiency In astrology (or astronomy,;.for - the- tetm ;is.ambiguous ;) fre- 
quently quotes them in his great-treatise-on. horoscopes :..and;his scholiast 
marks a distinction between We ancient Vavanas, whom he char acterises.; as 
‘“arace of barbarians conversant with (hérd) horoscopes,” and a known 
Sanscrit author bearing the title.of Yavanreswarh, whose! work he. had seen 
and repeatedly cites ; is the writings ‘and doctrine of -the - ancient: Ya avanas, 
he acknowledges, had not been seen'by him, and were known to him only by 
this writer’s and his own authior’s references. . 

No argument, bearing. upon the point under consderation, is Diii on 
Dhoma s use of the ani dramma for the value of 64 cowry-shells (Lid. 
§2.) in place of the proper Sanscrit term pramdria,. which Sriép’Hana and 
other Hindu authors employ; nor on the use of dindra, for a denomination 
of money, by the scholiast of Branmecupta (12 § 12.) who also, like 
Buascara, employs the first mentioned word (12. § 14.): though the one 1s 
clearly analogous to the Greek drachma, a word of undoubted Grecian ety- 
mology, being derived from dealrowas; and the other apparently is so, to the 
Roman denarius which has a Latin derivation. The first has not even the 
Sanscrit air; and is evidently an exotic, or, in ‘short, a barbarous.term. It 
was probably received mediately through the Muhammedans, who have 
their dirhem in the like sense. The other is a genuine Sanscrit word, of 
which the etymology, presenting the sense of ‘ splendid,’ is consistent with 
the several acceptations of a specific weight of gold; a golden ornament or 
breast-piece; and gold money: all which senses it bears, according to the 
ancient vocabularies of the language.’ 

The similarity seems then to be accidental in this instance; and the Mu- 
hammedans, who have also a like term, may have borrowed it on either 
hand: not improbably from the Hindus, as the dindr of the Arabs and Per- 
sians is a gold coin like the Indian ; while the Roman denarius is properly a 
silver one. D’Hernetor assigns as a reason for deriving the Arabic dinár 
from the Roman denarius, that this was of gold. The nummus aureus some- 

* Amera-césha, &e. 
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times had that designation ; and we read in Roman authors of golden as well 
as silver denarii’ But it is needless to multiply references and quotations 
to prove, that the Roman coin of that name was primarily silver, and so 
denominated because it was equal in value to ten copper as ;* that it was all 
along the name of a silver coin;? and was still so under the Greek empire, 
when the ¢dnvaeiv was the hundredth part of a large silver coin termed 
cipryupss.* 


Ț- * Plin. 33. § 13, and 37 § 3. Petron. Satyr. 106. 160. 
® Pha. 33.13 Vitr. 3.1. Volus. Mæcianus. Didymus. 
3 Vitr. and Vol. Mac. + Epiphanius, cum multis aliis. 





INDIAN 
Arithmetic and Algebra. 





: CHAPTER 1. 





INTRODUCTION. 


1. HI AVING bowed to the deity, whose head is like an elephant’s;' 
whose feet are adored by gods; who, when called to mind, relieves his vota- 
ries from embarrassment; and bestows happiness on his worshippers; I 
propotind this easy process of computation,” delightful by its elegance,s 
perspicuous with words concise, soft and correct, and pleasing to the learned. 


AXIOMS. 


[CONSISTING IN DEFINITIONS OF TECHNICAL TERMS.] 


[Money by Tale. | 


2. ‘Twice ten cowry shells* are a cdcini ; four of these area pana; sixteen 


of which must be here considered as a dramma ; and in like manner, a nishca, 
as consisting of sixteen of these. 


à Gaxésa, represented with an elephant’s head and human body. 

> Pati-ganita ; pati, paripati, or vyacta-ganita, arithmetic. 

3 Lilévati delightful: an allusion to the title of the book. See notes on § 13 and 277. 
* Cypraa moneta. Sans. Vardtaca, capardi; Hind. Cauri. 
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[Weights.| 


3. A gunja' (or seed of Abrus) is reckoned equal to two barley-corns ; a 
calla, to two gunjas; aud eight of those are a @harena; two of which 
make a gadyáńaca. In like manner one dhataca is composed of fourtcen 
vallas. 


4. Half ten guryas are called a mdsha, by such as are conversant with 
the use of the balance: a carsha contains sixteen of what are termed mdshas ; 


a pala, four carshas. A carsha of gold is named suvervia. i 
- 


[ ALeasures. | 


s 


5—6. Eight breadths of a barley-corn’ are here a finger; four times six 
fingers, a built: + four cubits, a staff; > and a crosa contains two thousand of 
these ; and a yéjana, four crésas. 

So a bambu pole consists of ten cubits; and a field (or plane figure) 
bounded by four sides, measuring cam bambu Pt ke is a nivartana.° 


7. A cube, which in length, breadth and dichi measures a cubit, is 
termed a solid cubit: and, in the meting of corn and the like, a measure, 


. 
* A seed of Abrus precatorius: black or red; the one called crishnala; the other racti, racticd 
or ratticé ; whence Hind. ratti. 
t Physicians reckon seven gunjas to the mésha ; lawyers, seven and a half. The same weight is 
intended ; and ithe difference of description arises only from caunting by'heavier or lighter seeds 
of Abrus: in like manner as the earth is the same, whether rated at 3300 yéjanas; or, with the 


Sirémari, 4967 ; or, according to others, 6522. _ Gan. 
3 Eight barley-corns (yava) by breadth, or te grains of rice by length, are equal to one Anger 
( angula). Gan, 


4: Hasta, cara and synonyma of hand or fore arm. According to the commentator Ganesa, this 
intends the practical cubit as received by artisans, and viy called gaj [or gaz]. It is nearer 
to the yard than to the true cubit: but the commentator seems to have no sufficient ground for 
so enlarging the cubit. 

$ Danda, astaff: directed to be cut nearly of man’s'height. 'MENU, 2, 46. 

© A superficial measure or area containing 400 square poles. *. “BUR, 

7 Duwédesésri, lit. dodecagon, but meaning a parallelopipedon; the term asra, corner or angle, 
being here applied to the edge or line of-incidence of two planes. See Cuaturvepa on -BRau- 
MEGUPTA, §6. 
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which contains a solid cubit, is a chart of Magad’ha' as it is denominated 
In science. 


© 


8. A dréna is the sixteenth part of a Chari; an ddhaca is a quarter of a 
dréna; aprastha is a fourth part of an dd’haca; and a cudaba* is by the 
ancients’ termed a quarter of a:prast'ha.* 

The rest of the axioms, relative to time’ and so forth, are familiarly 
known.° 


* The country or province situated on the Sénebhadré river.—Gan. It is South Bihar. See, 
concerning other c’Aéri measures, a note on § 236, 

*<In the Cuéapa, the depth is a finger and a half; the length and breadth, each, three.’ 
Srip'uara Acuarya cited by Gancdp’Hara and SUryapdsa ‘The cutapa or cullaba is a 
wooden measure containing 133 cubic angulas; the prast’ha, (four times as many) 54; the 4a’haca, 
216; the dréra, 864; the chéri, 13824.’,—Gana. and Sur. See As. Res. vol. 5, p- 102. 

3 By Srip’wara and the rest. - Sour. 

+ Another stanza, (an eighth, on the subject of weights and measures,) occurs in one copy of 


the text; and that number is indicated in the Mfanéranjana. But the commentaries of GANESA. 


and Sukyapasa specify sevep, and GANGAD'HARA alone expounds the additional stanza. It is 
therefore to be rejected as spumeus, and interpolated : not being found in other copies of the text. 
The subject of it is the mana (man) of forty sétas (sér) ; which, as a measure of corn by weight, 
is ascribed to the Turushcas or Muhammedans of India; the people of Yaoana-désa, as the com- 
mentator terms them. 

“The séta® is here reckoned at twice seven fancas, each equal to three-fourths of a gadyénaca: 
and a mana, at forty sétas. The name is in use among the Turushcas, for a weight of corn and like 


articles.” See notes on § 97 and 236. 
$ The author has himself explained the measures of time in the astronomical part of his treatise. 


(Sidd hanta-sirémani, § 16-18.) Gane. and Sur. 
© Concerning weights and measures, see Ganita-séra of Sriv’Hara, §4—8; and PrivuvDaca 


SWAM1 CHATURVEDA on BranMEGuPTa’s arithmetic, § 10-11. 


* The copy of GANGAD'ItARa’s commentary writes savre. But the exemplar of the text, con- 


» 


taining the passage, has séta. 
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SECTION L 


Invocation." 


9. SALUTATION to GANESA, resplendent as a blue and spotless lotus; and 
delighting in the tremulous motion of the dark serpent, which is perpetually 
twining Dhin his throat. 


Numeration. 


10—11. Names of the places of figures have been assigned for practical 
use by ancient writers,* increasing regularly’ in decuple proportion : nainely, 
unit, ten, hundred, thousand, myriad, hundred thousands, million, ten 
millions, hundred millions, thousand millions, ten thousand millions, hundred 
thousand millions, billion, ten billions, hundred billions, thousand billions, 
ten thousand billions, hundred thousand billions.+ 


a ’ $e b 
F a ¢ 4y Toes l 
a r ? 
yp’ j ` 


7 A reason of this second introductory stajga is, that the foregoing definitions of terms are not 
properly a part of the treatise itself; none such having been premised by Anya-Bnatta and other 
ancient authors to their treatises of arithmetic. Gan. and Mano. 

? According to the Hindus, numeration is of divine origin ; ‘ the invention cf nine figures (anca), 
with the device of places to make them suffice for alt numbers, being ascribed to the beneficent 
Creator of the universe; in Bnascara’s Vásaná and its gloss; and in Crisnxa’s commentary on 
the Vija-ganita. Here nine figures are specified; the place, when none belongs to it, being shown 
by a blank (Sénya) ; which, to obviate mistake, is denoted by a dot or small circle. 

* From the right, where the first and lowest number is placed, towards the left hand. Gaw. &c. 

* Sans. éca, dusa, Sata, sahasra, ayuta, lacsha, prayuta, céti, arbuda, abja or padma, charva, 
nicharva, mahipadma, sancu, jalad’hi or samudra, antya, mad’hya, perdrd’ha. 

A passage of the Véda, which is cited by SUrya-DA84, Contains the places of figures. ‘ Be 
these the milch kine before me, one, ten, a hundred, a thousand, ten thousand, a hundred thousand, 
a million, . . . . . . Be these milch kine my guides in this world’ 

GawEsa observes, that numeration has been carried to a greater number of places by SRip’uaRa 
and others; but adds, that the names are omitted on account of the numerous contradictions and 
ihe little utility of those designations. The text of the Ganita-séra or abridgment of Srip'HARA 


J. . « 
does not correspond with this reference: for it exhibits the same eighteen places, and no more. 
Gan-sdr. § 2—3.) 








SECTION II. 


Eight Operations of Arithmetic. — 


12. Rule of addition and subtraction :* half a stanza. 
The sum of the figures according to their places is to be taken in the’ 
direct or inverse order ;? or [in the case of subtraction] their difference. 


13. Example. Dear intelligent Litavaryi,* if thou be skilled in addition 
and subtraction, tell me the sum of two, five, thirty-two, a hundred and 
ninety-three, eighteen, ten, and a hundred, added together; and the re- 
mainder, when their sum is subtracted from ten thousand. 


Statement, 2, 5, 32, 193, 18, 10, 100. 
[Answer.] Result of the addition, 360. 
Statement for subtraction, 10000, 360. : 
[Answer.] Result of the subtraction, 9640.’ 


14—15. Rule of multiplication:® two and a half stanzas. 
Multiply the last’ figure of the multiplicand by the multiplicator, and 


* Paricarmishiaca, eight operations, or modes of process: logistics or algorisin. 

* Sancalana, sancalita, migrana, yuti, yoga, &c. summation, addition. Vyavacalana, cyavacalita, 
séd’hana, patana, &c.’ subtraction. Antara, difference, remainder. 

3 From the first on the right, towards the left; or from the last on the left, towards the right. 

è ; GANG. 
= * Seemingly the name of a female to whom instruction is addressed. But the term is interpreted 
in some of the commentaries, consistently with its etymology, ‘‘ Charming.”—See § 1. and 277. 

5 Mode of working addition as shown in the Manéranjana: 


SU GP tlre nnitss 25; 2, 3, SPOP Ol . 4.a see 20 
Sum of the tens, SWO; ly bhp, +. afte. 14 
Sum of the hundreds, i OpOnd,  . @4 CT ee. nee 2 
of Ad ee ee ee. ee 


6 Gunana, abhyása; also harana and any term implying a tendency to destroy. It is denominated 
pratyutpanna by Braumecurta, §3; and by Saip’uara, § 15—17. 
Gunya multiplicand. Gunaca multiplicator. GAdta product. 
7 The digit standing last towards the left. The work may begin either from the first or the last 
digit, according to Srip’nara. Ganita-séra, § 15. 
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next the penult, and then the rest, by the same repeated. Or let the mul- 
tiplicand be repeated under the several parts of the multiplicator, and be 
multiplied by thosc parts: and the products be added together. Or the 
multiplier being divided by any number which is an aliquot part of it, let 
the multiplicand be multiplied by that number and then by the quotient, the 
result is the product. These are two methods of subdivision by form. Or 
multiply separately by the places of figures, and add the products together. 
Or multiply by the multiplieator diminished or increased by a quantity 
arbitrarily assumed ; adding, or subtracting, the product of the multiplicand 
taken into the assumed quantity." 


16. Example. Beautiful and dear Liravati, whose eyes are like a 
fawn’s! tell me what are the numbers resulting from one hundred 
and thirty-five, taken into twelve? if thou be skilled in multiplication 
by whole or by parts, whether by subdivision of form or separation of 


* The author teaches six methods, according to the exposition of SUnyapAsa, &c.; but seven, 
as interpreted by GANGADHARA: and thòse, combined with the four of Scanpas#xa and 
Srin’HARA, (one of which at the least is unnoticed by Buascara,) make eight distinct ways. 
The mode of multiplication by-parts (c’handa-pracdra) is distinguished into rfipa-vibhéga and 
st héna-vibhiga, or subdivision of the form-and severance of the digits: the first is again divided into 
multiplication by integrant or by aliquot parts: the second in like manner furnishes two ways, 
according as the digits of the multiplier or of the multiplicand are severed. These then are four 
methods, deduced from two of ScanDASENA and Sriv’na RA; to which two others are added by 
BirXscAna, consisting in the increase or decrease of the multiplier by an arbitrary quantity, and 
taking the sum or difference of the products. To those six must be joined the Tatst’ha of the older 
authors, and their Capétasand’hi ; if indeed this be not (conformably with GanGap’HaARa’s opinion,) 
intended by Brrascara’s first method. Itis wrought by repeating or moving the multiplier over 
(according to GANGAD’HARA, or under, as directed by the Mandranjana,) every digit of the 
multiplicand ; and, according to the explanation of Gangsa, it proceeds obliquely, joining 
productis along compartments. The ¢tatst’ha, sonamed because the multiplier is stationary, appears 
from GanEsa’s gloss to be cross multiplication. ‘ After setting the multiplier under the multi- 
plicand,’ he directs to ‘ multiply unit by unit, and note the result underneath. Then, as in cross 
multiplication,* multiply unit by ten, and ten by unit, add together, and set down the sum in a 
line with the foregoing result. Next multiply unit by hundred, and hundred by unit, and ten 
by ten; add together, and set down the result as before: and so on, with the rest of the digits. 
This being done, the line of results is the product of the multiplication.” The commentator 
considers this method as ‘ diflicult, and not to be learnt by dull scholars without oral instruction.’ 
He adds, that ‘ other modes may be devised by the intelligent. See Arithm. of Bratas. § 55, 
Gan.-sár. § 15—17. 

* Vajrabhydsa. See Vija-ganita, § 77. 
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digits." Tell me, auspicious woman, what is the quotient of. the product 
divided by the same multiplier ? 


Statement, Multiplicand 135. Meltiplicator 12. 

Product (multiplying the digits of the multiplicand successively by the 
multiplicator) 1620. 
Or, subdividing the multiplicator into parts, as 8 and 4; and severally 

multiplying the. multiplicand by them ;, adding the products together: 
the result is the same, 1620. 
Or, the multiplicator 12 being divided by three, the quotient is 4; by 
which, and by 3, successively multiplying the multiplicand, the last 
product is the same, 1620. 
Or, taking thie digits as parts, viz. 1 and 2; the multiplicand being multi- 
plied by them severally, and the products added together, according to 
the places of figures, the result is the same, 1620. 
Or, the multiplicand being multiplied by the multiplicator less two, viz. 
10, and added to twice the multiplicand, the result is the same, 1620. 
Or, the multiplicand bemg multiplied» by the multiplicator increased by 
eight, viz. 20, and eight times the multiplier being subtracted, the 
result is the same, 1620. 


* The following scheme of the process of multiplication is exhibited 
in GANESa’s commentary. 





Or the process may be thus ordered, according to GANGAD’HARA, 
12 Rm 12 Or, in this manner, 135 135 


1 3 35 ; . 1 2 

ee —— 

12 60 270 
36 135 
1620 1620 


Or in the subjoined modes taken from CHATURVÉDA » &e. 


135 1 135 135 8 1080 135 20 2700 
135 2 270 135 4 540 135 8 1080 


——— 


1620 1620 1620 


= So =e 
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17. Rule of division." One stanza. 

That number, by which the divisor being multiplied balances the last 
digit of the dividend [and so on*], is the quotient in division: or, if practi- 
cable, first abridge? both the divisor and dividend by an equal-number, and 
proceed to division. 


[Example.] Statement of the number produced by multiplication in the 
foregoing example, and of its’ multiplicator for a divisor: Dividend 1620. 
[Divisor 12.] ' 

. Quotient 135 ; the same with the original multiplicand.* 

Or both the dividend and the divisor, being reduced to least terms by the 
comm6n measure three, are 540 and 4; or by the common measure four, 
they become 405 and 3. Dividing by the respective reduced divisors, the 
‘quotient is the same, 135. 

18—19. Rule for the square‘ of a quantity: two stanzas. 

‘The multiplication of- two ike numbers together is the square. The 
square of the last’ digit is to be placed over it; and the rest of the digits, doubled 
and multiplied by that last, to be placed above them respectively; then repeat- 
ing the number, except the last digit, again [perform the like operation]. Or 
twice the product of two parts, added to the sum of the squares of the parts, 
is the square [of the whole number].? Or the, product of the sum and 


* Bhaga-hara, bhajana, harana, ch'hédana: division. Bhdjya, dividend. Bhéjaca, hara, divisor. 
Lab@’hi, quotient. 

> Repeating the divisor for every digit, like the multiplier in multiplication. GANG. 

3 Apavartya, abridging. See nole on § 249. , ' 

* The process of long division is exhibited in the Manéranjana thus: The highest places of the 
proposed dividend, 16, being divided by 12, the quotient is 1; and 4 over. Then 42 becomes the 
highest remaining number, which divided by 12 gives the quotient 3, to be placed in a line with 
the preceding quotient (1): thus 13. Remains 60, which, divided by 12, gives 5: and this being 
carried to the same line as before, the entire quotient is exhibited: viz. 135. Manér. 

5 Varga, criti, a square number. 

* The process may begin with the first digit: as intimated by theauthor, § 24. 

7 Let the portions, or quantities comprising the first and last figures, be represented by the first 
letters of the alphabet, says the commentator on the Vésandé: Then, proceeding by the rule of 
multiplication, there results aol, a. 4g1l, a.4gt, 4013 and, adding together like terms, avl, 
@a.aég2, 401. Rane. 
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difference of the number and an assumed quantity, added to the square 
of the assumed quantity, is the square." | 


20. Example. Tell me, dear woman, the squares of nine, of fourteen, 
of three hundred less three, and of ten thousand and five, if thou know the 
method of computing the square. 


Statement, 9,°14, 297, 10005. 

[Answer.] Proceeding as directed, the squares are found: 81, 196, 
88209, 100,100,025. 

Or, put 4 and 5, parts of nine. Their product doubled 40, added to the 
sum of their squares 41, makes 81. 

So, taking 10 and 4, parts of fourteen. Their product 40, being doubled, 
is 80; which, added to 116, the sum of the squares 100 and 16, makes the 


entire square, 196. 
Or, putting 6 and 8. Their product 48, doubled, is 96; which, added to. 
the sum of the squares 36 and 64, viz. 100, makes the same, 196. 


Again, 297, diminished by three, is 294; and, in another place, increased by 
the same, is 300. The product of these is 88200; to which adding the 
square of three 9, the sum is as before the square, i 88209. 


21. Rule for the square-root :* one stanza. i 
Having deducted from the last of the odd digits’ the square number, 


The proposed quantity may be divided into three parts instead of two; and the products of the 
first and second, first and third, and second and third, being added together and doubled, and 
added to the sum of the squares of the parts, the total is the square sought. GAN. 

* Another method is hinted in the author’s note on this passage; consisting in adding together 
the produet of the proposed quantity by any assumed one, and its produet by the proposed less the 
assumed one. RANG. 

* Varga-mila root of the square: Mila, pada, and other synonyma of root. 

* Every uneven place is to be marked by a vertical line, and the intermediate even digits by a 
ae one. But, if the last place be even, it is joined with the contiguous odd digit. Ex. 


8 8 2 0 9. 

From the last uneyen place 8, deduct the square 4, remains 4 8 20 Q. Double the root 2, and 
divide by that (4) the subsequent even digit 48: quotient nine [a higher one a be takap for 
the root of the foregoing digit would become greater than 2:} the remainder is 12 2 09. From 
the uneven place [with the residue] 1 2 2, subtract the square of the quotient 9, viz. 81, the remainder 


is 410 9. The double of the quotient 18 is to be placed in a line with the former double number 
€ 
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double its root; and by that ‘dividing the subsequent even digit, and sub- 
tracting the square of the quotient from the next uneven place, note in a 
line [with the preceding double number] the double of the quotient. Divide 
by the ‘(number as noted in a]: line the next even place, and deduct the 
square of the quotient from the following uneven one, and note the double 
of the quotient in the line. Repeat the process [until the digits be ex- 
hausted.] Half the [number noted in the] line is the root. 

22. Example. Tell me, dear woman, the root of four, and of nine, ‘and 
those of the squares before found, if thy knowledge extend to this calculation. 


Statement, 4, 9, 81, 196, 88209, 100100025. 
Answer. The roots are 2, 3, 9, 14, 297,- 10005. 


23—25. Rule for the cube’: three stanzas. 

The continued multiplication of three like quantities isa cube. ‘The cube 
of the last [digit] is to be set down; and next the square of the last multi- 
plied by three times the first; and then’ the square of the first taken into the 
last and tripled; and lastly the cube of the first: all these, added together 
according to their places, make the cube. The proposed quantity [consist- 
ing of more than two digits] is distributed into two portions, one of which is 
then taken for the last [and the other for the first}; and in like manner re- 
peatedly [if there be oecasion.*] Or the’same process may be begun ‘from 
the first place of figures, either for finding the cube, or the square. Or three 
times the proposed number, multiplied by its two parts, added to the sum 
of the cubes of .those. parts, .give the cube. Or the square root, of the pro- 
posed number being pane that, nedhi by itself, is the cube. oi the :pro- 
posed square. ° i 


9 


4; thus, 58. By this divide the even place 410; the quotient is 7; and, remainder 49; to which 
uneven digit the square of, the quotient:49 answers without residue. .The double of the quotient 
14 is put in & line with the ree double number 58, making 594. The half of whichis thë 
root sought, 297. ; Sn Manó. and GANG. 

* G’hana,acube. (Lit. del) 

* The subdivision is continued until it comes to single digits. 

Gaw¥8a confines it to the places of figures (st-héna-vibhga, ) not allowing the portioning of m 
number (rápa-vibhága;) because the addition is to be made aceording to the ‘places. 

3 ‘Phis carries:an allusion'to the raising of quantities to higher powérs than the cube. GaNesa 
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26. Example. Tell me, dear woman, the cube of nine, and the cube of 
the cube of ‘three, and the cube of the cube of five, and the cube-roots of 
these cubes, if thy knowledge bè great in computation -of cubes. 


Statement, 9, 27, 125. 

Answer: The cubes in the same order, are 729, 19683, 1953125." 

The proposed number being nine and its parts 4 and 5. Then 9 multi- 
plied by them and by three 1s 540; which, added to the sum of the cubes 
64 and 125, viz. 189, makes the cube of nine 729. 

The eutire number being 27, its parts are 20 and 7: by which, the nu- 
ber heing successively mabed and then tripled, is 11340; and this, added 
to the sum of the cubes of the parts 8343, makes the cube 19683. 

The proposed number being a square, as 4. Its root 2 cubed is 8. This, 
taken into itself, gives 64 the cube of-four. So nine being proposed, its 
square root 3, cubed, is 27 ;-the square of which 729 is the cube of 9. In 
short the square of tlie cube is the same with the cube of the square. 


‘specifies some of them. The product of four like numbers multiplied together is the square of'a 
square, darga-varga. Continued multiplication up to six is the cube of a square, or square of a 
.cube, varga-g’hana or g’hana-varga. Continued to ejght, it is the square of a square’s square, 
varga-vcarga-varga. Continued to nine, it is the cube of a cube, g hana-g’hana. Intermediately are, 
the fifth power, varga-g’hana-ghdta; and the seventh, varga-varga-g’ hana-ghéta. 
* The number proposed being 125, distributed into two parts 12 and 5; and the first of these 
again into two portions, 1 and 2: 
<i... = >... '-—  ——, n 
1, square of 1, tripled and multiplied by 2, . 9... ..:6:) =. «6 
4, square of 2, tripled and = “ rn eh ee AB 12 


2, cubed, ne r n r » i 
1728 
Now 12, cubed as above,is . . ——— 1728 
144, square of 12, tripled and wilhiptied by 5, a an 2160 
25, square of 5, tripled and multiplied p O a 900 
pei m a e lee Sia E: š 125 
195535125 
Manó. 
c2 
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27—28. Rule for the cube-root': two stanzas. 

The first [digit] is a cube’s place; and the two next uncubic; and again, 
the rest in like manner. From the last cubic place take the [nearest] cube, 
aud set down its root apart. By thrice the square of that root divide the 
next for uncubic] place of figures, and note the quotient in a line [with the 
quantity before found.] Deduct its square taken into thrice the last [term, ] 
from the next [digit ;] and its cube from the succeeding one. Thus the line 
[in which the result is reserved] is the root of the cube. The operation is 
repeated [as necessary. |* 

Example. Statement of the foregoing cubes for extraction of the root: 
729, 19683, 1953125. 

Answer. The cube-roots respectively are 9, 27, 125. 


* G’hana-mila; root of the cube. 

2 The same rule is taught by Braumercurta, § 7, and Srip'naRa, § 29—31. 

3 The mode of conducting the work is shown in the Manóranjana, viz. 1955125. Here the last 
cubic digit is 1. Subtracting 1 the cube of the number 1, the remainder is 953125 ; and the 
root obtained is 1, which is to be set down in two places. Dividing the next digit by three times 
the square of that, the quotient taken is 2 [for 3 would soon appear to be too great ;} and the re- 
sidue is 353125 ; and the quotient 2, put ina line with 1, makes 12. Subtract the square of this 
2, tripled and multiplied by the last term, viz. 12, from the next digit, the remainder is 233185 ; 
and the cube of the quotient 2, viz. 8, being taken from the succeeding digit, the residue 1s 225125. 
Again, the reserved root 12, being squared and tripled, gives 432. The next place of figures, 
divided by this, yields the quotient 5 and remainder 9125; and the quotient is set down in the 
line, which becomes 125. The square of that 5, viz. 25, multiplied by the last term 12, is 300, 
and tripled 900; which subtract from the next place, and the residue is 125, Take the cube of 
the quotient 5, viz. 125, from the succeeding digit, and the remainder is 0. Thus the root is 
found 125. 
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SECTION III. 


FRACTIONS.’ 


FOUR RULES FOR THE ASSIMILATION OR REDUCTION OF FRACTIONS TO A 
COMMON DENOMINATOR.” ‘ 


Simple Reduction of Fractions.’ 


29. Rule. The numerator and denominator being multiplied recipro- 
cally by the denominators of the two quantities,’ they are thus reduced to 
the same denominatton. Or both numerator and denominator may be mul- 
tiplied by the intelligent calculator into the reciprocal denominators abridged 
by a common measure. | 


30. Example. Tell me the fractions reduced to a common denominator 


\ 

? Bhinna a fraction; fit. a divided quantity, or one obtained by division—Gan. An incom- 
plete quantity or non-integer (apurta).—Ganc. A proper or improper fraction, including a 
quantity, to which a part, asa moiety, a quarter, &c. is added; or from which such a part is 
deducted.— Gan. i : 

* Bhdga-jéti-chatushtaya, Jétt-chatushtaya, or four modes of assimilation or process for reducing, to 
a common denomination, fractions having dissimilar.denominators: preliminary to addition and 
subtraction, and other arithmetical operations upon fractions. BRrAHMEGUPTA’S commentator 
CHnATURVEDA Carries to six the number of rules termed jéti, assimilation, or reduction to uni- 
formity; and Saip’HARa has no less than eight; including rules answering to Birascara’s for 
the arithmetic of fractions (Li/. § 36—43,), and for the solution of certain problems (Lil. 
§ 52—54, and § 94—95.) See BraumeGurpra’s Arithmetic, § 1, note, (and § 2—5. § 3—9.) and 
Gan. sár. § 32—57. 

3 Bhaga-zéti or Ansa-savarna, assimilation of fractions; or rendering fractions homogeneons : 
reduction of them to uniformity. 

* Bhéga, ansa, vibhéga, lava, &c. a part or fraction: the numerator of a fraction. 

Hara, héra, ch’héda, &c. the divisor; the denominator of a fraction. That, which is to be di- 
vided, isthe part (ansa) ; and that, by which it is to be divided, is (hara) the divisor. Gaw. 
and SUR. 

> Rési a quantity, § 36. It here intends one consisting of two terms; a part and a divisor, or 
numerator and denominator. GANG.. 


= 
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which answer to three and a fifth, and one-third, proposed for additton ; and 
those which correspond to a sixty-third anda fourteenth offered for sub- 
traction. 


Statement: 244." 
- Answer. Reduced to a common denominator +% 3. . Sum 43. 
Statement of the 2d example: <4 itr- 
Answer. The denominators being abridged, or reduced to least terms, by 
the common measure seven, the fractions become + 4. 
Numerator and denominator, multiplied by the abridged denominators, 
give respectively +45 and q$- 
Subtraction being made, the difference is +3,.- 


Reduction of subdivided Fractions. 


$1. Rule: half a stanza. i ~ 

The numerators being multiplied by the numerators, and the denomi-. 
nators by the denominators, the result is a reduction to homogencous form 
in subdivision of fractions. 


32. Example. The quarter of a sixteenth of the fifth of three-quarters 
of two-thirds of a moicty of a dramma was given to a beggar by a person, 
from whom he asked alms: tell me how many cowry shells the miser gave, 


+ 


s 


* Among astronomers and other arithmeticians, oral instruction has taught to place the nume- 
rator above and denominator beneath. Gan. 

No line is interposed in the original: but in the version it is introduced to conform to the prac- 
tice of European arithmetic. Buirascara subsequently directs (§ 36) an integer to be written as 
a fraction by placing under it unity for its denominator, The same is done by him in this place 
in the text. It corresponds* with the directions of Srip’iara and of BRauMEGUPTA’s Commen- 
tator. Gan. sér.§ 32; Brahm. § 5. 
'™ Prabhégajati assimilation of sub-fraetions, or making uniform the fraction of a fraction: it 


is a sort of division of fractions. £ r GaN. 
Prabhéga a divided fraction, or fraction of a fraction: as a part of a moiety, and so forth. 
‘GANG, 


CIrATURVEDA terms this operation Pratyutpanna-j4ti ; assimilation consisting in multiplication, 
or reduction to homogencousness by multiplication. Brahm. § 8. 
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if thou be conversant, in arithmetic, wih the reduction termed subdivision 
of fractions. 


™ 


Statement: 1423434. 
Reduced to identi 6. or in least terms 





7680) 
Answer. <A single cowry shell was given.’ 


iz st" 


Reduction of Quantities increased or decreased by a Fraction.* 


33. Rule: A stanza and a half. 

The integer being multiplied by the denominator, the numerator is made 
positive or negative,’ provided parts of an unit be added or be subtractive. 
But, if indeed the quantity be increased or diminished by a part of itself, 
then, in the addition and subtraction of fractions, multiply the deno- 
minator by the denominator standing underneath,* and the numerator by 
the same augmented or lessened by its own numerator, 


* For a cowry shell is in the tale of money the 1280th partofadramma, § 2. ..- i 

2 Bhágánubanď’ha-játi; assimilation of fraetional increase; reduction to uniformity of an in- 
crease by a fraction, or the addition of a part: from anuband’ha dian Can .» union—Svr.,, 
addition—Ganc. 

Bhágápacáha-játi; assimilation of fractional Wiese reduction to dMive tity of a decrease by 
a fraction, or the subtraction of a part: derived from apaváha deduction, lessening, or subtrac- 
tion. 

These, as remarked by Gangsa, are sorts of addition and subtraction. + ‘ 

The fractions may be parts of an integer, or proportionate parts of the proposed quantity itself. 
Hence two sorts of each, named by the commentators (Ganc. and Sur.) Ripa-bhégdnuband’ha, 
addition of the fraction of an unit; Répa-bhagdpavdha, ‘subtraction of ‘the fraction of an’ unit; 
Rési-bhdgdnuband’ka, addition of a fraction of the quantity; Rési-bhdgdpavdéha, subtraction of a 
fraction of the quantity. 

3 And added or subtracted accordingly. See explanation of -positive and negative ipanaiintay 
(dhana and rina) in Vija-ganita, § 3. 

* Indian arithmeticians write fractions under the quantities to which they are additive, or from 
which they ‘are subtractive.’ ‘Accordingly, ‘ the numerators and denominators dre put.in’ their 
orders one ‘under the other. Then multiply the denominator which stands above, by that-which 
stands below; and the upper numerator, by a multiplier consisting of the same denominator with 
its own numerator added or deducted. Repeat the operation till the ‘up’ and' dowm line Contain 
but two quantities.’—Svur. 


It must have originally contained three terms or numbers, at the least, in ee of the 
first rule; and four, in those of the last.— Gano 
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34. Example. Say, how much two and a quarter, and three less a 
quarter, are, when reduced to uniformity, if thou be acquainted with frac- 
tional increase and decrease. 


Statement: 2 3 


t 


Answer: Reduced to homogeneousness, they become 2 and 1}. 


35.° Example. How much isa quarter added to its third part, witha 
quarter of the sum? and how much are two-thirds, lessened by one-eighth 
of them, and then diminished by three-sevenths of the residue? Tell me, 
likewise, how much is half less its eighth part, added to nine-sevenths of 
the residue, if thou be skilled, dear woman, in fractional increase and de- 


crease ? 


Statement: +* 2. 4 
4 G F 
$ 7 7 


2 
Answer: Reduced to uniformity, the results are 4 4 4. 


The Eight Rules of Arithmetic applied to Fractions.: 


36. Rule for addition and subtractton of fractions :* half a stanza. 
The sum or [in the case of subtraction] the difference of fractions having 


* Multiply the upper denominator 4, by the one beneath, 3; the product is 12. Then, by the 
same denominator 3 added to its numerator 1, making 4, multiply the upper numerator; the 
product is 4. Again multiply the denominator as above found by the lower denominator 2, the 
product is 24; and by the same added to its numerator, making 3, multiply the numerator before 
found, viz. 4, the product is 12, The result, therefore, is 3%; which, abridged by the common 
divisor six, gives 4 or a moiety.~—Mané, 
 * Bhinna-paricarmashtaca ; the eight modes of process, as applicable to fractions: the preceding 
section being relative to those arithmetical processes as applicable to whole terms (abhinna-part- 
carmashtaca "is 
: 2 Bhinna-sancalita, addition of fractions. Bhinna-cyavacalita, subtraction of fractions. 


a 
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a common denominator, is [taken]. Unity" is put denominator of a quan- 
tity* whicli has no divisor.’ 


37. Example. Tell me, dear woman, quickly, how much a fifth, a 
quarter, a third, a half; and a sixth, make, when added together. Say 
instantly what is the.residue of three, subtracting those fractions ? 


bb 


Statement: #44144 


3 6 
Answer: Adde d together the sum is 22. 
[Statement = 214 


+] 
6’ 


Subtracting those fractions from three, the remainder is 4. 


& 


tel aa 


38. Rule for multiplication of fractions + half a stanza. 
The product of the numerators, divided by the product of denominators 
[gives a quotient, whicli] is the result of multiplication of fractions. 


39. Example. What is the product of two and a seventh, multiplied by 
two-and a third?.and of a moiety multiplied by a third? tell, if thou be 
skilled in the method of multiplication of fractions. 


Statement: 2.2 (or reduced t. 18) 4 
teg 
ô 7 


Answer: the products are £ and 4. 


40. Rule for division of fractions:! half a stanza. 
After reversing the numerator and denominator of the divisor, the re- 
maining process for division of fractions is that of multiplication. 


41. Example. Tell me the result of dividing five by two and a third; 


* Ripa, the species or form; any thing having bounds.—Gane. Discrete quantity. In the 
singular, the arithmetical unit; in the plural, integer number. See Vija-ganita, § 4. 

* Rési, a congeries; a heap of things, of which one is the scale of numeration; a quantity or 
number. See Vija-gan. ib. 

3 That is, itis put denominator of an integer. 

* Bhinna-gunana, multiplication of fractions. 

* Bhinna-bhaga-hara ; division of fractions. 
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anda sixth by a third; if thy understanding, sharpened into ‘confidence, 
be competent to the division of fractions.’ 


Statement: 2(¢)2 44. 
1. 


3 t . 
Answer: Proceeding as directed, the quotients are 43 and +. 


42. Rule for involution and evolution of fractions :* half a stanza. 
If the square be sought, find both squares ; if the cube be required, both 


` cubes: or, to discover the root [of cube or r squangel extract the roots of 
both [numerator and denominator]. 


43. Example. Tell me quickly what is the square of three and a half; 
and the square root of the square ; and the cube of the same; and the cube 
root of that cube: if thou be conversant with fractional squares and roots? 


Statement: 3 or reduced +. 
1 


a 


2 
Answer. Its square is 49; of which the square root ist. The cube of 
itis 343; of which again the cube root is 4 


t 


* GaNESA omits the latter half of the stanza. GANGADHARA gives Ìt entire, 
2 Bhinna-carga, square of a fraction; Bhinna-g'hana, cube of a fraction, &c. 
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SECTION IV. 


CIPHER. 


44—45. Rule for arithmetical process relative to cipher: two couplets. 

In-addition, cypher makes thesum equal to the. additive. In involution 
and {evolution} the result is cipher. A definite quantity,* divided by cipher, 
is the submultiple of -nought.’ The product of cipher is nought: but it 
must be retained as a multiple of cipher, if any further operation impend. 
Cipher having become a multiplier, should nought afterwards become a 
divisor, the definite quantity must be understood to be unchanged. So 
hkewise any quantity, to which cipher is added, or from which it is sub- 
tracted, [is unaltered. ] 


46. Example. Tell me how much is cipher added to five? and the 
square of cipher? and its square root? its cuber and cube-root? and five 
multiplied by cipher? and how much is ten, subtracting cipher? and what 


* Sinya, cha, and other synonyma of vacuum or etherial space: nought or cipher; a blank 
or the privation of specific quantity.—Crisuwn. on Vija-ganita. 

The arithmetic of cipher is briefly treated by Braumucurta in his chapter « on Algebra, 
§ 19—24. SeeCn. on Arithm. of Bramum, § 13, note. ; 

* Cshépa; that which is east or thrown in (cshipyaté) : additive. GANG. 

3 Involution, &c. That is, square and square-root ; cube and cube-root. GANG. 

4 Rast. See § 36. i 

3 C’'ha-hara, a fraction with cipher for its denominator. According to the remark of GANESA, 
an indefinite, unlimited, or infinite quantity: since it cannot be determined how great it is. Un- 
altered by addition or subtraction of finite quantities: since, in the preliminary operation of re- 
ducing both fractional expressions to a common denominator, preparatory to taking their sum or 
difference, both numerator and denominator of the finite quantity vanish. RANGANAT'HA affirms, 
that it is infinite, because the smaller the divisor is, the greater is the quotient: now cipher, being 
in the utmost degrce small, gives a quotient infinitely great. See Vija-ganita, § 14. 

© Chaghna, a quantity which has cipher for its multiplier. Cipher is set down by the side of 
the multiplicand, to denote it. Gan. 
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number is it, which multiplied by cipher, and added to half itself, and mul- 
tiplied by three, and divided by cipher, amounts to the given number sixty- 
three? 


Statement: 0. Cipher added to five makes 5. Square of cipher, 0. 
Square-root, 0. Cube of cipher, 0. Cube-root, 0. 

Statement: 5. This, multiplied by cipher makes 0. 

Statement: 10. This, divided by cipher, gives 1/. 

Statement: An unknown quantity ; its multiplier, 0; additive, +; mul- 
tiplicator, 3; divisor, 0; given number, 63; assumption, 1. Then, cither 
by inversion or position, as subsequently explained (§ 47 and 50), the num- 
beris found, 14. This mode of computation is of frequent use in astrono- 
mical calculation. 





CHAPTER IIL. 





MISCELLANEOUS RULES: 
SECTION I. 


INVERSION. 


47—48. Rule of inversion :* two stanzas. . 

To investigate a quantity, one being given,’ make the divisor a multi- 
plicator: and the multiplier, a divisor; the square, a root; and the root, a 
square ;* turn the negative into positive; and the positive into negative. 
If a quantity was to be increased or diminished by its own proportionate 
part, let the [lower] denominator, being increased or diminished by its nu- 
merator, become the [corrected] denominator, and the numerator remain 
unchanged; and then proceed with the other operations of inversion, as be- 
fore directed. 


49. Example. Pretty girl with tremulous eyes, if thou know the cor- 
rect method of inversion, tell me, what is the number, which multiplied by 


* Practria miscellaneous. The rules, contained in the five first sections of this chapter, have ` 
none answering to them in the Arithmetic of Braumecurta and Srip’nara. Some of the ex- 
amples, however, serving to illustrate the reduction of fractions (as § 51—54.) do correspond, 
Compare § 54 with Gan. sár. § 52. 

* Viloma-vid’hi, Viléma-criyé, Vyasta-cid’ht, inversion. 

3 Drisya ; the quantity or number, which is visible ; the one known by the enunciation of the 
problem : the given quantity. 

4 And the eube, a cube-root; and the cube-root, a cube. GAN. 

3 GANGAD HARA. 
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three, and added to three quarters of the quotient, and divided by seven, 
and reduced by subtraction of a third part of the quotient, and then multi- 
plied into itself, and having fifty-two subtracted from the product, and the 
square root of the remainder extracted, and cight added, and the sum divided 
by ten, yields two?’ 


Statement: Multiplier 3. Additive 3. Divisor 7. Decrease 4. Square 


—. Subtractive §2. Square-root —. Additive 8. Divisor 10. Given 
number 2. 


Answer. Proceeding as directed, the result-is.28; the number sought. 


" All the operations are inverted. The known number 2, multiplied by the divisor 10 con- 
verted into a multiplicator, makes 20; from which the additive 8, being subtracted, leaves 12; 
the square whereof (extraction of the root being directed) is 144; and adding the subtractive 52, 
becomes 196: the root of this (squaring was ‘directed) is 14: adied to its half, 7, it amounts to 
21; and multiplied by 7, is 147. This again divided by 7 and multiplied by 3, makes 63; which, 
subtracted from 147, leaves 84: and this; divided by 3, gives 28. Manó. 





SECTION IL 
SUPPOSITION. 


50. Rule of supposition :* one stanza. 

Or any number, assumed at pleasure, is treated as specified in the parti- 
cular question; being multiplied and divided, raised or diminished by frac- 
tions: then the given quantity, being multiplied by the assumed number 
and divided by that [which has been found,] yields the number sought. - 
This is ealled the process of supposition.’ 


51. Example. What is that number, which multiplied by five,. and 
having the third part of. the product subtracted, and the remainder divided 
by ten, and one-third, a half and a quarter of the original quantity added, 
gives two less than seventy? 


Statement: Mult. 5. Subtractive 1 of itself. Div. 10. Additive 44 4 
of the quantity. Given 68. l | 

Putting 3; this, multiplied by.5, is 15; less its third part, is 10; divided 
by ten, yields 1. Added to the third, half-and quarter of the assumed 
number three, viz. 233, the sum is 1J. By this divide: the given number 
68 taken into the assumed one 3; the quotient 1s 48. 

The answer is the same with any other assumed number, as one, &c.: 


' Thus, by whatever number the quantity is multiplied or divided in any 
example, or by whatever fraction of the quantity, it is increased ‘or. dimi- 
nished; by the same should the like operations be performed on a number 


* Ishéa-carman: operation with an assumed number.. It isthe rule of false position, suppo- 
sition, and trial and error. 


* In this method, multiplication, division, and fractions only are employed. GAN. 
© $ Reduction of a given number with affirmative fractions is the subject of this example; \as re- 
duction of a number given, with negative fractions, is that of the next. . Suar. 


” In the rule of position or reduction appertaining to it, are comprehended -reduction of given 
quantity (with fractions affirmative or negative), reduction of fractions of residues, and reduction 
of differences of fractions. GANG. 
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arbitrarily assumed: and by that, which results, divide the given number 
taken into the assumed one; the quotient is the quantity sought. 


52. Example of reduction of a given quantity.*. Out of a heap of pure 
lotus flowers, a third part, a fifth and a sixth, were offered respectively to 
the gods Siva, Visunu and the Sun; and a quarter was presented to Bua- 
vANI. The remaining six lotuses were given to the venerable preceptor. 
Tell quickly the whole number of flowers. 


Statement: L244; known 6. 


Putting one for the assumed number, and proceeding as s above, the quan- 
tity is Poiä 120. 


53. Example of reduction of residues: A traveller, engaged in a pil- 
grimage, gave half his money at Praydga; two-ninths of the remainder at 
Casi; a quarter of the residue in payment of taxes on the road; six-tenths 
of what was left at Gdyd ; there remained sixty-three nishcas ; with which 
he returned home. ‘Tell me the amount of his original stock of money, if 
you have learned the method of reduction of fractions of residues. 

Statement: 124 6. ; Rabe 63. 

Putting one for the assumed number; subtracting the numerator Gaii its 
adlottinavit multiplying denominators instead eons and in other respects 
proceeding as directed, the remainder is found ẹṣ. By this dividing the 
given number 63 taken into the assumed quantity, the original sum comes 
out 540. 

Or it may be found by the method of reduction of fractional decrease 
[§ 33]. Statement: ~= ya s> y+ o. Being reduced to homogeneous form, 
the result is ,: whence the sum is deduced 540. 

- Or this may also be found by the rule of inversion [§ 47. ] 


54. Example of reduction of differences.’ Out ofa swarm of bees, one- 


¢ 


" Drisya-jéti; ‘assimilation of the visible; reduction of the given quantity with fractions affir- 
mative or negative: here, with negative ; in the preceding example, with affirmative. 

2 Sésha-játi, assimilation of residue; reduction of fractions of residues or successive fractional 
remainders, 

3 Viśslésha-játi, assimilation of difference ; reduction of fractional differences. 
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fifth part settled on a blossom of Cadamba ;* and one-third on a flower of 
Silindhri : three times the difference of those numbers flew to the bloom of 
a Cutaja.2 One bee, which remained, hovered and flew about in the arr, 
allured at the same moment by the pleasing fragrance of a jasmin and pan- 
danus. Tell me, charming Woman, the number of bees.* 


“Statement: +14-%; known quantity, 1; assumed, 30. 

A fifth of the assumed number is 6; a third is°10; difference 4 ; multi- 
plied by three gives 12; and the remainder is 2. Then the product of the 
known quantity by the assumed one, being divided by this remainder, shows 
the number of bees 15. 

Here also putting unit for the assumed quantity, the number of the swarm 
is found 15. 

So in other instances likewise.’ 


A Cadamba, Nauclea orientalis or N. Cadamba. 

2 Silind’hrt, a plant resembling the Cachéra. Crisnn. on Vija-gan. 

4, Echites antidysenterica. i 

* See the same example in Vija-ganita, § 108. 

3 The Manéranjana introduces one more example, which is there placed after the second. It 
is similar to one which occurs in Srip’ara’s Ganita-séra, § 50; and is here subjoined:—** The 
third part of a necklace of pearls, broken in an amorous struggle, fell to the ground: its fifth. 
part rested on the couch; the sixth part was saved by the wench; and the tenth part was taken 

up by ber lover: six pearls remained strung. Say, of how many pearls the necklace was composed.” 

Statement : 4 4 4y; Rem. 6. Answer 30. 


è. 
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SECTION III” 


55. Rule of concurrence: half a stanza. 
The sum with the difference added and subtracted, being halved, gives 
the two quantities. , This is termed concurrence.* 


56. ‘Example. Tell me the numbers, thessum of which is a hundred and 
one; and the difference, twenty-five ; if thou know the rule of concurrence, 
dear child. 


Statement: Sum 101; diff. 25.—Answer: the two numbers are 38 and 
63. | > oll | 


57. Rule of dissimilar operation :: half a stanza. | eed 

The difference of the squares, -divided by the difference of the radical 
quantities,* gives their sum: whence the quantities are found 1 in the mode 
a directed. ert. po i=” 


58. Example. Tell me quickly, skilful calculator, what numbers are 


they, of which the difference is eight, and the difference of squares four 
hundred ? - 


Statement: Diff. of the quantities 8. ° Diff. of the squares 400. 
Answer. The numbers are 21 and 29. 


t The rules comprised in this section are treated under the same titles (Sancramana and Vishama- 
carman) by BRAHMEGUPTA, in his chapter on Algebra, or, as by him termed, lecture on the 
pulverizer, § 25. See Cuaturvepa on Arithm. of Brahm. § 66. 

2 Sancramana, concurrence or mutual penetration in the shape of sum and difference.—Ganc. 
Investigation of two quantities concurrent or grown together inform of sum and difference.—Gawn. 
Calculation of quantities latent within those exhibited—Sur, The same term signifies transition 
(or transposition). See BraumeGurta, Arithm. § 12. 

3 Vishama-carman: the finding of the quantities, when the difference of their squares is given, 
and either the sum or the difference of the quantities—Gaw. A species of concurrence.--GanG. 
See below Lilévat?, § 135. Vija-gan. § 148. 

* Or divided by their sum, gives their difference.—GawNn. 





( 27 ) 


SECTION IV. 


Problem concerning Squares." 


A certain problem relative to squares is propounded in, the next instance. 

59—60 Rule: The square of an arbitrary number, multiplied by eight and 
lessened by one, then halved and divided by the assumed number, is one 
quantity: its square, halved and added to one, is the other. Or unity, 
divided by double an assumed number and added to that number, is a first 
quantity; and unity is the other. These give pairs of quantities, the sum _ 
and difference of whose squares, lessened by one, are squares. 


Tell me, my friend, numbers, the sum and difference of whose squares, 
less one, afford square roots: which dull smatterers in algebra labor to excru- 
ciate, puzzling for it in the six-fold method of discovery there taught.* 

To bring out an answer by the first rule, let the number put be 1. Its 
square, 1, multiplied by eight, is 2; which, lessened by one, is 1. This halved 
is 4, and divided by the assumed number (+) gives + for the first quantity. 
Its square halved is +; which, added to one, makes 3. Thus the two 
quantities are + and 3. 

So, putting one for the assumed number, the numbers obtained are 2, and 
$1, With the supposition of two, they are 33 and %3. | 

By the second method, let the assumed number be 1. Unity divided by 
the double of it is 4, which, added to the assumed number, makes 3. The 
first quantity is thus found. > The second is unity, 1. With the supposition 
of two, the quantities are 2and1. Putting three, they are 142 and +. 


61. Another Rule:? The square of the square of an arbitrary number, and 


* Varga-carman. Operation relative to squares. An indeterminate problem; admitting 
innumerable solutions. 
* This question, found in some copies of the text, and interpreted by GANGAD’HARA and the 
Manéranjana, is unnoticed by other commentators. 
3“Fo bring out answers in whole numbers: the two preceding solutions giving fractions. 
E2 Gan. and Sur. 
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the cube of that number, respectively multiplied by cight, adding one to 
the first product, are such quantities ;1 equally in arithmetic and in algebra. 


Puta. The square of the square of the assumed number is =; which, 
multiplied by eight, makes 4. This, added to one, is; and is the first 
quantity. Again put 4. Its cube 1s 4; which, multiplied by eight, gives 
the second quantity +. Next, supposing one, the two quantities are 9 and 8. 
Assuming two, they are 129 and 64. Putting three, they are 649 and 216. 
And so on, without end, by means of various suppositions, in the several 
‘foregoing methods. 


“ Algebraic solution, similar to arithmetical rules, appears obscure.; but is 
not so, to the intelligent: nor is it sixfold, but manifold.” 


* The greater quantity.is to be taken such, that the square of it may consist of three portions, 
whereof one shall be unity; and the remaining two be squares; and twice the product of the- 
Toots of those squares constitute a square, the root of which will be the second quantity. 


wv 


RANG. 
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SECTION V. 


62—63. Rule for assimilation of the root’s coefticient :1 two stanzas. 

The sum or difference of a quantity and of a multiple of its square-root 
being given, the square of half the coefficient” is added to the given number; 
and i square root of their sum [is extracted: that root,] iii half the 
coefficient added or subtracted, being squared, is the quantity sought by 
the interrogator.? If the quantity have a fraction added, or subtracted, 
divide the number given and the multiplicator of the root, by unity increased 
or lessened by the numerator, and the required quantity may. ,be’ then 
discovered, procceding with those quotients as above directed. 


A quantity, increased or diminished by its square-root multiplied, by some 
number, 1s given. Then add the square of half the multiplier of the root 
to the given number: and extract the square-root. of the: sum.. Add half 
the multiplier, if the differenceswere given.; or subtract it, if the sum were 
so. The square of the result will be the quantity iggib. 


64. Example (the root subtracted, and- the Danca given). One 
pair out of a flock of geese remained sporting in the water, and saw seven 
times the half of the square-root of -the flock proceeding to the shore, tired 
of the diversion. Tell me, dear’girl, the number of the flock. 


' Múla-játi, mula-gunaca-jéti or Ishta-mulénsa-jati, assimilation and reduction of the root’s 
coefficient with a fraction. 

* Guna, multiplieator ; muda-guiia, root's multiplier; the coefficient of the root. 

3 The quantity sought consists of two portions ;.one the square-root taken into its multiplicator ; 
the other the given number. The number. given too is the quantity required less the, root taken 
into its multiplicator : and the quantity sought is the square of that.root., Therefore the number 
given is one that consists of two portions; viz. the square: of the root less the root taken into its 
multiplier. Now the-root taken into its multiplier is equivalent to twice the product of the: root 
by half the multiplicator. By adding then the square of half the multiplicator to the given 
number, a quantity results of which the root may be taken ; and this root is the root (of the quantity 
sought) less half the multiplier. Therefore that added to half the multiplier is the root (of the 
quantity required); and its square, of course, is the number sought. Rane, 
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Statement: Coeff. +. Given 2. Half the coefficient is 4. Its square 
49; added to the given number, makes a the square root of which is 2. 
Half the coefficient being added, the sum is 4°; or, reduced to least terms, 4. 
This squared is 16; the number of the flock, as required. 


65. Example (the root added and the sum given). Tell me what is 
the number, which, added to nine times its square-root, amounts to twelve 
hundred and forty ? i 


Statement: :Coeff. + Given 1240. Answer 6 l. 


66. Example (the root and a fraction both subtracted). Of a flock of 
geese, ten times the square-root of the number departed for the Mánasa 
lake," on the approach of a cloud: an eighth part went to a forest of 
Sthalapadminis :* three couples were seen engaged in sport, on the water 


abounding with delicate fibres of the lotus. Tell, dear girl, the whole 
—e of the Pao 


Statement: Coeff 10. Fraction1. Given 6. 


By the [second] rule (§ 63); AOA less the numerator of the fraction, is 
+; and the coeflicient and given number, being both divided by that, become 
ao and 4; and the half coefficient is 42. With these, proceeding by the 
[first] rule (§ 62), the number of the flock is found 144. 


o 
e of 4 


67. Example. “The'son of Prit’na,‘ irritated in fight, shot a quiver 
of arrows to slay Carnwa.- With half his arrows, he parried those of his 
antagonist; with four times the square-root of the quiver-full, he killed his 


* Wild geese are observed to quit the plains of India, at the approach of the rainy season; and 
the lake called Ménasarévar (situated in the Un- or Hin-dés) is covered with water-fowl, geese 
especially, during that season. The Hindus suppose the whole tribe of geese to retire to the holy 
lake at the approach of rain. The bird is sacred to BRAHMA. 

* The plant intended is not ascertained. The context would seem to imply that it is arboreoús : 
as the term signifies forest. 

3 This example is likewise inserted in the Vija-ganita, § 133. 

4 Agyuna, surnamed PArt’na: his matronymic from Prit’na or Kunr'nih. 
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Horses; with six arrows, he slew Satya’ with three he demolished the: 
umbrella, standard and bow; and with one, he cut off the head of the 
foe. How many were the arrows, which Arguwa let fly? 
Statement: Fraction 2. Coeff. 4. Given-10. 3 
The given number aud coefficient being divided (by unity less the fraction) : 
- become 20 and 8; and proceeding by the rule (§ 63), the number of arrows: 
comes out 100. 


- 68. Example.* The square-root of half the number of a swarm of bees 
is gone to a shrub of jasmin ;? and so are eight-ninths of the whole swarm: 
a female is buzzing to one remaining male that is humming within a lotus, 
in which he is confined, having been allured to it by its fragrance at night.* 
Say, lovely. woman, the number of bees. 

Here eight-ninths of the quantity, and the root of its half, are negative 
[and consequently subtractive] from the quantity : and the given number is 
two of the specific things. The negative quantity and the number given, 
being halved, bring out half the quantity sought.* Thus, 


Statement: Fraction 8. Coeff. ‘2. Given 4. 

A fraction of half the quantity is the same with half the fraction of the 
quantity: the fraction is therefore set down [unaltered]. 

Here, proceeding as above directed, there comes out half the quantity, 36; 
which, being doubled, is the number of bees in the swarm, .72. 


69. Example. Find quickly, if thou have skill in arithmetic, the quantity, 


* One of the Cauravas, and charioteer of CARNA. 

2 Inserted also in the Vija-ganita. § 132. 

1 Mélati, Jasminum grandiflorum. 

+ The lotus being open at night and closed in the day, the bee might he caught init. Gaw. 

S In such questions, it is necessary to observe whether the coefficient of the root be so of the 
root of the whole number, or of that of its part. For that quantity is found, of whose root the 
coefficient is used. But, in the present case, the root of half the quantity is proposed; and 
accordingly, the half of the quantity will be found by the rule. The number given, however, belongs 
to the entire quantity. Therefore, taking half the given number, half the required number is 
to be brought out by the process before directed. 

Manó. and SYR. 
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which added to its third part and eighteen times its square root, amounts 
to twelve hundred. 


Statement: Fraction 4. Coeff. 18. Given 1200. 
Here, dividing the coefficient and given number by unity added to the 


fraction .[§ 63] and proceeding as before directed, the number is brought 
out, 576. i 
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SECTION VI. 


RULE of PROPORTION: 


‘70. Rule of three terms.” 

The first and last terms, which are the argument and requisition, must be 
of like denomination; the fruit, which is of a different species, stands 
between them: and that, being multiplied by the demand and divided by 
the first term, gives the fruit of the demand.’ In the inverse method, the 


operation is reversed.* 


71. Example. ‘If two anda half palas of saffron be obtained for three- 
sevenths of a nishca; say instantly, best of merchants, how much is got for 
nine nishcas ? 


Statement: 242. Answer: 52 palas and 2:carshas. 


72. Example. If one hundred and four nishcas are got for sixty-three 
palas of best camphor, consider and tell me, friend, what may be obtained 
for twelve and a quarter palas ? 


Statement: 63 104 49. Answer: 20 nishcas, 3 drammas, 8 paias, 3 
¢acinis, 11-cowryshells and 4th part. 


73. Example. If a chért and one eighth of rice, may be procured for 
two drammas, say quickly what may be had for seventy panas ? 


? The rule of proportion, direct and inverse, simple and compound, including barter, has been 
similarly treated by BRaumeGupta, Arithm. § 10—13; and by Snip’maRra (adding, however, 
asa distinct article, the sale of live animals and slaves, which Bnascara places under the rule of 
three inverse). Gan, sár. § 58—90. 

” Trairásica, calculation belonging to a set of three terms.—Ganc. Rule of three. 

The first term is praména, the measure or argument; the second Is Its fruit, phala, or produce of 
the argument; the third is ich'há, the demand, requisition, desire or question. ‘GAN. 

3 Ich'ha-phala, produce of the requisition, or fruit of the question: it is of the same denomination 
or species with the second term. 

+ See § 74. 
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Statement (reducing drammas to paras): 32 2 70. 
Answer: 2 Charis, 7 dróńas, 1 ád haca, 2 prast has. 


74. Rule of three inverse.? 

If the fruit diminish as the requisition increases, or augment as that 
decreases, they, who are skilled in accounts, consider the rule of three terms 
to be inverted.’ "y 


When there is diminution ‘of fruit, if there be increase of requisition, and 
inerease of fruit if theré be diminution of requisition, then the inverse rule 
of three is [employed]. For instance, | 


75. When the value of living beings* is regulated by'their age; and in 
the case of gold, where the weight and touch* are compared; or when 
heaps’ are subdivided ; let the inverted rule of three terms be [used]. 


76. Example. Ifa female slave sixteen years of age, bring thirty-two 
[nishcas], what will one aged twenty cost? - If an ox, which has been worked 
a second year, sell for four nishcas, what will one, which has been worked 
six years, cost? 

Ist Qu. Statement: 16 $2 20. Answer: 254 nisheas. 

2d Qu. Statement: 2 4 6. Answer: 14 nishca. 


è 


77. Example. Ifa gadyánaca of gołd of the touch of ten may be had 


" Vyasta-trairdsica or Viléma-trairdsica, rule of three terms inverse. 
* The method of performing the inverse rule has been already taught (§ 70). “In the inverse 
method, the operation is reversed.” That is, the fruit is to be multiplied by the argument and 


divided by the demand. , Sir. 
- When fruit increases or decreases, as the demand is augmented or diminished, the direct rule 
(crama-trairésica) is used. Else the inverse. GAN. 


3 Slaves and cattle. The price of the older is less ; of the younger, greater. Gano. and Sur. 

4 Colour on the touchstone. See Alfigation, § 101. 

5 See Chap. 10. When heaps of grain, which had been meted with a smal! measure, are again 
meted with a larger one, the number decreases ; and when those, which had been meted with a 
large measure, are again meted with a smaller one, there is increase of number. Gane and Sur. 
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for one nishca [of silver], what weight of ay of fifteen touch may be 
bought for the’ same price? 


- 


Statement: 10 1 15. Answer £. 


78. Example. A heap of grain having been meted with a measure 
containing seven dd hacas, if a hundred such measures were found, what 
would be the result with one containing five @dhacas? 


Statement: 7 100 5. Answer 140. 


79. Rule of compound proportton.* 
In the method of five, seven, nine or more * terms, transpose the fruit and 
divisors ;* and the produet of multiplication of the largér set of terms, being 


divided by the ‘produet of the less set of terms,* the quotient is the produce 
[sought]. 


$ 


* This, whieh is the compound rule of three, comprises, according to the remark of GANEsa, 
two or more sets of three terms (frairdsica) ; or two or more proportions (anupdéta), as SURYADAS8A 
observes. ‘Thus the rule of five (pancha-rdsica) comprises two proportions; that of seven 
(sapta-rdsica), three; that of nine (nava-résica), four ; and that of eleven (écddasa-rdsica), five.” 

2 Meaning eleven.—Mané, Eleven or more.—SvR. Itis arule for finding asixth term, five being 
given; (or, from seven known terms; an eighth; from nine, a tenth; from eleven, a twelfth). 

3 GANESA and the commentator of the Vésand understand this last word (ch’hid divisor) as 
relating to denominators of fraetions; and the transposing of them (if any there be) is indeed right: 
accordingly the author gives, under this rule, an example of working with fractions (§ 81). But 
the Manéranjana and SuryApASa explain it otherwise; and the latter citesan ancient commentary 
entitled Ganita-caumudi (also quoted by RaNGANAT'N A) in support of his exposition. ‘There are. 
two sets ofterms; those which belong to the argument; and those which appertain tothe requisition. 
The fruit, in the first set, is called produce of the argument; that, in the second, is named divisor 
of the set. They are to be transposed, or reciprocally brought from one set to the other, That 
is, put the fruit in the second set; and place the divisor in the first. Would it not be enough to 
say transpose the fruits of both sets? The author of the Caumudi replies “the designation of 
divisor serves to indicate, that, after transposition, the fruit of the second set, being included in the 
product of the multiplication of the less set of terms, the product of the greater set is to be divided 
by it.” ‘Some, however, interpret it as relative to fractions [“ transpose denominators, if any 
there be.“--GanG.] But that is wrong: for the word would be superfluous.’ 

+ Bahu-rdsi (pacsha), set of many terms; the one which is most numerous. (That, to which the 
fruit is brought, is the larger set.—Gawne. Or, if there be fruit on both sides, that, in which the 
fruit of the requisition is,—Gaw.) Laghu-rdsi, set of fewer terms; that, which is less numerous. 

r? 
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80. Example. If the interest of a hundred for a month be five, say what 
is the interest of sixteen for a year? Find likewise the time from the 
principal and interest; and knowing the time and produce, tell the principal 
sum. 


1 12 
Statement: 100 16 “Answer: the interest is 93. 
5 


1 
To find the time; Statement: 100 16 *Answer: months 12. 
M 
To find the principal; Statement: 1 12 'Answer: principal 16: 
100 
5 48 
$1. Example. If the interest of a hundred for a month and one-third, 
be five and one fifth, say what is the interest of sixty-two and a-half for 
three months and one fifth? 


“le 


Statement: 12° 125 ‘Answer: interest 7+. 


1 12 Product of the larger set, 960 Quotient, 960 or 


— 


1 Transposing the fruit, 100 16 
ae j 5 of the less set, 100. 100 Dia 


} 1 
2 Transposing both fruits, "se i$ and the denominator, ne I 


5 
Product of the larger set, 4800 
. of the less set, 400. Quotient, 12. - 
1 o 1 12 
- 3 Transposing both fruits, 100 and the denominator, 100 
4 5 48 5 
5 
Product of the larger set 4800 


of the less set 300. Quotient, 16. 


+ Transposing the fruit, # 4 andthedenominators, $ 4° Abridging by correspondent re- 

190 125 100 125 

iS 2 1 

25 5 26 

duction on both sides” 1 4, and by further reduction, 1 1 Answer 3? or 7$ 

5 3 1 3 
4 5 1 1I 
Pe 1 1 
5 26 . 513 


* The Manéranjana teaches to abridge the work by reduction of terms on both sides by their common divisors. 
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82. Example of the rule ofseven: If eight, best, variegated, silk scarfs, 
measuring three cubits in breadth and eight in length, cost a hundred 
[nisheas]; say quickly, merchant, if thou understand trade, what a like scarf, 
three and a half cubits long and half a cubit wide, will cost. 


3 4 | 
Statement: 8 2 ‘Answer: Nishca 0, drammas 14, panas 9, cdcini 1, 
8 l cowryshells 62. 
100 


83. Example of the rule of nine: If thirty benches, twelve fingers 
thick, square of four wide, and fourteen cubits long, cost a hundred [mishcas]; 


tell me, my friend, what price will fourteen henches fetch, pach are four 
less in every dimension ? i 


Statement: 12 8 “Answer: Nashcas 162. 
16 12 
14 10 
30 14 
100 


84. Example of the rule of eleven: If the hire of carts to convey 
the benches of the dimensions first specified, a distance of one league 
(gaoyitti,)* be eight drammas ; say what should be the cart-hire for bringing 


the benches last mentioned, four less in every dimension, a distance of six 
leagues ? 


d 


1 Transposingfruitand denominators;3 1 Product of larger set, 700 Quotient,O 14 9 1 6g 
2 of less set, 768. 


a 
X 
8 1 
À 100 
t Transposing fruit, 12 8 abridgingby 1 1 Productof larger set, 100 Quotient, 16% 
16 12 correspondent 2 1 nf dess set, 6 . 
14 10 reductionon 1 t 


30 14 bothsides; 3 1 
100 100 
3 Garyliti ; (wo crésas or half a yéjana: it contains 4000 davidas or fathoms; about 8000 yards; 
and is about 3, 8 B. miles: the crésa being 1,9 B.m. See As. Res. 5, 105. 
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lg 8&8 
16 12 
Statement: 14 10 ‘Answer: Drammas 8. 
30 14 , i 
1 6 
8 
85. Rule of barter;* half a stanza. 
So in barter ltkewise, the same process is {followed ;] transposing both 


prices, as well as the divisors.* 


86. Example. If three hundred mangoes be had in this market for one 
dramma, and thirty ripe pomegranates for a pana, say quickly, friend, how 
many should be had in exchange for ten mangoes? 


Statement: 16 1 ‘Answer: 16 pomegranates. , 


300 30 
10 ] 

1 Transposing the fruit,12 8 abridgingby 1 1 and by further 1 1 
16 12 correspondent 2 1 reduction, 1 1 

14 10 reduction on 1 1 N 

30 14 both sides, 3 1 1 1 

1 6 1 6 i 2 

8 8 4 


Product of larger set, 8 
of less set, 1 
* Bhdrida-prati-bhandaca commodity for commodity ; computation of the exchange of goods 
(castu-vinimaya-ganita,—G ANG.) : barter. A 
3 GANGADHARA, SURYADASA and the Manóranjana so read this passage: Aardns-cha maulyé: 
But GaxnEsa and Rancanat’ua have the affirmative adverb sadé-hi, in place of the words “ and 
the divisors ;” hardns-cha. At all events, the transposition of denominators takes place, as usual ; 
and so does that of the lower term, as in the rule of five; to which, as SURyapaSa remarks, this 
is analogous. It comprises two proportions, thus stated by him from the example in the text. 
‘ If for one pana, thirty pomegranates may be had, how many for sixteen? Answer, 480. 
Again, if for three hundred mangoes, four hundred and eighty pomegranates may be had, how 
many for ten? Answer, 16. Here thirty is first multiplied by sixteen and then divided by one ; 
and then multiplied by. ten and divided by three hundred. For brevity, the prices are transposed, 


Ny 


Quotient, 8. i 


and the result is the same.” Sur. 
+ Transposing the prices, 1 16 and, transferring the fruit, 1 16 Then product 
300 30 300 30 
10 10 
of the larger set, 4500 Quotient, 16. Or, by correspondent reduction, 1. > and further 1 16 
of the less set, 300. 10 B I i 


Whence products 16 and quotient 16. 
1 
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CHAPTER IV. 


INVESTIGATION OF MIXTURE: 





SECTION I. 


INTEREST. 


87—88. Rure: a stanza and a half.* 

The argument? multiplied by its time, and the fruit multiplied by the mixt 
quantity’s time, being severally set down, and divided by their sum and 
multiplied by the mixt quantity, are the principal and interest [composing 
the quantity]. Or the principal being found by the rule of supposition, that, 
taken from the mixt quantity, leaves ‘the amount of interest. 


89. Example. If the principal sum, with interest at the rate of five on 
the hundred by the month, amount in a year to one thousand, tell the 
principal and interest respectively. 


1 12 
Statement: 100 1000. *Answer: Principal, 625; Interest, 375. 
5 


Or, by the rule of position, put one; and proceeding according to that 
rule (§ 50), the interest of unity is 2; which, added to one, makes $. The 


1 Misra-cyacahéra, investigation of mixture, ascertainment of composition, as principal and interest 
joined, and so forth—Gaw. It is chiefly grounded on the rule of proportion.—Ibid. The rules in 
this chapter bear reference to the examples which follow them. Generally they are quzstiones 
oliosæ ; problems for exercise. 

ja To investigate a mixt amount of principal and interest—Gawn. The first rule agrees with 
Srip’nara’s (Gan. sér.§ 91). The second answers to one deduced from Braumecurrta by his 
Commentator. Arithm. of Bram. § 14. 

+ Praména argument ; and phala fruit (§ 70): principal and interest. 

* 100 multiplied by 1 is 100; 5 by 12 is 60. Their sum 160 is the divisor. The first number, 
100, multiplied by 1000, and divided by 160, is 625. The second 60, multiplied by 1000 and- 
divided by 160, gives 375. Gane. 
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given quantity 1000, multiplied by unity, and divided by that, shows the 
principal 625. This, taken from the mixt amount, leaves the mterest 375.' 


90. Rule: The arguments taken into their respective times are divided 
‘by the fruit taken into the elapsed times; the several quotients, divided by 
their sum and multiplied by the mixt quantity, are`the parts as severally 
lent. 


91. Example: The sum of six less than a hundred nishcas being lent im 
three portions at interest of five, three and four per cent. an equal interest 
was obtained on all three portions, in seven, ten, and five months respectively. 
Tell, mathematician, the amount of each portion.’ 


wtatement sal. «7 1 10 1 5 Muixt amount 94.‘ 
100 100 100 
5 3 4 


Answer: the portions are 24, 28 and 42. The equal amount of interest 82, 


92. Rule: halfa stanza.’ 


1 Or the principal being known, the interest may be found by ihe rale of five. Sun. 
2 For determining parts of a compound sum. ‘Sur. 
3 Since the amount of interest on all the portions is the same, put unity for its'arbitrarily assumed 


amount: whence corresponding principal sums are found by the rule of five. For instance, if a 
hundred be the capital, of which five is the interest for a month, what is the capital of which unity 
is the interest for seven months? and, in like manner, the other principal sums are to be found. 
Thus, a compound proportion being wrought, the time is multiplied by the argument to which it 
appertains, and divided by the fruit taken into the elapsed time. Then, as the total of those 
principal sums is to them severally, so is the given total to the respective portions lent. They are 
thus severally found by the rule of three. GaN. 

+ Multiplying the argument and fruit by the times, and dividing one product by the other, there 
result the fractions 49° 19° 199° or % 29 29; which reduced to a common denominator and 
summed, make 4849 or %; multiplied by the mixt amount 94, they are 188°, 1880, 1880; and 


then divided by the sum 488°, (hey give 148, 188, 168, or 24, 28, 42. Mano. 
l 
To find the interest, employ the rule of five; 100 24. Answer, 8%. By the same method, with - 
5 
nil three portions, the interest comes out the same. . SUR. 


5 The capital sums, their aggregate amount, and the sum of the gains being given; ‘to apportion 
the gains—GaN. The rule is taken from Braumecurta, Arithm. § 16. It answers to Sgip’naRna’s, 
Gan. sár. § 109. 
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The contributions,’ being multiplied by the mixt amount and divided by 
the sum of the contributions, are the respective fruits.” 


93. Example. Say, mathematician, what are the apportioned shares of 
three traders, whose original capitals were respectively fifty-one, sixty-eight, 
and eighty-five; which have been raised by commerce conducted by them 
on joint stock, to the aggregate amount of three hundred? 


Statement: 51, 68,85. Sum: 204. Mixt amount: 300. 

Answer: 75, 100, 125. ‘These, less the capital sums, are the gains: viz. 
24, 32, 40. | 
. Or the mixt amount, less the sum of aggregate capital, is the profit on 
the whole: viz. 96. This being multiplied by the contributions, and 
divided by the sum of the contributions, gives the respective gains; viz. 
24, 32, and 40. 


1 Pracshépaca, that which is thrownin or mixt—Gawn. Joined together.—Swr. 

2 The principle of the rule is obvious, being simply the rule of three.—Gawn. ‘If by this sum 
of contributions, this contribution be had, then by the compound sum what will be? The numbers 
thus found, less the contributions, are the gains.’ Vasané by Rane. 


-6 
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SECTION Il. 


FRACTIONS. 


94. Rule: half a stanza. 

Divide denominators by numerators ; and then divide unity by those quo- 
tients added together. The result will be the time of filling [a cistern by 
several fountains. ]* 


95. Example. Say quickly, friend, in what portion of a day will [four] 
fountains, being let loose together, fill a cistern, which, if severally opened, 
they would fill in one day, half a day, the third, and the sixth part, respec- 
tively ? 


Statement: 21444. 
Answer: th ) part of a day. 


* To apportion the time for a mixture of springs to fill a well or cistern.—Gaw. To solve an 
instance relative to fractions—Sur. A similar problem occurs in BRanMEGUPTa’s Arithmetic, 
§ 8. 

* The rule is grounded on a double proportion, according to GaNEsa and RANGANAT'HA ; 
but on the rule of three inverse, according to SUnyapasa and the Manéranjana: “ if by ome 
fountain’s time one day be had; then, by all the fountains’ times in portions of days, summed lo- 
gether, what is had?” Or, “If, by this portion of a day one cistern be filled, how many by a 
whole day?” Then, after adding together the number of full cisterns, “ if, by so many, one day 
be had, then by one cistern what will be?” 
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SECTION III. 


PURCHASE and SALE. 


96. Rule. By the [measure of the] commodities,* divide their prices 
taken into their respective portions [of the purchase]; and by the sum of 
the quotients divide both them and those portions severally multiplied by 
the mixt sum: the prices and quantities are found in their order.’ 

97. Example :* If three and a half mdnas* of rice may be had for one 
dramma, and eight of kidney-beans® for the like price, take these thirteen 
cacints, merchant, and give me quickly two parts of rice with one of kidney- 
beans; for we must make a hasty meal and depart, since my companion 
will proceed onwards. l l 


Statement : Mixt sum 44. 


toj- mha aho 
pn] tm pats os 


I For a case where a mixture of portions, and composition of things, are given.—Gan. Con- 
cerning measure of grain, &c.—Sur. See SRÝÍD'HARA, § 116. 

2 Panya: the measure of the grain or other commodity procurable for the current price in 
the market. Sur. and Mand. 

$ Founded on the rule of proportion: ‘if by this measure of goods this price be obtained, then 
by this portion of goods what will be? So for the second commodity. Then, summing the prices 
so found, ‘ if by this sum, these several prices, then by this mixt amount what prices?’ and, ‘ if 
by this sum, these portions, then by this mixt amount what quantities ?” RanG. 

4 See Vija-ganita, § 115; which is word for word the same. 

5 Mána or Ménaca a measure; seemingly intending a particular ‘one; the same with the 
mánicá, according to the Afanéranjana, if a passage in the margin of that commentary be genuine. 
The Alénicé is the quarter of the Chai. See Crraturvepa on BrauMeGurPta, §11. But, ac- 
cording to GANEsa, the mana (apparently the same with the mdnicé) is at most an eighth of a 
chart; being a cubic span. Sec note to § 236. A spurious couplet (see note on § 2.) makes it 
the modern measure of weight containing forty sérs. 

6 Mudga: Phaseolus mungo; sort of kidney-bean. 


G2 
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The prices, + 4, multiplied by the portions 4 +, and divided by the goods 
4 2, make + 1; the sum of which is 33. By this divide the same fractions 
(4 £) taken into the mixt sum (44); and the portions (2 +) taken into that 
mixt sum (13). There result the prices of the rice and kidney-beans, 4 


and 1, of a dramma; or 10 cdcints and 134 shells for the rice, and 2 cdcinis 
and 6% shells for the kidney-beans; and the quantities.are ~> and 4 of a 


1 2. 
mána of rice and kidney-beans respectively.. 


-98. Example. Ifa pala of best camphor may be had for two nishcas, 
cand a pala of sandal-wood’* for the eighth part of a dramma, and half a pala 
of aloe-wood* also for the eighth of a dramma, good merchant, give me 
the value of one nishca in the proportions of one, sixteen and eight: for. I 
wish to prepare a perfume. 

Statement: 32° 4 Mixt sum 16. 

r 4 

1 16 

Answer: ‘Prices: drammas 144 
Quantities: palas +4 


o s= oj 


g: 
“9° 
32 

9° 


oe ejo 


1 Chandana : Santalum album. 
2 Aguru: Aquillana Agallochum. 
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SECTION IV. 


99. Rule. Problem concerning a present of gems.’ 

From the gems subtract the gift multiplied by the persons; and any ar- 
bitrary number being divided by the remainders, the quotients are numbers 
expressive of the prices. Or the remainders being multiplied together, the 
produet, divided by .the several reserved remainders, gives the values in 
whole numbers. 


100. Example. Four jewellers, possessing respectively eight rubies, ten 
sapphires, a hundred pearls, and five diamonds, presented, each from his own 
stock, one apicce to the rest in token of regard and gratification at mecting : 
and they thus become owners of stoek of precisely equal value. Tell me, 
severally, friend, what were the prices of their gems respectively ? 


Statement: Rub. 8; sapph. 10; pearls .100; diam. 5. Gift 1. Persons 4, 

Here, the product of the gift 1 by the persons 4, viz. 4, being severally 
subtracted, there remain rubies 4; sapphires 6; pearls 96; diamond 1. Any 
number arbitrarily assumed being divided by these remainders, the quotients 
are the relative values. Taking it at random, they may be fraetional values; 
or by judicious selection, whole numbers: thus, put 963 and the prices 
thence deduced are 24, 16, 1, 96; and the equal stock 233. 

Or the remainders being multiplied together, and the product severally di- 
vided by those remainders, the priecs are 576, 384, 24, 2304: and the equal 
amount of stock (after interchange of presents) is 5592. - 


1 The problem is an indeterminate one. The solution gives relative values only. 

* Suryapasa eites the Vija-ganita for the solution of the problem, (See Vija-gan.§ 11. where 
the same example occurs.) The principle is explained by RanGanarua without reference to 
algebra. It is founded on the axiom, that ‘‘ equality, continues, if addition or subtraction of 
equal things be made to or from equal things.” After interchange of presents, each person has, 
one of every sort of gem, and a certain further number of one sort. Deducting then one of each 
sort from the equalized stock of every person, remains a. number of a single sort equal in value one 
to the other. Put an arbitrary number fur that value; and make the proportion; ‘ as this number 
of gems is to this equal value, so is one gem to ils price.’ RANG. 


SECTION V. 


ALLIG ATION. > 


, Rule.¢ The sum of the products of the touch’ and [weight of se- 
veral parcels]* of gold being divided by the aggregate of the gold, the touch 
of the mass is found. Or [after refining] being divided by the fine gold, the 
touch is ascertained; or divided by the touch, the quantity of purified gold 
is determined.’ 


102—103. Example. Parcels of gold weighing severally ten, four, two 
and four máshas, and of the fineness of thirteen, twelve, cleven and ten respec- 
tively, being melted together, tell me quickly, merchant, who art conver- 
sant with the computation of gold, what is the fineness of the mass? Ifthe 
twenty mdshas above described be reduced to sixteen by refining, tell me 
instantly the touch of the purificd mass. Or, if its purity when refined be 
sixteen, prithee what is the number to which the twenty mdshas are re- 
duced? 


Statement: Touch 13 12 11 10. 
Weight 10 4 2 4. 

Answer:® After melting, fineness 12. 
Weiglit 20. 


1 Suveria-ganita ; computation of gold; that is, of its weight and fineness. Alligation medial. 
Srípnara has similar rules, §99—108. The topic is unnoticed by Braumecuprta ; but the 
omission is supplied by his commentator. Sce CyaturvEpa on BranmeEcupta’s Arithm. note 
to Sect. 2. 

£ To find the fineness produced by mixture of parcels of gold; and, after refining, the weight, 
if the fineness be known ; and the fineness, if the weight of refined gold be given, GaN. 

3 Varna, colour of gold on the touchstone. Fineness of gold determined by that touch, See 
§ 77.‘ The degrees of fineness increase as the weight is reduced by refining.”—Gaw. 

* GANG. 

5 The solution of the problem is tae on the rule of eons together with the rule of 
three inverse: as shown at large by RanGanat'Ha and GaNEsa under this and § 77. 

6 Products 130, 48, 22,40. Theirsum 240; divided by 20, gives 12: divided by 16, gives 15. 
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After refining, the weight being sixteen mdshas; touch 15. The touch 
being sixteen; weight 15. 


104. Rule.t From the acquired fineness of the mixture, taken into the 
aggregate quantity of gold, subtract the sum of the products of the weight 
and fineness [of the parcels, the touch of which 1s known,] and divide the 
remainder by the quantity of gold of unknown fineness; the quotient is the 
degree of its touch.” | 


105. Example. Eight máshas of ten, and two of eleven by the touch, 
and six of unknown fineness, being mixed together, the mass of gold, my 
friend, became cf the fineness of twelve; tell the degree of unknown fine- 
ness. | 


Statement: 10 1l Fineness of the 
è 8 2 6 mixture 12. 


' Answer: Degree of the unknown fineness 15. 


106. Rule’ The acquired fineness of the mixture being multiplied by 
the sum of the gold (in the known parcels}, subtract therefrom the aggre- 
gate products of the weight and fineness {of the parcels]: divide the re- 
mainder by the difference between the fineness of the gold of unknown 
weight and that of the mass, the quotient is the weight of gold that was 
unknown. 


107. Example. Three mashas of gold of the touch of ten, and one of 
the fineness of fourteen, being mixt with some gold of the fineness of six- 
teen, the degree of purity of the mixture, my friend, is twelve. How many 
mashas were there of the fineness of sixteen? 


Statement: 10 14 16 Fineness of the 
3 l mixture 12. 
Answer: Másha 1. 


1 To discover the fineness of a parcel of unknown degree of purity mixed with others of which 


the touch was known. GaN. 

* The rule being the converse of the preceding, the principle of it is obvious. RANG. 

* To find the weight of a parcct of known fineness, but unknown weights, mixt with other parcels 
of known weight and fineness. GaN. 
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108. Rule.t Subtraet the effected fineness from that of the gold of a 


higher degree of touch, and thatof the one of lower touch from the effected - 


fineness; the differences, multiplied by an arbitrarily assumed number, will 
be the weight of gold of the lower aud higher degrees of purity respectively. 


109. Example. Two ingots of gold, of the touch of sixteen and ten ' 


respectively, being mixt together, the gold became of the fineness of twelve : 
tell me, friend, the weight of gold in both lumps. 


Statement: 16, 10. Fineness resulting 12. 
Putting one, and multiplying by that; and proceeding as directed; the 


weights of gold are found, máshas 2 and 4. Assuming two, they are 4 and’ 


.8. Taking half, they come out 1 and 2. Thus, manifold answers are ob- 
taimed by varying the assumption. 


f 


1 To find the weight of two parcels of given fineness and unknown weight.—Gaw. and Sur. 

A rule of alligation alternate in the simplest case. The problem is an indeterminate one: asis in- 
timated by the author. 

"e Byas much as the higher degree of fineness exceeds the fineness effected, so much is the 


measure of the weight of less pure gold; and by as much as the lower degree of purity is under the 


standard of the mixture, so much is the weight of the purer gold. SUR, 
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SECTION VI. 


PERMUTATION and COMBINATION. 


110—112. Rule:’” three stanzas. 

Let the figures from one upwards, differing by one, put in the inverse 
order, be divided by the same [arithmeticals] 1n the direct order ; and let the 
subsequent be multiplied by the preceding, and the next following by the 
foregoing [result]. The several results are the changes, ones, twos, threes, 
&e.* This is termed a general rule.* It serves in prosody, .for those versed 
therein, to find the variations of metre; in the arts [as in architecture] to 
compute the changes upon apertures [of a building];- and [in music] the 
scheme of musical permutations ;* in medicine, the combinations of different 
savours. For fear of prolixity, this is not [fully] set forth. 


113. A single example in prosody: In the permutations of the gdyatri 
metre,’ say quickly, friend, how many are the possible changes of the verse? 
and tell severally, how many are the combinations with one, [two, tliree,] &c. 
long syllables ? 


Here the verse of the géyatri stanza comprises six syllables. Wherefore, 


* To find the possible permutations of long and short syllables in prosody; combinations of 

ingredients in pharmacy ; variations of notes, &c. in music; as well as changes in other instances. 
GAN. 

* According to GANESA, there is no demonstration of the rule, besides acceptation and ex- 
perienee. RanGanat’na delivers an explanation of the principle of it grounded on the summing 
of progressions. 

3 Commentators appear to interpret this as a name of the rule here taught; séd’hérana, or 
sid’ hérana-ch’hand6-ganita, general rule of prosodian permutation: subject to modification in 
particular instances; as in music, where a special method (aséd’hérana) must be applied. 

Gana. SUR. 

* Chanda-méru : acertain scheme.—Gawn. Itis more fully explained by other commentators: but 
the translator is not sufficiently conversant with the theory of music to understand the term distinctly. 

> The Gdyatri metre in sacred prosody is a triplet comprising twenty-four syllables: as in the 
famous prayer containing the Brahmenieal creed, called géyatri, (See As. Res. vol. 10, p. 463), 
But, in the prosody of profane poetry, the same. number of syllables is distributed in a tetrastic : 
and the verse consequently contains six syllables. (As. Res. vol. 10, p. 469.) 

H 
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the figures from one to six are set down, and the statement of them, in 
direct and inverse order is £34323. Proceeding as directed, the results are, 
changes with one long syllable, 6; with two, 15; with three, 20; with four, 
15; with five, 6; with six, 1; with all short, 1. The sum of these ts the 
whole number of permutations of the verse, 64. 

In like mamner, setting down the numbers of the whole tetrastic, in the 
mode directed, and finding the changes with one, two, &e. and summing 
them, the permutations of the entire stanza are found: 16777216. 

In the same way may be found the permutations of all varieties of metre, 
from Uctdé [which consists of monosyllabic verses] to Utcriti [the verses of 
which contain twenty-six syllables.]’ 


114. Example: In a pleasant, spacious and elegant edifice, with eight 
doors,” constructed by a skilful architect, as a palace for the lord of the land, 
tell me. the permutations of apertures taken, one, two, three, &c.? Say, mathe- 
matician, how many are the combinations in one composition, with ingredients 
of six different tastes, sweet, pungent, astringent, sour, salt and bitter,* 
taking them by ones, twos, or threes, &c. 


t 


Statement [Ist Example]: 135433375 


Answer: the number of ways in which the doors may be opened by ones, 
twos, or threes, &c. is 8, 28, 56, 70, 56, 28, 8, 1. And the changes on the 
1° 2 ser Bee FT 


o™ È B 
apertures of the octagon * palace amount to 255. 
p 8 P 


2 


Statement 2d example: § 5 4 


Answer: the number of various preparations with ingredients of divers 
tastes is 6, 15, 20, 15, 6, 1.7 
1 2 3 6 


4 5 


2 


* Asiat. Res. vol. 10, p. 468—473. 

* Maché, aperture for the admission of air :. a door or window; (same with gacdcsha ;—Gawn.) 
a portico or terrace, (bhimie-visésha ;—Ganc. and SuR.) 

3;The variations of one window or portico open (or terrace unroofed) and the rest closed; two 
open, and the rest shut; and so forth, 

* Amera-cosha 1.3. 18. 

* An octagon building, with eight doors (or windows; porticos or terraces;) facing the eight 
cardinal points of the horizon, is meant. See Gan. 

+ Total number of possible combinations, 63. Gane. 
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CHAPTER V. 


PROGRESSIONS: 





SECTION I. 


ARITHMETICAL PROGRESSION. 


115. Rue: Half the period, multiplied by the period added to unity, 
is the sum of the arithmeticals one, &c. and:is named thieir addition.* . This, 
being multiplied by the period added to two, and being divided by three, is 
the aggregate of the additions.’ : 


t 


* Sré@hi, a term employed by the older authors for any set of distinct substances or other things 
put together.—Gaw. It signifies seqùénce or progression. Sréd’hi-cyavahéra, ascertainment or 
determination of progressions. . - 

* To find the sums of the arithmeticals.—Gaw. 

¥ Pada the place.—Gaw. Any one of the figures, or digits; being that of which the sum is re- 
quired.—Su'r. The last of the numbers to be summed.—Mané.- See below: note to § 119. 

* Sancalitá, the first sum, or addition of arithmeticals. Sancalitaicya, ageregate of additions, 
summed sums, or second sum. 

* The first figure is unity. Thesumof that and the period being halved, is the middle figure! 
As the figures decrease behind it, so they increase before it: wherefore the middle figure, multi- 
plied by the period, is the sum of the figures one, &¢. continued to the period. The only proof of 
the rule for the aggregate of sums, is acceptation.—Gawn. Itis a maxim, that ‘a number multi- 
plied by the next following arithmetical, and halved, gives the sum of the preceding :’ wherefore, 
&e—Sur. Camaradcara is quoted by RancGanat’na for a demonstration grounded on placing 
the numbers of the progression in the reversed order under the direct one: where it becomes 
obvious, that each pair of terms gives the like sum: wherefore this sum, multiplied by the number 
of terms, is twice the sum of the progression. 


HQ 
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116. Example: Tell me, quickly, mathematician, the sums of the 
several [progressions of | numbers one, &c. continued to nine; and the sum- 
med sums of those numbers. 


Statement: Arithmeticals: 1 2 3 4 5 6 7 8 Q. 
Answer: Sums: 1 $ 6 «AO 15 2128966 15. 
i Summedsums: 1 4 10 20 35 56 84 120 165. 


117. Rule: Twice the period added to one and divided by three, being 
multiplied by the sum [of the arithmeticals], is the sum of the squares. 
The sum of the cubes of the numbers one, &c. is pronounced by the ancients 
equal to the square of the addition. 


118. Example: Tell promptly the sum of the squares, and the sum of 
the cubes, of those numbers, if thy mind be conversant with the way of 
summation. | 


Statement: 1234567 89. 
Answer: Sum of squares 285. Sum of the cubes 2025.” 


4 


119. Rule:* The increase multiplied by the period less one, and added 
to the first quantity, is the amount of the last.* That, added to the first, 


™ To find the sums of squares and of cubes. SuR. and Gay. 
2 Sums of the squares, I 5 14 30 55 91 140 204 285. 
Sums ofthe cubes, 1 9 36 100 225 441 784 1296 2025. 

3 Where the increase is arbitrary Gane. In such cases, to find the last term, mean amount, 
and sum of the progression.-Sur.. From first term, common difference and period, to find the 
whole amount, &c.—Gawn. 

4 Adi, and m&cha, cadana, vactra, and other synonyma of face; the initial quantity of the pro- 
gression; (that, from which as an origin the sequence commences.—SwR.) the first term. 

Chaya, prachaya or uttara ; the more (dd’hica.—SuR.) or augment (vridd'hi,—Gana.) by which 
each term increases: the common increase or difference of the terms. 

Antya ; the last term. 

Madhya ;- the middle term, or the mean of the progression. 

Pada or gackha;.the period (so many days`as the sequence reaches.—SuR.) the number of 
terms. . , 

Sarva-d’hana, Sréd’hh-phala or Ganita; the amount of the whole; the sum of the progression. 
‘Jt is called garita, because it is found by computation (ganand).’ Gan. 
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and halved, is the amount of the mean : which, multiplied by the period, is 
the amount of the whòle, and is denominated (ganita) the computed sum." 


120. Example: A person, having given four drammas to priests on the 
first day, proceeded, my friend, to distribute daily alms at a rate increasing 
by five a day. Say quickly how many were given by him in half a 
month ? 


Statement: Initial quant. 4; Com. diff. 5; Period 15. 
Here, First term 4. Middle term 39. Last term 74. Sum 5 85. 


121. Example:* The initial term being seven, the increase five, and 
the period eight, tell me, what are the nnmbers of the middle and last 
amounts? And what is the total sum? 


Statement: First term 7; Com. diff. 5; Period 8. . 

Answer: Mean amount 49. Last term 42. Sum 196. 

Here, the period consisting of an even number of days, there is no middle 
day: wherefore the half of the sum of the days preceding and following the 
mean place, must be taken for the mean amount: and the rule is thus 
proved. . =e 


122. Rule: halfa stanza. The sum of the. progression being divided 
by the period, and half the common difference multiplied by one less than 
the number of terms, being subtracted, the remainder is the initial quantity.* 


123. We know the sum of the progression, one hundred and five; the 
number of terms, seven; the increase, three; tell us, dear boy, the initial 
quantity. 


* The rule is founded on the proportion; as one day is to the increase of one day, or common 
difference, so is the number of increasing terms to the total increase: which, added to the initial 


quanlity, gives the last term. Sur. &c. | 
* To exhibit an instance of an even number of terms; where there can consequently be no 
middle term [but a mean amount]. GaN. 
* The difference, period and sum being given, to find the first term. Gan. SUR. 


* The rule is converse of the preceding. Gan. and Sur. 
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Statement: First term? ‘Com. diff. 3; Period 7; Sum 105. 
Answer: First term, 6. 


Rule:' half a stanza... The sum being divided by the period, and the 
first term subtracted from the quotient, the remainder, divided by half of 
one less than the number of terms, will be the common difference.’ 


124. Example: On an expedition to seize his enemy’s elephants, a 
king marched two ydjanas the first day. Say, intelligent calculator, with 
what increasing rate of daily march did he proceed, since he reached his 
foe’s city, a distance of eighty yojanas, in a week? 


Statement: First term 2; Com. diff.? Period 7; Sum 80. 
Answer:-Com. diff. 22. 


125. Rule:*+ From the sum of the progression multiplied by twice the 
common increase, and added to the square of the difference between the 
first term and half that increase, the square root being extracted, this root 
less the first term and added to the [above-mentioned] portion of the increase, 
being divided by the increase, is pronounced’ to be the period. 


126. Example : A person gave three drammas on the first day, and 
continued to distribute alms increasing by two [a day]; and he thus bestowed 


on the priests three hundred and sixty drammas: say quickly in how many 
days? 


Statement: First term 3; Com. diff. 29; Period? Sum 360. 
Answer: Period 18. 


* The first term, period and sum being known, to find the common difference which is 


unknown. Gan. 
* Second half of one, the first half of which contained the preceding rule. § 22. 
3 This rule also is converse of the foregoing. GAN. 
4The first. term, common. difference and sum being known, to find the period which is 
unknown. Gan, 


s By BRAHNMEGUPTA and the rest.—Gawn. See Bran. c, 12, § 18, and Gar. sár. of Srip’n. 
§ 123, The rules are substantially the same; the square being completed for the solution of the 
quadratic equation in the manner.taught by Srip’'mara (cited in Vija-ganita§ 131) m by 
BRAHMEGUPTA C. 8, § 32—33. 
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SECTION II. 


GEOMETRICAL PROGRESSION. 


{Y 


127. Rule:' a couplet and a half. The period being an uneven number, 
subtract one, and note “ multiplicator ;” being an even one, halve it, and 
note “square:” until the period be exhausted. Then the produce arising 
from multiplication and squaring [of the common multiplier] in the inverse 
order from the last,* being lessened by one, the remainder divided by the 
commou multiplicr less one, and multiplied by the initial quantity, will be 
the sum of a progression increasing by a common multiplier.? 


128. Example: A person gave a mendicant a couple of cowry shells 
first; and promised a two-fold increase of the alms daily. How many 
nishcas does he give ina month? 


Statement: First term, 2; Two-fold increase, 2; Period, 30. 


Answer, 2147483646 cowries; or 104857 nishcas, 9 drammas, 9 panas, 
2 cacinis, and 6 shells. 


+ 


“To find the sum of a progression, the increase being a multiplier.—Gawn. That is, the sum of 
an increasing geometrical progression. The rule agrees with Priv’uupaca’s. (See Com. on 
BRAUMEGUPTA, C. 12, § t7.) Itis borrowed from prosody (ibid). i 

* The last note is of course “ multiplicator:” for in exhausting the number of the period, you 
arrive at last, at unity an uneven number. The proposed multiplier [the common multiplicator of 
the progression] is therefore put in the last place; and the operations of Squaring and multiplying 
by it, are continued in the inverse order of the line of the notes. Gan. 

* The effect of squaring and multiplying, as directed, is the same with the continued multipli- , 
cation of the multiplier for as many times as the number of the period. For dividing by the 
multiplier the product of the multiplication, continued to the uneven number, equals the product 
of multiplication continued to one less than the number; and the extraction of the square root of 
a product of multiplication, continued to the even number, equals continued multiplication to half 


that number. Conversely, squaring and multiplying equals multiplication for double and for one 
more time. GaN. 
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129. Example: The initial quantity being two, my friend; the daily 
augmentation, a three-fold increase; and the period, seven; say what is in 
thts case the sum ? 


Statement: . First term, 2; three-fold increase, 3; Period, 7. 
Answer: 2186. 


130--131. Rule: a couplet and an half. 

The number of syllables in a verse being taken for the period, and the 
increase two-fold, the produce of sat pHEadion and squaring [as above 
directed § 127] will be the number [of variations] of likeverses. * Its square, 
and square’s square, less their respective roots, will be [the variations} of 
alternately similar, and of dissimilar verses [in tetrastics].! 


132. Example: Tell me directly the number fof varieties] of like, 
alternately like, and dissimilar verses, respectively, in the metre named 


anushtubh.* 


* Incidently introduced in this place, showing a computation serviceable in prosody.—Sur. and 
Mand. To calculate' the variations of verse, which also are found by the sum of permutations 
[§ 113].—Gay. 

2 Sanscrit prosody distinguishes metre in which the four verscs of thé stanza are alike; or the 
alternate ones only so; or all four dissimilar. Asiat. Res. vol. 10, Syn. tab. v. vi. & vii. 

3 The number of possible varieties of verse found by the rule of permutation [§ 113] is the same 
with the continued multiplication of two: this number being taken, because the varieties of syllables 
are so many; long and short, Accordingly this is assumed for the common multiplier. The 
product of its continued multiplication is to be found also by this method of squaring and mukti- 
plying [§ 127]; assuming for the period a number equal to that of syllables in the verse. The 
varietics of alternately similar verse, are the same with those of an uniform verse containing twice 
as many syllables; and the changes in four dissimilar verses are the same with those of one verse 
comprising four times as many syllables: excepting, however, that these permutations, embracing. 
all the possible varieties, comprehend those of like and half-alike metre. Wherefore the number 
first found is squared, and this again squared, for twice, or four times, the number of places ; 
and the roots of these squares subtracted, for the permutations of like and alternately like 
verses. Gan. &e. 

The product of multiplication and squaring is the amount of the last term of the progression, 
(the first term and common multiplier being equal). 

* As, Res. vol. 10, p. 438, (Syn. tab.) p. 469. ‘Rane. 
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Statement: Increase two-fold, 2 ; Period, 8. 
Answer: Variations of like verses, 256; of alternately alike verses, 
65280; of dissimilar verses, 4294901760." 


™ Possible varieties of the four verses of a tetrastic containing 32 syllables (8 to averse) are 
4294967296 [2 raised to its 32d power]: of which 4294901760 are dissimilar; and 65536 
[2 raised to its 16th power] similar: whereof 65280 alternately alike; and 256 [2 raised to its 
eighth power} wholly alike-—Mfané. &c. 


CHAPTER VI. 


PLANE TICU RE. 


133. Rue: Asideisassumed.* The other side, in the rival direction, is 


1 Cshétra-vyavahdra, determination of plane figure. Cshéfra, as expounded by GaNESa, signi- 
fies plane surface, bounded by a figure; as triangle, &c. Vyavahára is the ascertainment of its 
dimensions, as diagonal, perpendicular, area, &c. 

RANGANAT'HA distinguishes the sorts of plane figure, precisely as the commentator of Bran- 
mEGUPTA. See Cat. on Braun. 12, §21. GawNeEsa says plane figure is four-fold; triangle, 
quadrangle, circle and bow. Triangle (tryasra, tricéna or tribhuja) is a figure containing ( tri) 
three (asra or céna) angles, and consisting of as many (bhuja) sides. Quadrangle or tetragon 
(chaturasra, chaturc6na, chaturbhuja) is a figure comprising (chatur) four (asra, &c.) angles or 
sides. The circle and bow (he observes) need no definition. Triangle is either (jatya) rectangu- 
Jar, as that which is first treated of in the text; or it is (¢ribhuja) trilateral [and oblique] like the 
fruit of the Sringdta (Trapa natans), This again is distinguished according as the (lamba) per- 
pendicular falis within or without the figure: viz. antar-lamba, acutangular; bahirlamba, obtusan- 
gular. Quadrangle also is in the first place twofold: with equal, or with unequal, diagonals. The 
first of these, or equi-diagonal tetragon (sama-carna) comprises four distinctions : 1st. sama-chatur- 
bhuja, equilateral, asquare; 2d. cishama-chaturbhuja, a trapezium; 3d. dyata-dirgha-chaturasra, 
oblong quadrangle, an oblique parallelogram; 4th, dyata-sama-lamba, oblong with equal perpen- 
diculars ; that is, a rectangle. The second sort of quadrangle, or the tetragon with unequal dia- 
gonals, (tishama-carna,) embraces six sorts: Ist. sama-chaturbhuja, equilateral, a rhomb; 2d. 
sama-tribhuja, containing three sides equal ; 3d. sama-dui-dwi-bhuja, consisting of two pairs of equal 
sides, a rhomboid; 4th. sama-dwi-bhuja, having two sides equal; 5th. vishama-chaturbhuja, com- 
posed of four unequal sides, a trapezium; 6th. sama-lamba, having equal perpendiculars, a trape- 
zoid. The several sorts of figures, observes the commentator, arc fourteen; the circle and bow 
being but of one kind each. He adds, that pentagons ( panchásra), &c. comprise triangles [and 
are reducible to them}. 

2 Béhu, désh, bhuja and other synonyma of arm are used for the leg of a triangle, or side ofa 
quadrangle or polygon: so called, as resembling the human arm, Gan, and SUR. 
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called the upright, whether in a triangle or btema by persons conversant 
with the subject. - m hed. 


134.. The square-root of the sum of the squares of those legs is, the diago- 
nal.? The square-root, extracted from the difference of the squares of the 
diagonal and _side, is the upright: and that, extracted from the difference of 
the avares of the diagonal and upright, is the side.’ 


135. * Twice the product of two quantities, added to "the square of their 
difference, will be the sum of their squares: The -product of their sum and 
difference will be the difference of their squares :. as must be every where 
understood by the intelligent calculator.’ 


136. Example. Where the upright is four and the side three, what is 
the hypotenuse? Tell me also the upright: from the oe and side ; 
and the side from the upright and ee 


Statement: \ Side 3; Uai 4. Sum of their squares 25. Or 
3 


. 
a k g 3 o So 


* Either leg being selected to retain this appellation, the -5 are Siad by different de- 
nominations. That, which proceeds in the opposite direction, meaning at right angles, is called 
cóti, uchch’hraya, uchcW’kriti, or any other term signifying upright or elevated. Both are alike 
sides of the triangle or of the tetragon, differing only in assumed situation and name.—Gaw. and 
Svr. The cétior upright is the cathetus. 

> A thread or oblique line from the two extremities of the legs, joining them, is the caria, also 
termed sruti, sracana, or by any other words importing ear. It is the diagonal or diameter of a 
tetragon.—Sur. Rance. &c. Or, in the case of a triangle, it is the diagonal of the parallelogram, 
whereof the triangle is the half: and is the hypothenuse of a right-angled triangle. 

* The rule concerns (jétya) rectangular triangles. The proof is given both algebraically and 
geometrically* by Gangsa; and the first demonstration is exhibited, both with and without alge- 
bra, by SURyapAsa. RanGawnat’na cites one of those demonstrations from his own brother Ca- 
MALACARA; and the other from his father Nristria, in the Vértica, or critical remarks on the 
(Vésané) annotations of the Sirémani ; and censures the Sringéra -ilaca for denying any proof of 
the rule besides experience. Buascana has himself given a demonstration of the rule in his 
algebraical work. Vij. Gar. § 146. 

* A stanza of six verses of anushtubh metre. > 

* Ganga here also gives both an algebraic and a geometrical proof of the latter rule; and an- 
algebraical one only of the first. See Vij. Gan. under § 148; whence the latter demonstration is 
borrowed ; and § 147, where the first of the rules is given and demonstrated. 


* Cshétragatépapatti, geomctrical demonstration. 
Upapatti avyacta-criyay4, proof by algebra. 


I2 
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product of the sides, doubled, 24; square of the difference 1: added to- 
gether, 25. The square-root of this is the hypotenuse 5. 


N Difference of the squares [of 5 and 3] 16. Or sum 8, multiplied 
l 
by the difference 2, makes 16. Its square-root is the upright 4. 


Ns Difference of squares, found as before, 9. Its square root is the side 3. 


r 


137: Example. Where the side measures three and a quarter; and the 


upright, as much; tell me, quickly, mathematician, what is the length of the 
hypotenuse: 


Statement : eN Sum of the squares 44$ or 14°. Since this has no 
is 


[assignable] root, the hypotenuse is a surd. A method of finding its approx- 
imate root [follows :], 


138. Rule: From the product of numerator and denominator,’ multiplied 
by any large square number assumed, extract the square-root: that, divided 
by the denominator taken into the root of the multiplier, will be an approx- 
imation.” i 

This irrational hypotenuse £9 [is proposed]. The product of its; nume- 
rator and denominator is 1352. Multiplied by a myriad. (the square of`a 
hundred), the product 1s 23520000. Its root is 3677 nearly.* This divided 
by the denominator taken into the square-root of the multiplier, viz. 800, 


gives the approximate root 4 47%, Itis the hypotenuse. So in every simi- 
lar instance. 





* If the surd be not a fraction, unity may be put for the denominator, and the rule holds good. 
s i GaN. 

2 Here two quantities are assumed :. the denominator and the arbitrary square number. ..The. 
multiplication of the numerator by the denominator is equivalent lo the multiplication of the frac- 
tion by the denominator twice; that is, by the square.of the denominator. The surd, having been 
thus roultiplied by that and the arbitrary number, both squares, the square-root of the produet is 
divided by the denominator and by the root of the arbitrary number. ‘The quotient is the rootof- 
the irrational quantity—Gaw. &c. A like rule occurs in Srip’nana’s compendium.—Gaz. sér.. 
§ 138. 

3 The remainder being unnoticed. 
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139. Rule.t Asideis put. From that multiplied by twice some assumed 
number, and divided by one less than the square of the assumed number, an 
upright is obtained. . This, being set apart, is multiplied by the arbitrary 
number, and the side as put is stiugitted:: the remainder will be the hypo- 
tenuse. Sucha triangle is termed rectangular. 


140. Oraside is put. Its square, divided by an arbitrary number, is set 
down in two places: and the arbitrary number being added and subtracted, 
and the sum and difference halved, the results are the hypotenuse and up- 
right. Or,in like manner, the side and liypotenuse may ne deduced from 
the upright. Both results are rational quantities. — 


141. Example. The side being i in both cases twelve, tell quickly, by 
both methods, several uprights and hypotenuses, which shall be. rational 
numbers. 


Statement: Side 12. Assumption 2. The side, multiplied by twice that, 
viz. 4,18 48. Divide by the square of the arbitrary number less one, viz. 3, 
the quotient is the upright 16. This upright, multiplied by the assumed 
number, is 32: from which subtract the given side, the remainder is the hy- 


potenuse 20. Sec 
X 


i 12 i - 
Assume three. The upright is 9; and hypotenuse 15. Or, putting five, 
the upright is 5, and hypotenuse 13. 


* Either the side or upright being given, to find the other two sides.—Sur. To find the up- 
right and hypotenuse, from the side; or the side and hypotenuse from the upright—Gawn. The 
problem is au indeterminate one, as is intimated by the author. The second rule is in substance 
the same with BraumMecurta’s for the upright and diagonal of a rectangle. See Bran. 12, 
§ 35. 

SuRYADASA demonstrates the first rule thns: ‘ In some triangle (which should be less than that 
which has the given side) the upright is taken at double of some assumed number, and the side is 
taken at one less than the assumed number. Then make proportion, “ as this side to this upright, 
so is the given side to its upright.” Whence the given side, multiplied by twice the assumed num- 
ber, and divided by one less than ifs square, is the upright. When this upright so found is mul- 
liplied by the assumed number, the product is the sum of the side and hypotenuse : when divided 
‘by it, the quotient is the difference of the side and hypotenuse: for they increase and decrease by 
virtue of that assumed number. Thus, subtracting the given side from that sum, the remainder is 
the hypotenuse: or, adding it to the difference, the sum is the hypotenuse. Sur. 
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By the second method: the side, as put,-12.. Its square 144. . Divide by 
2, the arbitrary number being two, the quotient is 72. Add and subtract 
the arbitrary number, and halve the sum and difference: the hypotenuse and 
upright are found: viz..upright 35, hypotenuse 37. See 


35| \37 


ie ae r 
Assume four. The upright 1s 16, and hypotenuse 20. Assuming six, the 
upright is 9 and hypotenuse 15." 


= 


142. Rule:* Twice the hypotenuse taken into an arbitrary number, being 
divided by the square of the arbitrary number added to one, the quotient is 
the upright. This taken apart is to be multiplied by the number put: the 
difference between the product and the hypotenuse is the side.’ ; 


143. Example: Hypotenuse being measured by eighty-five, say 
promptly, learned man, what uprights and sides will be rational ? 


Statement: The hypotenuse 85, being doubled, is 170; and multiplied 
by an arbitrary number two, 1s 340. This, divided by the square of the 


The demonstration of the second method is given by GawEsa, and similarly by SURYADASA 
and RanGanav’na. ‘ Assume any number for the difference between the upright and hypotenuse. 
The difference of their squares (which is equal to the square of the given side) being divided by 
that assumed difference, the quotient is the sum of the upright andhypotenuse. For the difference 
of the squares is equal to the product of the sum and difference of the roots. (§ 135.) The upright 
aid hypotenuse are therefore found by the rule of concurrence’ (§ 55). Gan. &e. 

* Jn like manner, if the upright be given, 16. Its square 256, divided by the arbitrary number 
2,is 128. The arbitrary number subtracted and added, makes 126 and 130; which halved gives 
the side 63 and hypotenuse 65. Gana. and Sur. 

2 From the hypotenuse given, to find the side and upright in rational numbers.—Gan. The 
problem is an indeterminate one. . 

3 Let the upright ina figure be any assumed number doubled; and the hypotenuse be unity added 
to the square of that arbitrary number. Thence a proportion, as before: If with this hypotenuse, 
this upright; then with the given hypotenuse, what is the upright? It is consequently found : viz. 
twice the given hypotenuse multiplied by the arbitrary number, and divided by the square of that 
number with unity added to it. Ifthat be multiplied by the arbitrary number, the product is the 
sum of the hypotenuse and side; if divided by it, their difference. Hence, by the rule of concur- 
rence (§ 55), the side and hypotenuse are found. But here, for brevity, the hypotenuse, being already 
known, is subtracted from the sum of that and the side. Sua. 


Ea 
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arbitrary number added to one, viz. 5, is the. upright 68. This: upright, 
multiplied by the arbitrary number, makes 136: and subtracting the hypo- 
tenuse, the side comes out 51. See 

oe]\ 8 


e- = 


i 51 i é - 
-Or putting four, the upright will be 40; and side 75. See 40.85 
: ; E i : 75 


144. Rule ' Or else hypotenuse is doubled and divided by the square 
of an assumed number added to one. Hypotenuse, less that quotient, is the 


upright. ‘The same quotient, multiplied by the assumed number, is. the 
side.? i 


The same hypotenuse 85. Putting two, the upright and side are 51 and 
68. Or, with four, they are 75 and 40. 


Here the difference between side and uptight is in name only, and not 
essential. 


145. Rule:* * Let twice the product of two assumed numbers be the 
upright; and the difference of their squares, the side: the sum of their 
squares will be the hypotenuse, and a rational number.? 


" The assumed upright in the small triangle was before taken at twice a number put. The 
assumption is ‘now two, and hypotenuse is put as there stated. Then proportion being made as 
before, the quotient is multiplied by the arbitrary number, because, in comparison with the preced- 
ing, it was justso much less. The quotient, as it comes out, is the difference between the hypo- 
tenuse and side: and, that being subtracted from the hypotenuse, the ‘residue is the side.—SuR. 
This and the preceding rule are founded on the same principle; differing only in the order of the 
operation and names of the sides: the same numbers come out for the side and upright in one 
mode, which were found for the upright and side by the other. . 

* Having taught the mode of finding a third side, from any two, of hypotenuse, upright and side; 


and in like manner from one, the other two; the author now shows a method of finding all three 


rational [none being given.J—Gawn. The problem is an indeterminate one. * 

* The demonstration is by resolution of a quadratic equation involving several unknown: Let 
the length of the side be ya 1, and that of the upright ca1. The sum of their squares is yav1 cav1. 
It is a square quantity. Putting it equal to niv 1, the root of this side of the equation is 22 1; and 
those of the other side are to he found by the rule of the affected square.* Assuming either term 
for the affected square, the other will be the additive. Let yav 1 be the proposed square, and cavl 
the additive. Then the coefficient being a square, the roots are to be found by the rule (V#. gén. 


§ 95). Here a fraction of ca is put; an arbitrary number for tbe numerator, and another arbitrary 
* Vij. gan. ch. 3. 
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146.: Example. Tell quickly, friend, three numbers, none being given, 
with which as upright, sideand hypotenuse, a rectangular triangle may be 
[constructed.] 


Statement. Let two numbers be put, 1 and 2. From these the side, up- 
right and hypotenuse are found, 4, 3, 5. Or, putting 2 and 3, the side, up- 
right and ‘hypotenuse deduced from them, are 12,5, 13. Or let the assumed 
numbers be 2 and 4: from which will result 16, 12, 20. In like manner, 
manifold [answers are obtained]. 


147. Rule. The square of the ground intercepted between the root and 
tip, is divided by the [length of the] bambu; and the quotient severally 
added to, and subtracted from, the bambu: the moieties [of the sum and 
difference] will be the two portions of it representing hypotenuse and up- 
right.* . 


148. Example.’ Ifa bambu, measuring thirty-two cubits and standing 
upon level ground, be broken in one place, by the force of the wind, and 


one for the denominator. For instance ca 3. Then by the method taught (Vij. gai. § 95) the 
least and greatest roots come out ca 75, ca 4} Here, in the place of the numerator of the least root, 
is the difference of the squares of the assumed numbers; and, in that of the denominator, twice their 
product. So, in place of the numerator of the greatest root, is the sum of the squares; and, in 
that of the denominator, twice the product. The least rootis the value of ya, the fraction ca 75. 
Then, by the pulverizer,* the multiplier and quotient come out § and 12. The multiplier is the 
value of ya and is the side. The quotient is the value of ca and is the upright 12. Substituting 
with it for ca in the greatest root, this is found 13. It is the value of ni and is the hypotenuse. 
Thus the side, upright and hypotenuse are obtained 5, 12, 13. This is the operation directed by 
the rule, § 145. 4 Gan. 


* The sum of hypotenuse and upright being known, as also the side, to discriminate the hy- 
potenuse and upright.—Gan, Therule bears reference to the example which follows. 

* The height from the root to the fracture is the upright. The remaining portion of the bambu 
is hypotenuse. The whole bambu, therefore, is the sum of hypotenuse and upright. The ground 
intercepted between the root and tip is the side: it is equal to the square root of the difference 
between the squares of the hypotenuse and upright. Hence the square of the side, divided by the 
sum of the hypotenuse and side, is their difference [§ 135]. With these (sum and difference) the 


upright and hypotenuse are found by the rule of coneurrence (§ 55). GAN.. 
* See Arithm. of BranmeEGupta under § 41; and Vij.-gan. § 124; where the ‘same example 
occurs. ; 


* Vija-garita, che2. 








PLANE FIGURE. 65 


the tip of it meet the ground at sixteen cubits: say, mathematician, at how 
many cubits from the root is it broken? 


Statement. Bambu 32. Interval between the root and tip of the bambu. 
16. Itis the side of the triangle. Proceeding as directed, the upper and 
lower portions of the bambu are found 20 and 12. | See figure 

20 





t 


149. Rule. The square [of the height] of the pillar is divided by the 
distance of the snake from his hole; the quotient is to be subtracted from 
that distance: The meeting of the snake and peacock is from the snake’s 
hole half the remainder, in cubits.* É 


150. Example. A snake’s hole is at the foot of a pillar, and a peacock 
is perched on its summit. Seeing a snake, at the distance of thrice the pil- 
lar, gliding towards his hole, he pounces obliquely upon him. Say quickly 
at how many cubits from the snake’s hole do they meet, both proceeding an 
equal distance? 


Statement. Pillar 9. Itis the upright. Distance of the snake from his 
hole 27. Itis the sum of hypotenuse and side. Proceeding as directed, the 


meeting is found in cubits; viz. 12.4 See figure NN 
B. 
è 27 


* The sum of the side and hypotenuse being known, as also the upright, to discriminate the 
hypotenuse and side. Gay. 

* The rule bears reference to the example which follows. The principle is the same with that 
of the preceding rule. 

* This occurs also in some copies of the Vija-ganita, aftcr § 189; as appears from the commen- 
tary of SURYADASA, giving an interpretation of it in that place. It is borrowed from the Arithm. 
of BRauMEGUPTA under § 41, with a change of a snake and a peacock substituted for a rat and 
a cat. 

* Subiracted from the sum of hypotenuse and side, this leaves 15 for the’ hypotenuse. The 
snake had proceeded the same distance of 15 cubits towards his hole, as the peacock in pouncing 
upon him. Their progress is therefore equal. SUR. 


K 
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. 151. Rule! The quotient of the square of the side divided by the dif- 
ferenee between the hypotenuse and upright is twice sect down: and the dif- 
ference is subtracted from the quotient [in one place} and added to it [in the 
other]. The moieties [of the remainder and sum] are imn their order the up- 
right and hypotenuse.? i 

This? is to be gċénerally applied by the intelligent mathematician. 


152. Friend, the space, between the lotus [as it stood] and the spot 
where it is submerged, is the side. The lotus as seen [above water] is the 
difference between the hypotenuse and upright. The stalk is the upright:* 
for the depth of water is measured by it. Say, what is the depth of 
water ? 


153. Example’ In a”certain lake swarming with ruddy geese® and 
eranes, the tip of a bud of lotus was seen a span above the surface of the 
water. Forced by the wind, it gradually advanced, and was submerged at 
the distance of two cubits. Compute quickly, mathematician, the depth of 
water. 


Statement: Diff. of hypotenuse and upright 4 cubit. Side 2 cubits. 
Proceeding as directed, the upright and hypotenuse are found, viz. upright 
15, Itis the depth of water. Adding to it the height of the bud, the hy- 
potenuse comes out 47. See 4,2 


7 
+E 


154. Rule” The height of the tree, multiplied by its distance from the 


* The difference between the hypotenuse and upright being known, as also the side, to find the 
upright and hypotenuse. ~ Gan. 

* The demonstration, distinctly set forth under a preceding rule, is applicable to this. Gaw. 

3 Beginning from the instance of the broken bambu (§ 147) and including what follows. Gay. 

4 The sides, constituting the figure in the example which follows, are here set forth, to assist 
the apprehension of the student. Sur. and Gan. 

. 3 See Arithm. of Bran. under § 41; and Mtj.-gan. § 125: where the same example is in- 
serted, 

© Anas Casarca. 

7 The sum of the hypotenuse and upper portion of the upright heing given, and the lower por- 
tion being known; as also the side: to discriminate the portion of the upright from the hypote- 
nuse.—Gawn’, As in several preceding instances, a reference to the example is requisite to the 
understanding of the rule. The same problem occurs in BRAUNEGUPTa’s Arithmetic, § 39; and 
is repeated in the Vija-ganita, § 126. 
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pond; is divided by twice the height of the tree added to the space between 
the tree and pond: the quotieit will be the measure of the Heap. 


155. Example. From a trce a hundred cubits high, an ape descended 
and went to a pond two hundred cubits distant: while another ape, vault- 
ing to some height off the tree, proceeded with velocity diagonally to the 
same spot. If the space travelled by them be equal, tell me, quickly, learned 
man, the height of the leap, if thou have diligently studied calculation. 

Statement: Tree 100 cubits. Distance of it from the pond.200. Pro- 
ceceding as directed, the height of the leap comesout 50.* See. sop., ai 


2 a. O 
100 ~ 
ey 


200 


156. Rule.2 From twice the square of the hypotenuse subtract the sum 
of the upright and side multiplied by itself, and extract the square-root of 
the remainder. Set down the sum tw ice, and let the root be subtracted in 
one place and added in the other. The moieties will be measures of the side 
and upright.’ : 


157. Example. Where the hypotenuse is seven above ten ; and the sum 
of the side and upright, three above twenty ; tell them to me, my friend: 


Statement : Hypotenuse 17.. Sum of side and upright 93. Proceeding 
as directed, the side and upright are found 8 and 15. See [> 17 


~~ 


15 

* The hypotenuse is 250: and the entire upright 150. 

2 Hypotenuse being known, as also the sum of the side and upright, or eff HRe? to dis- 
criminate those sides. GAN. 

3 In like manner, the difference of the side and upright being given, the sare rule is appli- 
cable.—Gaw. Using the difference instead of the sum. | 

The principle of the rule ts this: the square of the hypotenuse is the sum of the’ squares of the 
sides. But the sum of the squares, with twice the product of the sides added to it, is the square of 
the sum ; and, with the same subtracted, is the square of the difference., Hence, cancelling equal 
quantities affirmative and negative, twice the square of the Rupotenuse will be the sum of the 
squares of the sum and difference. ‘Therefore, subtracting from ‘twice the square of hypotenuse 
the square of the sum, the remainder is the square of the difference ; or conversely, subtracting 
the square of the difference, the residue is the square of the sum. The square-root is the sum or 
the difference. With these, the sides are found by the rule of concurrence. Gay. and SvR. 

K £ 
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158. Example. Where the difference of the side and upright is seven 
aud hypotenuse is thirteen, say quickly, eminent mathematician, what are 
the side and upright :* 


Statement. Difference of ‘side and’ upright 7. Hypotenuse 13. Pro- 
ceeding as directed, the side and upright come out 5 and 12. See | Ne 


' 5 


159. Rule? The product of two erect bambus being divided by their 
sum, the'quotient is the perpendicular’ from the junction [intersection] of 
threads passing reciprocally from the root [of one] to the tip [of the other.] 
The two bambus, multiplied by an assumed base, and divided by their sum,, 
are the portions of the base on the respective sides of the perpendicular. 


160." Example.* Tell the perpendicular drawn from the intersection of 
strings stretched mutually from the roots to the summits of two bambus 


fifteen and ten cubits high standing upon ground of unknown extent. 


Statement: Bambus 15,10. The perpendicular is. found. 6. 


Next to find the segments of the base: let the ground be assumed 5; the- 


segments come out 3 and 2. Or putting 10, they are 6 and 4. Or taking 


15, they are 9.and6. See the figures | | 
3.2 6 4 9 6 


In every instance the perpendicular is the same: viz. 6.* 
‘The proof is in every case by the rule of three: if with a side equal.to the 


* This example of a case where the difference of the sides is given, is omitted, by SURyapDAsa, 
but noticed by Ganrsa. Copies of the text. vary; some contajning, and others omitting, ‚the 
instance. , 

> Having taught fully the method of finding the sides in a right-angled triangle, the author next 
propounds a special problem.—Gawn. To find the perpendicular, the base being unknown.—SuR. 

3 Lamba, Acalamba, Valamba, Ad’hélamba, the perpendicular. . | 

* See Vija-ganita, § 127. 

* However the base may vary by assuming a greatcr or less quantity for it, the perpendicular 
will still be the same. - - Gay. 
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base, the bambu be the upright, then with the Sinoni of the base what 
will be the upright? 


161. Aphorism.? That figure, though rectilinear, of which sides are pro- 
posed by some presumptuous person, wherein oneside* exceeds or equals the 
sum of the other sides; may be known to be no figure. 


162. Example: Where sides are proposed two, three, six and twelve in 
a quadrilateral, or three, six and nine in a a triangle, by some’ presumptuous 
dunce, Know it to be no figure. 


Statement: The figures are both incongruous. Let stratt rods exactly of 
the length of the proposed. sides be placed on.the ground, the incongruity. 
will be apparent.* 


163—164. Rule*’in two couplets: In a triangle, the sum of two sides, 
being multiplied by. their difference, is divided by their base :° the quotient 


* On each side of the perpendicular, are segments of the base relative to the greater and smaller 
bambus, and larger or less analogously to them. Hence this proportion. “ If with the sum of the 
bambus, this sum of the segments-equal to the entire base be obtained, then,. with the smaller 
bambu, what is had?’ The answer gives the segment, which is relative to the least’ bambu. 
Again: “ if with a side equal to the whole base, the higher bambu be the upright, then with a side 
equal to the segment found as above, what is bad?” ‘The answer gives the perpendicular let fall 
from the intersection, of the threads. Here a multiplicator and a divisor equal to the entire base 
are both cancelled as.equal and contrary:.and there remain the product of the. two bambus for 
aia and their sum for denominator. Hence the rule. Gan. 

* The aphorism explains the nature of impossible figures proposed by dunces.—Sun. It serves 
as a definition of plane figure (cshétra).—-Gaw. In a triangle or other plane rectilinear figure, 
one side is always less than the sum of the rest. If equal, the perpendicular is nought, and there 
is.no complete figure. If greater, the sides do not ineet—Sunr. Containing no area, it is no 
figure.—Caum. RANG. 

3 The principal or greatest side—Gawn. Caum. RANG.. 

* The rods will not.meet.—Sur. 

* In any triangle to find the perpendicular, segments and area. This is introductory to a fuller 
consideration of areas.—Gan. and Sun. Itis taken from BRaHMEGUPTA, 12, § 22. | 

© Bhimi, bhi, cu, mahi, or any other term signifying earth ; the ground or base of a triangle or 
other plane figure. Any one of the sides is taken for the base; and the -rest are termed simply. 
sides, GaNESa restricts the term to the greatest side. See note § 168. 

Lamba, &c. the perpendicular. See note on §.159. 
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is swhtraeted from, and added to, the base which is twice set down: and 
being halved, the results are segments corresponding to those sides.* 


164. The square-root of thie difference of squares of the side and its own 
segment of the base becomes the perpendicular. Half the base, multiplied 
by the perpendicular,’ 1s in a triangle the exact® area.* 


Abed’ hé, abad’hé, avabad hé, seginent of the base. These are terms introduced by earlier writers. 
From the point, where a perpendicular falling from the apex (mastaca). meets the base, the two 
portions or divisions of the ground on their respective sides [or, if the perpendicular fall without the 
figure in an obtuse-angled one, on the same side] are distinguished by this name. 

Phala, Ganita, Cshétra-phala, Sama-céshfa-miti; the, measure of like compartments, or number 
of equal squares of the same denomination (as cubit, fathom, finger, &c.) in which the dimension 
of the side is given: the area or superficial content. It is the product of ‘multiplication of length 


by breadth. r Gay. and Sur. 

* The relative, dependent, or corresponding segments. ‘The smaller segment answers to the less 
side; the larger segment to the greater side. Gan. 

? Or half the perpendicular taken into the base. GaN. 


~ Sphuta-phala distinct or precise area ; opposed to asphuta—or sthulacphala indistinct or gross 
area. See § 167—and Arithm. of Braum. § 21. 

+- Demonstration: In both the right-angled triangles formed in the proposed triangular figure, 
one on each side ‘of the’ perpendicular, this line is the upright; the side is hypotenuse, and the 
correspondent segmeiit is side. Hence, subtracting the square of the perpendicular from the square 
of the side, the remainder is'square of the segment. So, subtracting the square of the other side, 
there remains the square of the segment answering to it. ‘Their difference is the difference of the 
squares of the segments and is equal to the difference of the squares of the sides; since an equal 
guantity has been taken from each: for any two quantities, less an equal quantity, have the same 
difference. Itis equal to the product of the sum and difference of the simple quantities. There- 
fore the sum of the sides, multiplied by their difference, is the difference of the squares of the 
segménts. But the base is the sum of the segments. The difference of the squares, divided by 
that, is the difference of the segments. From which, by the rule of concurrence (§ 55) the seg- 
ments are found. ` 

The square-root of the difference between the squares of the side and segment (taken as hypote- 
nuse and side) is the upright. It is the perpendicular. 

Dividing the triangle by a line across the middle, and placing the two halves [or parts] of the 
upper portion disjoined by the perpendicular, on the two sides of the lower portion, an oblong is form- 
ed ; in which the half of the perpendicular is one side, and the base is the other. See 
Wherefore half the perpendicular, multiplied by the base, is the area or num- 
ber of equal compartments. Or half the base, multiplied by the perpendicu- 
lar, is just so much.—Gay. 





14 
If with the sum of the sides, this difference be had, then with this sum of the segments, that-is, 
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165. Example. In a triangular figure, in which the base is fourteen and 
its sides thirteen and fifteen, tell quickly the length of the perpendicular, 
the segments, and the dimensions by-like compartments termed area. 


Statement: Base 14. Sides 13 and 15. Procecding as directed, the seg- 
ments are found, 5 and 9; and the perpendicular, 12: the area, 84. See 


15 13 
9 5 


166. Example. In a triangle, wherein the sides measure ten and seven- 
teen, and the base nine, tell me promptly, expert mathematician, the seg- 
ments, perpendicular and area. 


Statement: Sides 10 and 17. Base 9. By the rule § 163, the quotient 
found is 21. Thts cannot be subtracted from the base. Wherefore the base 
is subtracted from it. Half the remainder is the segment, 6; and is nega- 
tive: that is to say, is in the contrary direction.1. Thus the two segments 


with the base which is their sum, what is obtained? Were, as the demand -increases, the fruit 
decreases: wherefore, by the inverse rule of three § 74, the difference of the sides, multiplied by 
their sum, and divided by the base, gives the difference of the segments. With that and the base, 
which is their sum, the segments are found by the rule of concurrence § 55. B 

In an acute-angled triangle, two right-angled triangles are formed by the perpendicular within 
it. The side becomes an hypotenuse, the segment a side, and the unknown perpendicular an up- 
right alike in both. Hence (§ 134) the square-root of the difference of the squares of the side and 
segment is the perpendicular. 

The perpendicular is the breadth; and the base is the length. It is exactly so in the lower 
part; but not so in the upper part: for there the figure terminates in a sharp point. Wherefore 
half the length is the length to be multiplied. If two triangles be placed within a quadrilateral, it 
is readily perceived, that the triangle is half the quadrilateral. Or if an acute-angled triangle be 
figured, two right-angled triangles are formed by the perpendicular; and their bases are the seg- 
ments. The moieties of the segments, multiplied by the perpendiculnr, are the areas of the two 
rectangular triangles. Their sum is the area of the proposed triangle.—Sur. 

In an obtuse-angled triangle also, the base multiplied by half the perpendicular is the area. 

GAN. 

* When the perpendicular falls without the base, as overpassing the angle in consequence of 
the side exceeding the base, the quotient found by the rule § 163 cannot be taken from the base : 
for both origins of sides are situated in the same quarters from the fall of the perpendicular, There- 


Ca 
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are found 6 and 15. From’ which, both ways too, the perpendicular comes 


out 8. The area, 36. See 
es 17 


6 9 


167. Rules Half the sum of all the sides is set down in four places; 
and the sides are severally subtracted. ‘The remainders being multiplied to- 
gether, the square-root of the product is the area, inexact in the quadrila- 
teral, but pronounced exact in the triangle.’ 


168. Example. Ina quadrilateral figure, of which the base® is fourteen, 
the summit* nine, the flanks thirteen and twelve, and the perpendicular 
twelve, tell the area as it was taught by the ancients. 


¢ 


fore subtracting the base from the quotient, half the residue is the segment and situated on the 
contrary side, being negative. W herefore, as both segments stand on the same side, the smaller 
is comprehended in the greater; and, in respect of it, is negative. Thus all is congruous and un- 
exceptionable—Gawn. When the sum of the segments is to be taken, as they have contrary 
signs, affirmative and negative, the difference of the quantities is that sum.—Sur. See Vij.-gan. 
§ 5. 

* For finding the gross area of a quadrilateral; and, by extension of the rule, the exact area of 
a triangle——Gawn. For finding the area by a method delivered by Sip’ HARA, as a general one 
common to all figures——Ranc. Excepting an equidiagonal quadrilateral.—Caum. Srip'nara’s 
rule, which is here censured, occurs in his compendium of Arithmetic.—Gan. sér. § 126. See 
likewise Arithm, of BRanMEGUPTA, § 21. 

2 In the case of a triangle, half the sum of the three sides is four times set down; the three 
sides are subtracted severally in three instances: in the fourth, it remains unchanged. The square- 
root of the product of such four quantities is the exact area. —GAN. 

If the three remainders be added together, their sum is equal to half the sum of all the sides. 
The product of the continual multiplication of the three remainders being taken into the sum of 
those remainders, the product so obtained is equal to the product of the square of the perpendi- 
cular taken into the square of half the base. It is a square quantity: for a square, multiplied by 
a square, gives a square. The square-root being extracted, the product of the perpendicular by 
half the base is the result: and that is the area of the triangle. Therefore the true area is thus 
found. Ina quadrilateral, the product of the multiplication does not give a square quantity: but 
an irrational one. Its approximate root is the area of the figure ; not, however, the true one: for, 
when divided by the perpendicular, it should give half the sum of the base and summit.—Sur. 

3 The greatest of the four sides is ealled the base-—Gawn. This definition is, however, too re- 


stricted. See § 185 and 178. The notion of it is taken from BRAHMEGUPTA. Arithm. - 


& 38. 
4 Mucha, cadana, or other term expressing mouth: the side opposite to the base; the summit. 
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Statement: Base 14. Summit 9. Sides 13 and 12. Perp. 12. 
12 13 


14 
- By the method directed, the result obtained is the surd 19800, of which 
the approximated root is somewhat less than a hundred and forty-one : 141. 
That, however, is not in this figure the true arca. But, found by the me- 
thod which will be set forth (§ 175), the true area is 138. 


Statement of the triangle before instanced 2 13 
14 
By this method the area comes out the same: viz. 84. 


169—170. Aphorism comprised in a stanza anda half: Since the diago- 
nals of the quadrilateral are indeterminate, how should the area be in this 
case determinate? The diagonals, found as assumed by the ancients,’ do 
not answer in another case. With the same sides, there are other diagonals ; 
and the area of the figure is accordingly manifold. 

For, in a quadrilateral, opposite angles, being made to approach, contraet 
their diagonal as they advance inwards: while the other angles, receding 
outwards, lengthen their diagonal. Therefore it is said, “ with the same 
sides, there are other diagonals.” 


171. How can a person, neither specifying one of the perpendiculars, nor 
either of the diagonals, ask the rest?? or how can he demand a determinate 
area, while they are indefinite ? 


172. Such a questioner is a blundering devil.’ Still more so is he, who 
answers the question. For he considers not the indefinite nature of the 
lines* in a quadrilateral figure. 


* By Sriv’Hana and the rest. GaN. 
* The perpendiculars, diagonals, &c. GaN. 
3 Pisdcha (a demon or vampire). “So termed, because he blunders. Sur. 


* Of the diagonal and perpendicular lines. Sur, 
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173—175. Rule’ in two and a half stanzas: Let one diagonal of an equi- 
lateral tetragon be put as it is given. ‘Then subtract its square from four 
times the square of the side. The square-root of the remainder is the measure. 
of the second diagonal. 


174. The product of unequal diagonals multiplied together, being di- 
vided by two, will be the precise area in an equilateral tetragon. But ina 
regular one with equal diagonals, as also in an oblong,’ the product of the 
side and upright will be so. 


175. Inany other quadrilateral with equal perpendiculars,> the moiety 
of the sum of the base and summit, multiplied by the perpendicular, [is the 
area. | 


176. Mathematician, tell both diagonals and the area of an equilateral 
quadrangular figure, whose side is the square of five: and the area of it, the 
diagonals being equal: also [the area] of an oblong, the breadth of which 
is six and the length eight. 


Statement of first figure 25 Here, taking the square-root of 





the sum of the squares (§ 134), the diagonal comes out the surd 1250, alike 
both ways. The area 625. 
Assume one diagonal thirty; the other is found 40; and the area 600. See 


25 


29 


Put one diagonal fourteen: the other is found 48; and area 336. See 





* In an equilateral telragon, one diagonal being given, to find the seeond diagonal and the area: 
also in an equi-perpendicular tetragon [trapezoid] to find the area.—Gawn. Equilateral tetragons 
are twofold: with equal, and with unequal, diagonals. The first rule regards the equilateral le- 
tragon with unequal diagonals [the rhomb. ] SUR. 

2 Ayata: a long quadrilateral which has pairs of equal sides. GaN. 

3 In an unequal quadrilateral figure, to find the area—Sur. In any quadrilateral with lwo, 
or with three, equal sides, or with all uncqual, but having equal perpendiculars. RANG. 
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Statement of the oblong | | Area 48. 
8 


177. Example. Where the summit is eleven; the base twice as much 
as the summit; and the flanks thirteen and twenty; and tlie perpendicular 
twelve; say what will be the area ? 


11 


; The gross area (§ 167) is 250. The true 
Statement: 13 20 We on (§ 175) is 198. 
22 


Or making three portions of the figure, and severally finding their areas, 
and summing them, the principle may be shown. 





178. Example. Declare the diagonal, perpendicular and dimensions of 
the area, in a figure of which the summit is fifty-one, the base seventy-five, 
the left side sixty-eight, and the other side twice twenty. 


179. Aphorism showing the connexion of area, perpendicular and dia- 
gonal: 

If the perpendicular be known, the diagonal is so: if the diagonal be 
known, the perpendicular is so: if they be definite, the area is determinate. 

For, if the diagonal be indefinite, so is the perpendicular. Such is the 
meaning. 


179 continued. Fule for finding the perpendicular: In the triangle 
within the quadrilateral, the perpendicular 1s found as before taught:° the 
diagonal and side being sides, and the base a base.’ 

Here, to find the perpendicular, a diagonal, proceeding from the extre- 


* The diagonal being either given or assumed. Gay. 
2 See § 163 and 164. 
3 The summit becomes base of the second triangle; the diagonal is one leg; and the remaining 
side of the quadrilateral, the other. . ° SRAne. 
LQ 
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mity of the left side to the origin of the right one, is assumed, put at 
seventy-seven. See 





By this a triangle is constituted within the quadrilateral. In it that dia- 
gonal is one side, 77; the left side is another, 68; the base continues such, 
75. Then, proceeding by the rule (§ 163—164), the segments are found 244 
and #24; and the perpendicular, 22%. See figure. 

180. Rule to find the diagonal, when the perpendicular is known: 

The square-root of the difference of the squares of the perpendicular and 
its adjoining side is pronounced the segment. The square of the base less 
that segment being added to the square of the perpendicular, the square- 
root of the sum is the diagonal. 

_ In that quadrilateral, the perpendicular from the extremity of the left 
side is put #8. Hence the segment is found = ; and by the rule (9 180) 
the diagonal comes out 77. i 


181—182. Rule to find the second diagonal [two stanzas]: 

In this figure, first a diagonal is assumed.* In the two triangles situated 
one on either side of the diagonal, this diagonal is made the base of each; 
and the other sides are given: the perpendiculars and segments? must be 
found. Then the square of the difference of two segments on the same 
side’ being added to the square of the sum of the perpendiculars, the square- 
root of the sum of those squares will be the second diagonal inall tetragons.* 

In the same quadrilateral, the length of the diagonal passing from the 
extremity of the left side to the origin of the right one, is put 77. Within 
the-figure cut by that diagonal line, two triangles are formed, one on each 


* Either arbitrarily [see § 183] or as given by the conditions of the question. Gan. 

* The two perpendiculars and the four segments. GANG. 

3 Square of the interval of two segments measured from the same extremity. 

* In the figure, which is divided by the diagonal line, two triangles are contained: one on each 
side of that line; and their perpendiculars, which fall one on each side of the dingonal,are thence 
found. The difference between two segments on the same side will be the interval between the 
perpendiculais. It is taken as the upright of a triangle. Producing one perpendicular by the ad- 
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side of the diagonal. Taking the diagonal for the base of each, and the two 
other sides as given, the two perpendiculars and the several segments must 


be found by the method before taught. See figure 51 
68 SA i 
la A e 

15 


viz. Perpendiculars 24 and 60. Segment of the base of the one part 45 
and 32; of the other 32 and 45. Difference of the segments on the same 
side (that is, so much of the base as is intercepted between the perpendicu- 
lars) 13. Its square 169. Sum of the perpendiculars 84. Its square 7056. 
Sum of the squares 7225. Square-root of the sum 85. Itis the length of 
the second diagonal. So in every like instance. 


183—184. Rule restricting the arbitrary assumption of a diagonal {a 
stanza and a half:] The suni of the shortest pair of sides containing the dia- 
gonal being taken as a basc, and the remaining two as the legs [of a triangle,] 
the perpendtcular is to be found: and, in like manner, with the other diagonal. 
The diagonal cannot by any means be longer than the corresponding base, 
nor shorter than the perpendicular answering to the other. Adverting to 
these limits an intelligent person may assume a diagonal. 

For a quadrilateral, contracting as the opposite angles approach, becomes 
a triangle; wherein the sum of the least pair of sides about one angle is the 


dition of the other, the sum-is made the side of the triangle. The second diagonal is hypotenuse. 
A triangle is thus formed. See 





From this is deduced, that the square-root of the sum of the squares of the upright and side 
will be the second diagonal: and the rule is demonstrated. Gan, 

In an equilateral tetragon, and ina trapezium of which the greatest side is the base and the least 
is the summit, there is no interval between the perpendiculars; and the second diagonal is the 
suin of the perpendiculars. Ibid. 
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base; and the other two are taken as the legs. The perpendicular is found 
in the manner before taught. Hence the shrinking diagonal cannot by any 
means be less than the perpendicular; nor the other be greater than the base. 


It is so both ways. This, even though it were not mentioned, would be - 


readily perceived by the intelligent student. 


184. Rule to find the area [half a stanza:] The sum of the arcas of the 
two triangles on either side of the diagonal is assuredly’ the area in this 
figure. 

In the figure last specified, the areas of the two triangles are 924 and 
2310. The sum of which is 3234; the area of the tetragon. 


185—186. Rule? [two stanzas:] Making the difference between the 
base and summit of a [trapezoid, or] quadrilateral that has equal perpendicu- 
lars, the base [of a triangle], and the sides [its] legs, the segments of it and 
the length of the perpendicular are to be found as for a triangle. From the 
base of the trapezoid subtracting the segment; and adding the square of the 
remainder to the square of the perpendicular, the square-root of the sum will 
be the diagonal. 

In a [trapezoid, or] quadrangle that has equal perpendiculars, the sum of 
the base and least flank is greater than the aggregate of the summit and 
other flank. 


* It is the true and correct area, contrasted with the gross or inexact area of former writers. 
Gan.and Sur. 

* To find definite diagonals, when neither is given; nor the perpendicular; but the condition 
that the perpendiculars be equal; which is a sufficient limitation of the problem. 

3 Yn a quadrilateral figure having equal perpendiculars, the intermediate portion between the 
extreme perpendiculars being taken away, there remain two rectangular triangles on the outer 
side. Uniting them together, a triangle is formed, in which the flanks are legs, and the base less 
the summit is the base. Hence the perpendicular in this triangle, found by the rule before taught 
(§ 164), is precisely the perpendicular of the tetragon; and the segments, which are found (§ 163), 
lie between the perpendicular and the corresponding sides. The base of the tctragon, less either 
of the segments, is the side of a rectangular triangle within the same tetragon; and the perpen- 
dicular is its upright: wherefore the square-root of the sum of their squares is the correspondent 
diagonal: and, in like manner, with the other segment, the diagonal resting on the other perpen- 
dicular is found. Gay. 
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187—189. The sides measuring fifty-two and one less than forty ; the 
summit equal to twenty-five, and the base sixty: this was given as an ex- 
ample by former writers for a figure having unequal perpendiculars; and 
definite measures of the diagonals were stated, fifty-six and sixty-three. 
Assign to it other diagonals; and those particularly which appertain to it as 
a figure with equal perpendiculars. 


25 
Statement: a 





60 


Here assuming one diagonal sixty-three, 63, the other is found as before, 
56. Or, putting thirty-two instead of fifty-six for a diagonal, the other, found 
by the process before shown, comes out in two portions, both surds, 621 and 
2700. The sum of the roots [as extracted by approximation] is the. 
second diagonal 76 22. Sce figure of a triangle put to find the perpendi- 
cular : 








Here the segments are found 2 and 4%; and the perpendicular, the surd 


s016 ; of which the root found by approximation is 38882. It is the equal. 


perpendicular of that tetragon. 

Next the sum of the squares of the perpendicular and difference between 
base and segment: Base of the tetragon, 60: least segment 2; difference 
21, Square of the difference 2°. Square of the perpendicular, which 


was a surd root, =f, Sum 448228; or, dividing by the denominator, 5049. 


It is the square of one diagonal. So base 60; greater segment H2 ; differ- 
ence =. [Its square +=, Square of the surd perpendicular 7. 
Sum #4 ; or, dividing by the denominator, 2176. It is the sum of the 


squares of the perpendicular and difference between- base and greater seg- 
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ment; and is the square of the second diagonal. Extracting the roots of 
these squares by approximation, the two diagonals come out 7! > and 46 44. 





In this tetragon with equal perpendiculars the short side 39 added to the 
base 60, makes 99: which is greater than the aggregate of the summit and 
other flank, 77. Such is the limitation. 

Thus, with the same sides, may be many various diagonals in the tetra- 
gon. Yet though indeterminate, diagonals have been sought as determinate, 
by Braumecupra and others. Their rule is as follows. 


190. Rule: Thesums of the products of the sides about both the cia- 
gonals being divided by each other, multiply the quotients by the sum of 
the products of opposite sides; the square-roots of the results are the dia- 
gonals in a trapezium. 

The objection to this mode of finding the diagonals is its operoseness, as 
I shall show by proposing a shorter method. 


191—192. Rule [two stanzas]: The uprights and sides of two assumed 
rectangular triangles, being multiplied by the reciprocal hypotenuses, be- 
come sides [of a quadrilateral]: and in this manner is constituted a trape- 
zium, iu which the diagonals are deducible from the two triangles.* The 
product of the uprights, added to the product of the sides, is one diagonal ; 
the sum of the products of uprights and sides reciprocally multiplied, is the 


* Acouplet cited from BRAHMEGUPTA. 12. § 28. 

> Assumed conformably with the rule contained in § 145. An objection, to which the com- 
mentator GANESA adverts, and which he endeavours to obviate, is that this shorter method re- 
quires sagacity in the selection of assumed triangles; and that the longer method is adapted to all 
capacilies. f 

2 This method of constructing a trapezium jis taken from BRAHMEGUPTA. 12. § 38. 
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other." When this short method presented, why an operose one was prac- 
tised by former writers, we know not.’ 


* A trapezium is divided into four triangles by its intersecting diagonals; and conversely, by 
the junction of four triangles, a trapezium is constituted. For that purpose, four triangles are 
assumed in this manner. Two triangles are first put in the mode directed (§ 145), the sides of 
which are all rational. Such sides, multiplied by any assumed number, will constitute other rect- 
angular triangles, of which also the sides will be rational. By the twofold multiplication of hy- 
potenuse, upright and side of one assumed triangle by the upright and side of the other, four tri- 
angles are formed, such that turning and adapting them and placing the multiples of the hypote- 
nuses for sides, this trapezium is composed, 


| Tta 
m s g 7 48 60 ai? ` 39 
PAE 20| N25 ry - 
5 15 20 15 3 60 res 


Herc the uprights and sides of the arbitrary triangles, reciprocally multiplied by the hypotenuses, 
become sides of the quadrilateral: and hence the directions of the rule ($ 191). ¢ oe 

In a trapezium so constituted, it is apparent, that the one diagonal is composed of two parts ; 
one the product of the uprights, the other the product of the sides of the arbitrary triangles. - The 
other diagonal consists of two parts, the products of the reciprocal multiplication of uprights and 
sides. These two portions are the perpendiculars: for there is no interval between the points of 
intersection. This holds, provided the shortest side be the summit; the longest, the base; and the 
rest, the flanks. But, if the component triangles be otherwise adapted, the summit and a flank 
change places. Sce 

39 


32 


25 


60 

Here the two portions of the first diagonal, as above found (viz. 48 and 13) do not face; but are 
separated by an interval, which is equal to the difference between the two portions of the other dia- 
gonal (36 and 20) viz. 16. It is the difference of two segments on the same side, found by a pre- 
ceding rule (§181— 182); and is the interval between the intersections of the perpendiculars ; and 
is taken for the upright of a triangle, as already explained (§ 181, note): the sum of the two por- 
tions of diagonal equal to the two perpendiculars is made the side. The square-root of the sum of 
the squares of such upright and side is equal to the product of the hypotenuses (13 and 5): where- 
fore the author adds “ if the summit and flank change places, ,the first* diagonal will be the pro- 
duct of the hypotenuses.” 

From the demonstration of Bratmecupta’s rule (Arithm, of Braun. § 28) may be Enanos 


* Sothe MSS. But Buascara’s text exhibits second. 
M 


y 
82 LYLAVATY. CHAPTER VI. 


Assuming two rectangular triangles, X ae Multiply the upright 


and side of one by the wai of the el the greatest of the products 
is taken for the base; the least for the summit; and the other two for the 


flanks. See 


39 ~ 59 
60 

Here, with much labor [by the former method] the diagonals are found 
63 and 56. . 

. With the same pair of rectangular triangles, the products of uprights and 
sides reciprocally multiplied are 36 and 20: the sum of which is one dia- 

i 

grounds of a succinct proof, that the diagonal is found by multiplication of the hypotenuses, when 
the summitis not the least side. For, if the two derivative triangles be fitted together by bringing 


the hypotenuses in contact, the trapezium is such as is produced by the transposition of the sum- 
mit and a flank, and the diagonal is the i of the “Ts of the generating triangles. 


ae 
fs ae 


GAN. i H 
2 In like manner, for the tetragon before instanced (§ 178), to find the diagonals, a pair of rec- 


è 


tangular triangles is put Ns le Proceeding as directed, the diagonals come out 77 and 
5 
4 


3 8 
84. In the figure instanced, a transposition of the flank and summit takes place 


. 5) 
68 
: 5) 68 D 
75 7o, 


wherefore the product of the hypotenuse of the two rectangular triangles will be the second dia- 
gonal: and they thus come out 77 and 85. —- Gan. 


2 
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f 


gonal, 56.- The products of uprights multiplied together, and sides taken 
‘into each other, are 48 and 15: their sum is the other diagonal, 63. Thus 
they are found with ease. 

But if the summit and flank change places, and the figure be stated ac- 
cordingly, the second diagonal will be the product of the hypotenuses of the 


two rectangular triangles : viz. 65. See 39 
<4 Ve 


, et ge 


60 


193—194. Example! Ina figure, in which the base is three hundred, 
the summit a hundred and twenty-five,.the flanks two hundred and sixty 
and one hundred and ninety-five, one diagonal two hundred and eighty and 
the other three hundred and fifteen, and ‘the perpendiculars a hundred and 
eighty-nine and two hundred and twenty-four; what are the portions of the 
perpendiculars and diagonals below the intersections of them? and the per- 
pendicular let fall from the intersection of: the diagonals ;- ‘with the segments 
‘answering to it? and the perpendicular of the needle formed by the pro- 
-longation of the flanks until they meet? as well as the segments correspond- 
ing to it; and the measure of both the needle’s sides? ‘ All this declare, ma- 
thematician, if thou be thoroughly skilled in this [science of ]*’ plane figure. 


b 


Statement: “vo ~a Length of the base 300. Summit 125. 
Flanks 260 and 195. Diagonals 280 
and 315. Perpendiculars 189 and 
Q4. 





482 300 $ 132 “5 


* Having thus, from § 173 to this place, shown the method of finding the area, &c. in the four- 
‘teen sorts of quadrilaterals, the author now exhibits another trapezium, proposing questions con- 
cerning segments produced by intersections. Gan. The author proposes a question in the form 
of an example.—Ganc,. For the a of the pupil, he exhibits the figure called (sucht) a 
needle. Afanér. i 

The problem is taken from Branmecurra with a slight ` ramets and this: example differs 
from his only in the scale, his numbers being here reduced to fifths. Arithm. of Brau. § 32. 

* Manéranjana. 

M 2 
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195—196. Rule (two stanzas): The interval between the perpendicular 
and its correspondent flank is termed the sand’hi' or link of that perpendicu- 
lar. The base, less the link or segment, is called the pid’ha or complement of 
the same. The link or segment contiguous to that portion [of perpendicular 
or diagonal] which is sought, is twice set down. Multiplied by the other 
perpendicular in one instance, and by the diagonal in the other, and divided 
[in both instances] by the complement belonging to the other [perpendicu- 
lar], the quotients will be the lower portions of the perpendicular and dia- 
gonal below the intersection. 


_ Statement: Perpendicular 189. Flank contiguous to it 195. Segment 
intercepted between them (found by § 134) 48. It is the link. ‘The second 
segment (found by § 195) is 252, and ts called the complement. Í 

Te like manner the second perpendicular 224. The flank contiguous to 
it 260. Interval between ep, being the segment called link, 132. Com- 
plement. 168. 

Now to find the lower portion of the first perpendicular 189. Its link, 
separately multiplied by the other perpendicular 224 and by the diagonal 
280, and divided by the other complement 168, gives quotients 64.the lower 
portion of the perpendicular, and 80 the lower portion of the diagonal. 

So for the second perpendicular 224, its link 132, severally multiplied by 
the other perpendicular 189 and by the diagonal 315, and divided by the 
other complement 252, gives 99 for the lower portion of the perpendicular 
and 165 for that of the diagonal. 


197. Rule to find the perpendicular below the intersection of the diago- 
nals: The perpendiculars, multiplied by the base and divided by the re- 
spective complements, are the erect poles: from which the perpendicular 
let fall from the intersection of the diagonals, as also the segments of the 
base, are to be found as before.? 


Statement: Proceeding as directed, the erect poles are found 225 and 400. 
Whence, by a former rule (§,159), the perpendicular below the intersection 


* Sand’hi union, alliance; intervention, connecting link. 
Pit’ha lit. stool. Here the complement of the segment. 
2 By the rule § 159. 
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of the diagonals is deduced, 144; and the segments of the base 108 and 192. 


See figure ia pa 





198—200. Rule to find the perpendicular of the needle’, its legs and the 
segments of its base [three stanzas]: The proper link, multiplied by the 
other perpendicular and divided by its own, is termed the mean; and the 
sum of this and the opposite link is ealled the divisor. Those two quanti- 
ties, namely, the mean and the opposite link, being multiplied by the base 
and divided by that divisor, will be the respective segments of the needle’s 
base. The other perpendicular, multiplied by the base ‘and divided by the 
divisor, will be the perpendicular of the needle. The flanks, multiplied by 
the perpendicular of the needle and divided by their respective perpendicu- 
lars, will be the legs of the needle.® Thus.may the subdivision of a 


* Sichi, needle; the triangle formed by the flanks of the trapezium produced until they meet. 

Sandht. See preceding note. 

Sama, mean; a fourth proportional to the two perpendiculars and the link or segment. 

Hara, divisor; the sum of such fourth proportional and the other link or segment. ~ 

* The needle, or figure resulting from the prolongation of the flanks of the trapezium, is a tri- 
angle, of which the sides are those prolonged flanks; and the base, the same with the base of the 
trapezium ; and the perpendicular, the perpendicular of the needle: to find which, another similar 
and interior triangle is formed, in which the flank of the trapezium is one side, and a line drawn 
from its extremity parallel to the other leg of the needle is the second side: the perpendicular [of 
the trapezium] is perpendicular [of this interior triangle]; the link is one segment of the base ; and 


the mean, as it is called, is the other. See IN 


fs 
195 260 orthis 195 260 
/ iN 


™ 300 % =. 300 $3 
se SS 


Here to find the segment denominated the mean. ln proportion as the opposite perpendicular is 
less or greater than the proper perpendicular, so is the segment termed the mean less or greater 


” 
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plane figure be conducted by the intelligent, by means of the rule of 
three.’ 

Here the perpendicular being 224, its link is 139. This, multiplied by 
the other perpendicular, viz. 189, and divided by its own, viz. 224, gives 
the mean as it is named; ©. The sum of thus and the other link 48 is 
the divisor, as it is lest 275, The mean and other link taken into the 
base, being divided by this divisor, give the segments of the needle’s base 
1836 and “4%. The other perpendicular 189, multiplied by the base and 
divided by the same divisor, yields the perpendicular of the needle $24, 
The sides 195 and 260, multiplied by the needle’s perpendicular and divided 
by their own perpendiculars respectively, viz. 189 and 224, give the legs 


of the needle, which are the sides of the trapezium produced: ` 4% and 


17 
one See AN 


aA o A 
N qe’ "O 
© 


Z 





Thus, in all instances, under this head, taking the divisor for the argu- 
ment, and making the multiplicand or multiplicator, as the case may be, the 
fruit or requisition, ,the rule of three is to be inferred by the intelligent ma- 
thematician. 


i 5 


than that called link: for, according as the side contiguous to the perpendicular is greater or less, 
so is the parallel side also greater or less; and so likewise is the segment contiguous thereto. Hence 
this proportion with the opposite perpendicular: ‘1f the proper perpendicular have this its seginent, 
what has the opposite perpendicular?” The proportional resulting is the olher segment termed the 
mean in the constructed triangle: and the sum of that and of the other segment called the opposite 
link will be the base of the constituted triangle. It is denominated the divisor. To find the perpen- 
dicular of the needle and the corresponding segments of its base accordingly, the proportion is this : 
‘If for this base these be the segments, what are they for the needle’s base, which is equal to the 
entire base ? And, ‘for that base, if this be the perpendicular, what is the perpendicular for the 
needle’s base, which is equal to the whole base?’ and to find the legs of the needle, ‘ if the hypote- 
nuse answering to an upright equal to the perpendicular be the side contiguous to it, what is the 
hypotenuse answering to an upright equal to the perpendicular of the needle?’ In like manner, 
the other leg is deduced from the other perpendicular. Gay. 


* From one part of a figure paw cathy member of it is deduced by the intelligent, through 
‘the rule of proportion. ms a Sua. 








f 
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201. Rule: When the diameter of a circle? is multiplied by three 
thousand nine hundred and twenty-seven and divided by twelve hundred 
and fifty, the quotient is the near’ circumference : or multiplied by twenty- 
two and divided by seven, it is the gross circumference adapted to prac- 
tice.* 


202. Example. Where the measure of the diameter is seven, friend, tell 
the measure of the circumference : and where the circumference is twenty- 
two, find the diameter. 


) 


+ 


! To deduce the circumference of a circle from its diameter, and the diameter from the circum: 
ference. ' nai Gay. 

* Vritta, cartula, a circle. 

Vyasa, vishcambha, cistritt, cistdra, the breadth or diameter of a circle. s gi 
Parid’ hi, parindha, vritti, némi (and other synonyma of the felloe of a wheel), . the circumfereiice 
or compass of a circle. 

3 Súcshma, delicate or fine; nearly precise; contrasted with st’húla, gross, or somewhat less 
exact, but sufficient for common purpeses.—Ganc. SUR. 

BRAHMEGUPTA puts the ratio of the circumference to the diameter as three to one for the gross 
value, and takes the root of ten times the square of the diameter for the neat value of the circum- 
ference. See Arithm. of Baaum. §40. Also Skip’ HARA’S Gan. sår. 

4 As the diameter increases or diminishes, so does the circumference increase or diminish : 
therefore to find the one from the other, make proportion, as the diameter of a known circle to 
the known circumference, so is the given diameter to the circumference sought: and conversely, 
as the circumference to tbe diameter, so'is the given circumference to the diameter sought. 

Further: the semidiameter is equal to the side of an equilateral hexagon within the circle : as 
will be shown. From this the side of añ equilateral dodecágom máy be found in this manner: 
the semidiameter being hypotenuse, ‘and half the side of the hexagon, the side; the square-root 
of the difference of their squares is the upright: subtracting which from the semidiameter the re- 
mainder is the arrow [or‘versed sine]. Again, this arrow being the upright, and the half side of 


the hexagon, a side; the square-root of the sum of their squares is the side of the dodecagon. Sce 
be; 


NA 
ww, 


From which, in like manner, may be found the side of a polygon with twenty-four sides: and so 
on, doubling the number of sides in the polygon, until the side be near to the arc. The sum of 
such sides will be the circumference of the circle nearly. Thus, the diameter being a hundred, 
the side of the dodecagon is the surd 673; and that ofa polygon of three hundred and eighty-four 
sides is nearly equal to the arc. By computation it comes out the surd 98683. Now the pro- 
portion, if to the square of the diameter put at a hundred, viz. 10000, this be the circumference, 
viz. the surd, 98683, then to the square of the assumed diameter twelve hundred and fifty, viz. 
1562500, what will be the circumference? Answer: the root 3927 without remainder. Gan. 
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Statement: Answer: Circumference 21 122%, or gross cir- 
cumference 22. 


Statement : Reversing ule and divisor, the diameter 
comes out 7 =}4,; or gross diameter 7. 


Ca 


203. Rule: In a circle, a quarter of the diameter multiplied by the 
circumference is the area. That.multiplied by four’ is the net all around 
the ball. This content of the surface of the sphere, multiplied by the 


diameter and divided by six is the precise solid, termed cubic, content 
within the sphere.’ 


204. Example. Intelligent friend, if thou know well the spotless 
Lilavati, say what is the area of a circle, the diameter of which is measured 
by seven? and the surface of a globe, or area like a net upon a ball, the 
diameter being seven? and the solid content within the same sphere? 


4 


* Or rejecting equal multiplier and divisor, the circumference multiplied by the diameter is the 
surface. Gan. 


= Prishéa-phala, superficial content : niaii to the net Somut by the string, with which 
cloth is tied to make a playing ball. 
G'hana-phala, solid content: compared to a cube, and dinot from it cubic. 
3 Dividing the circle into two equal parts, cut the content of each into any number of equal an- 
gular spaces, and expand it so that the circumference become a straight line. See 
22 22 
CN WW 
14 
C “ANAM 
ae 
Then let the two portions approach so as the sharp angular spaces of the one may center into 
the similar intermediate vacant spaces of the other: thus constituting an oblong, of which 


the semi-diameter is one side and half the circumference the other. See  ,A\{\AN\\\ 
The product of thcir multiplication is the area.. Half by half isa quarter. Therefore a quarter 
of the diameter by the circumference is equal to the area. 

, See in the Géldd’hydya (spherics) of the Sidd’hénta-strémani, a demonstration of the rule, that 


the surface of the sphere is four times the area of the great circle, or equal to the circumference 
multiplied by the diameter. 
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Answer: Area of the circle 38 2423. Super- 
Statement : ficial content of the sphere 15 $448. poe con- 
tent of the sphere 179 +334. 





205—206. Rule: a stanza and a half. The square of the diameter being 
multiplied by three thousand nine hundred and twenty-seven, and divided 
by five thousand, the quotient is the nearly precise area; or multiplied by 
eleven and divided by fourteen,’ it is the gross area adapted to common 
practice. Half the cube of the diameter, with its twenty-first part added to 
it,? 1s the solid content of the sphere. 

The area of the circle, nearly precise, comes out as before 38 2223, or 
gross area 384. Gross solid content 179 4. en 


206—207. Rule: a stanza anda half. The sum and difference of the 
chord and diameter being multiplied together, and the square-root of the 
product being subtracted from the diameter, half the remainder is the arrow.* 


To demonstrate the rule for the solid content of the sphere: suppose the sphere divided into 
as many little pyramids, or long needles with an acute tip and square base," as is the number by 
which the surface is measured; and in length [height] equal to half the diameter of the sphere: 
the base of each pyramid is an unit of the scale by which the dimensions of the surface are reckon- 
ed: and, the altitude being a semidiameter, one-third of the product of their multiplication is 
the content: for a needle-shaped excavation is one-third of a regular equilateral excavation, as 
will be shown [§ 221]. Therefore {unit taken into} a sixth part of the diameter is the content of 
one such pyramidical portion: and that ae am by the surface gives the solid content of the 
sphere. Gan. 
| 1 Multiplied by 22, and divided by (7 x4) 28; or abridged by reduction to least terms, 44. 
See Gan. &c. ~ : 

2 Multiplied by 22, and divided by (7 x6) 42; or multiplied by 11 and divided by 21. ~ Then 
21:11::2:4% or 1+... See Gan. &c. 

3 In a circle cut by a right line, to find the chord, arrow, &c. That is, either the chord, the 
arrow, or the diameter, being unknown, and the other two given, to find the one from the others, 

Gan. Sur. 

* A portion of the circumference is a bow. The right line between its extremities, like the 

string of a bow, is itschord. The line between them is the arrow, as resembling one set on a bow. 
Gan, Sur. 

Dhanush, chépa and other synonyma of bow; an arc or portion of the circumference of a circle. 

Jivá, Jy4, jyacd, guna, maurct and other synonyma of bow-string; the chord of an arc. 

Sara, ishu and other synonyma of arrow; the versed sine. 

* Mérd’han, base; lit. head or skull. Agra, tip or point: sharp summit. 
N 
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The diameter, less the arrow, being multiplied by the arrow, twice the 
square-root of the product is the chord. The square of half the chord being 
divided by the arrow, the quotient added to the arrow is pronounced! to be 
the dtameter of the circle.’ 


208. Example. In a circle, of which the diameter is ten, the chord 
being measured by six, say friend what is the arrow: and from the arrow 
tell the chord; and from chord and arrow, the diameter. 


1 By teachers: that is, it has been so declared by the ancients. Gan. 

Buanmecupta divides the square of the chord by four times the versed sine. See Arithm. of 
Braum. § 41. 

* On plane ground, with an arbitrary radius,* describe a circle; and through the centre draw 
a vertical diameter: then, on the circumference, at an arbitrary distance, make two marks; and 
the line between them, within the circle, across the diameter, is the chord; the portion of the 
circumference below the chord is the arc: and the portion of the diameter between the chord and 
arc is the nrrow. Statement of a circle to exhibit these lines 


P 


Thus, if the arrow be unknown, to find if, a triangle is constituted within the circle ; where the 
chord is side, a thread stretched from the tip of the chord over the diameter to the circumference 
is [hypotenuse ; ‘and a line uniting their extremities is] the upright. That isto be first found. The 
square-root of.the difference of the squares of the diameter aud chord, which are hypotenuse and 
side, isthe upright. But the product of their sum and difference is the difference of their squares : 
the root of which is the upright, and is measured on the vertical diameter. Thus the sum of the 
two portions of the diameter is equal to the diameter. Now, under-the rule of concurrence (§ 55), 
the less portion only being required, the difoiendi is subtracted from the diameter; ànd the re- 
mainder being halved is the arrow. 

To deduce the chord from the arrow: another triangle is constituted within the circle; wherein 
ihe semidiameter less the arrow is the upright, the semidiameter is hypotenuse; and the square- 
root of the differences of these squares will be the half of the chord; and this doubled is the 
chord. 

Now to find the diameter. The root of the difference of the squares of hypotenuse and upright 
before gave half the chord: now the square of this will be the difference of the squares of.hy- 
potenuse' and upright. That being divided by the arrow and added to it, the result is the 
diameter. SUR. 

The following rule for finding the are is cited by GaN¥Sa from AnyaBuatta: “ Six times the 
square of the arrow being added to the square of the chord, the square-root of the sum is the arc.” 


, 
* Carcata; compass; lit. a crab; meaning the radius. 
Céndra; centre. 


© 





2# 
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Statement: Diameter 10. Whien the chord is'6, the length of the arrow 
comes out 1. See i“ p aa ©. 


) 
J 


Or, AN 1. The chordis found 6. Or from the chord and arrow the 
diameter is deduced 10. 


209—211. Rule:’ three stanzas. By 103923, 84853, 70534, 60000, 
52055, 45922, or 41031, multiply the diameter of the circle, and divide the 
respective products by 120000; the quotients are severally, in their order, . 
the sides of polygons, from the triangle to the enneagou, [inscribed] within 
the circle.’ Ea 


1 To find the sides of regular inscribed polygons. Sur. Gan. 

2 Divide the circumference by the number of sides of the polygon, and find the chord of the 
arc which is the quotient. For this purpose one commentator (Su R.) refers to the subsequent 
rule (§ 213) in this treatise; and another (Gay.) to the rule, in the author’s astronomical work, 
(Sidd'hánta) for finding chords. 

Or the demonstration, says GaNESA, may be otherwise given. Describe a circle sith ang, 
radius* at pleasure, divide it into three equal parts and ‘mark the points; and from those points, 
with the same radius, describe three circles, which will be equal in circumference to the first 
circle; and itis thus manifest, that the side of the regular hexagon within the circle is half a 


diameter. See 


The side of a triangle [inscribed] within a circle is the upright; the diameter is hypotenuse and 
the side of the hexagon is side of the rectangular triangle. See the same figure. Therefore the 
square-root of the difference of the squares of the semidiameter and diameter is the side of the equi- 
lateral [inscribed] triangle: viz. for the proposed diameter (120000) 103923. 

The side of a regular tetragon is hypotenuse, the semidiameter is upright, and side. Sec 
Wherefore the square-root of twice the square of the semidiameter is the side of the &) 
[inscribed] tetragon: viz. for the diameter assumed, 84853. 

The side of the regular octagon is hypotenuse, half the side of the tetragon is upright, and the 
differen idi i j S AT 

ce between that and the semidiameter is the side. See ATA 


ZAY. 
‘Sa Le 
Wherefore the square-root of the sum of the squares of the half the side of the tetragon and the 
semidiameter less the half side of the tetragon is the side of the regular [inscribed] octagon viz. 


for the diameter as put, 45922. ; _ 
* Carcata. See above. 


N 2 
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212. Example. Within a circle, of which the diameter is two thousand, 
tell me severally the sides of the inscribed equilateral triangle and other 
polygons. 


The proof of the sides of the regular pentagon, heptagon and enneagon cannot be shown in a 
similar manner. GaN. 

First to find the side of a triangle inscribed within the circle, describe with a radius* equal to 
the proposed semidiameter, a circle; and draw a vertical diameter line through its centre. Then 
dividing the circumference into three equa) parts, draw a triangular figure and another opposite 
to it; let two other diameters join the summits [angles] of those triangles. Thus there are six 
angles within the circle; and the interval between each pair of angles is equa! to a semidiameter: 
for the diameter, which is in contact with two sides of a quadrilateral within the hexagon, is, from 
the centre of the circle to the side, a quarter of a diameter above the centre and just so much 
below it; and the sum of two quarters is halfa diameter. 


Now the length of a chord between an extremity of a diameter and an extremity of a side of the 
triangle, is equal to a semidiameter. It is a side of a rectangular triangle, of which the diameter 
is hypotenuse, and the square-root of the difference of their squares is the upright and is the 
measure of the side of the inscribed triangle. Ex. Diameter 120000. Side 60000. Difference of 
their squares 10800000000. Its square-root 103923. 

: Or ‘a hexagon being described within the circle as before, and three diameters being drawn: 
through the centre to the six angles, three equilateral quadrangular figures are constituted, where- 
in the four sides are equal to semidiameters: the short diagonal too is equal to a semidiameter ; 
and the long diagonal is equal to the side of the inscribed triangle: and that is unknown. To find 
it, put the less diagonal equal to the semidiameter and proceeding as directed by the rule (§ 181-2), 
the greater diagonal is found, and is the side of the inscribed triangle. Example: assumed dia- 
gonal 60000. Its square 3600000000, subtracted from four times the square of the side 
14400000000, leaves 10800000000. Its square-root is the greater diagonal 103923; and is the 
side of the inscribed triangle. 

The method of finding the side of the triangle and of the hexagon has been thus shown. That 
of the inscribed tetragon is next propounded. Describing a circle as before, draw through the 
centre a diameter east and west and onc north and south: and four lines are to be then drawn in 
the manner of chords, uniting their extremities. Thus a tetragon is inscribed in 
the circle. In cach quadrant, another rectangular triangle is formed; where- 
in a semidiameter is side, and a semidiameter also upright; and the square-root 
of the sum of their squares will be the side of the tetragon. For example, in 
the proposed instance, side 60000, upright 60000. Sum of their squares 7200000000. Its square- 
root 84853. 


The side of the pentagon is the square-root of five times the square of the radius less the radius. 
* Carcata; opening of the compasses. See above. 
t Trijy4; sine of three signs. 


e 
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Statem ent: /o000 \ . 
ba y 


Answer: Side of the triangle 1732}; of the tetragon 141443; of the 


- Or describing a circle as before, and dividing it into five equal parts, construct a pentagon within 
the circle. Draw a line between the extremities of two sides at pleasure; and two figures are 
thus formed; one of which is a trapezium, and the other a triangle: and the line drawn is the 
common base of both. Assume that chord arbitrarily : its arrow, found as directed, 
will be the perpendicular. Thus, in the same triangle, two rectangular tri- 
angles are constituted; in which half the base is the side, the perpendicular is up- 
right, and the square-root of the sum of their squares is hypotenuse, and is the 
side of the pentagon. Example: putting the length of the arbitrary chord which is 
the base of the two figures, at a value near to the diameter, viz. 114140, the arrow comes out by 
the rule (§ 206) 41435 ; and the side of the pentagon is thence deduced 70534. 

The side of the hexagon is half the diameter, as before shown. 

For the heptagon, describe a circle as before, and within it a heptagon; draw a line between 
the extremities of two sides at pleasure, and three lines through tle centre to the angles indieated 
by those sides: an ‘unequal quadrilateral is thus formed: of which the two greater sides,. as well _ 
as the least diagonal, are equal to a semidiameter. Assume the value of the greater diagonal ar- 
bitrarily: it is the chord of the arc encompassing two sides. Hence finding the arrow in the man- _ 
ner directed, it is the side of a small rectangular, triangle, in which half the base or chord is the 
upright; ~ whence the hypotenuse or side of the heptagon ,is deducible. 

Ex. Putting 93804 for the chord; the arrow infcrred from it is 22579; and the 
side of the heptagon 52055. 


Or by a preceding rule (§ 181) the short diagonal, equal to a semidiameter, is the base of the 
two triangles on either side of it. The perpendicular thence deduced (§ 163—164) being doubled 
is the greater diagonal. . 

- To demonstrate the side of the octagon: describe a circle as before and two diameter lines, di- 
viding the circle into four parts. ‘Then draw two sides in each of those parts; and eight angles are 
thus delineated. The line between the extremities of two sides, in form of a chord, is the side of 
an inscribed tetragon. ‘The line from the center of the circle to the corner of the side is equal to 
half the diameter. Thus an unequal quadrilateral is constituted; which is divided by the line 
across it, forming two triangles, in which one side Is a semidiameter and the base also is equal to 
a semidiameter; and half the side of the inscribed tetragon is the perpendicular : whence the other 
side 13 to be inferred. It comes out 45922. 


Next the proof of the side of the nonagon is shown. A circle being deseribed as before, in- 
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pentagon 117514; of the hexagon 1000; of the heptagon 867-7; of the 


octagon 76544; of the nonagon 68344. See 
A -= ` 
\ A 


30 ? 
a f \ VAN Ase 
oN Z = Ne 
From variously assumed diameters, other chords are deducible; as will be 
shown by us under the head of construction of sines, in the treatise on 





spherics. 
The following rule teaches a short method of finding the gross chords. 


213. Rule: The circumference less the arc being multiplied by the are, 
the product is termed first." From the quarter of the square of the circum- 
ference multiplied by five, subtract that first product: by the remainder 
divide the first product taken into four times the diameter: the quotient 
will be the chord.’ 


scribe a triangle init. Thus the circle is divided into three parts. Three equal chords being drawn 
‘jn each of those portions, an enneagon js thus inscribed in the circle: and three oblongs are formed 
within the same ; of which the base is equal to the side of the inscribed triangle. Two perpendi- ` 
culars being drawn in the oblong, it is divided into three portions, the first and last of which are 
triangles ; ‘and the iritermediate one is a tetragon. The base in each of them is a third part of the 
side of the inscribed triangle. It is the upright of’ a rectangular triangle; the perpendicular is its 
side; and the square-root of the sum of their squares is hypotenuse, and is the side of the enneagon. 


To find the perpendicular, put an assumed chord equal to half the chord of the [inscribed] tetra- 
gon; find its arrow in the manner directed; and subtract that from the arrow of the chord of the 
finscribed] triangle: the remainder is the perpendicular. Thus the perpendicular comes out 
21989: it is the side of a rectangular triangle. The third part of the inscribed triangle is 34641 : 
it is the upright. The square-root of the sum of thcir squares is 41031: and is the side of the 
inscribed enneagon. Thus all is congruous. Sur. 


1 Prat’hama, ddya, first [product]. 

2 This, according to the remark of the commentators, is mercly a rough mode of calculation, 
giving the gross, not the near, nor precise, chords. The rule appears from their explanations of 
the principle of it, to be grounded on considering the circle as converted into a rectangular 
triangle, in which the proposed are is a side, its complement to the scmicircle is the up- 
right, and the other semicircle is hypotenuse. The difference between the squares of such up” 
right and hypotenuse is the square of the arc and is the first product in the rule.” When the pro- 
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214. Example. Where the semidiamceter is a hundred and twenty, and 
the arc of the circle is measured by an cighteenth multiplied by one and 50 
forth [up to nine,'] tell quickły the ords of those arcs. 


Statement: Diameter 240. Here the circumference is 754 [nearly]. 

Arcs being taken, multiples of an cighteenth = the chords are to be 
sought. 

Or for the sake of facility, abridging both circumference and arcs by the 
eighteenth part of the circumference, the same chords are found. Thus, 
circumference 18. Arcs 1. 2. 3. 4. 5. 6.7.8:9. Proceeding as directed, the 
chords come out 42. 82. 120. 154. 184. 208. 226. 236. 240. See 





In like manner, with other diameters [chords of assigned arcs may be 
found. |? 


215. Rule:*? The square of the circumference is multiplied by a quarter 
of the chord and by five, and‘divided by the chord added to four times the 
diameter; the quotient being subtracted from a quarter of the square of the 
circumference, the square-root of the remainder, taken from the half of the 
circumference, will leave the arc.* 


posed arc is a semicircle, the chord is a maximum: and so is the first product; and this is equal to 
the square of the semicircumference or quarter of the square of the circumference. Then, as this 
maximum is to the greatest chord, or four times the one to four times the other, so is the first 
product for the proposed arc to the chord of ,that arc. This proportion, however, is modified, by 
adding lo the first term of it the square of the complement of the proposed arc to the semicircle. 

1 Up to nine, or half the number of arcs: for the chords of the eighth and tenth will be the 
same; and so will those of the seventh and eleventh: and so forth. GaN, 

2 Gane. &c. 

* To find the arc from the chord given. 

* This is analogous to the preceding rule. The complement of the arc is found by a rough ap- 
proximation. 
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216. Example. From the chords, which have been here found, now 
tell the length of the arcs, if, mathematician, thou have skill in.computing 
the relation of arc and chord.* ; 


Statement: Chords 42. 82. 120. 154. 184. 208. 296. ae: 240. 
Circumference abridged 18. Ares thence found 1. &. 3.4. 5. 6. 7. 8. 9- 
They must be multiplied by the eighteenth part of the circumference.’ 


* To find the area of the bow or segment ofa circle, the following rule is given in Visunv’s 
Ganita-séra, as cited by GANGADHARA; and the like rule is taught by CESava quoted by his son 
Ganesa: ‘The arrow being multiplied by half the sum of the chord and arrow, and a twentieth 
part of the product being added, the sum is the area of the segment.’ Srip'nana’s rule, as cited 
by GawEsa, is‘ the square of the arrow multiplied by half the sum of the chord and arrow, being 
multiplied by ten and divided by nine, the square-root of the product is the area of the bow.’ 
Gawnesa adds: ‘ the chord and arrow being given, find the diameter; and from this the circum- 
ference; and thence the arc. Then from the extremities of the arc draw lines to the centre of 
the circle. Find the area of the sector* by multiplying half the arc by the semidiameter; and the 
area of the triangle by taking half the chord into the semidiameter less the arrow. Subtracting 
the area of the triangle from the area of the sector, the difference is the area of the segmeni.’ The 
Manéranjana gives a similar rule: but finds the area of the sector by the proportion ‘ as the whole 
‘circumference is to the whole area, so is the proposed arc to the area of the sector’ 

2 The commentator SURYADASA notices other figures omitted, as he thinks, by the author; 
and GANGADHARA quotes from the Ganita-séra of Visi’ an enumeration of them; the most 
material of which are specified in Sri’ HARA’S Ganita-sdra. They are reducible, however, ac- 
cording to these authors, to the simple figures which have been treated of: and the principal ones 
‘are, the Gaja-danta or elephant’s tusk, which may be treated asa triangle—Sri. Bá léndu, or cres- 
‘cent, [a lunule or meniscus,}] which may he considered as composed of two triangles. —Sri. Yaca 
or barley-corn, [a convex lens,] treated as consisting cither of two triangles or two bows,—Gane. 
Némi or felloe, considered as a quadrilateral.—S ri. and SUR. Vajra or thunderbolt, treated as 
comprising two triangles.—Sur. Ora quadrilateral with two bows or two trapezia.— Gane. Or 
two quadrilaterals. —Sri. Panchacéna or pentagon, composed of a triangle and a trapezium.— 
Gans. Shadbhuja or hexagon, a quadrilateral and two triangles, or two quadrilaterals.—Gane. 
Saptdsra or heptagon, five rape —Ganc. Besides Sanc’ha or conch; Mrtdanga or great drum; 
and several others. eal 
* Vritta-chanda, portion of a circle, 





CHAPTER VIL. 


EXCAVATIONS and CONTENT of SOLIDS. 


217—218. Ruxe:* acouplet anda half. Taking the breadth in several 
places,’ let the sum of the measures be divided by we number of places: 
the quotient is the mean measure.t So likewise with the length and depth. 
The area of the plane figure, multiplied by the depth, will be the number 
of solid cubits contained in the excavation. 


K £ ; P oN 
219—220. Example: two stanzas. Where the length of the cavity, 
owing to the slant of the sides, is measured by ten, eleven and twelve cu- 


bits in three several places, its breadth by six, five and seven, and its depth 


* Chata-cyacahéra. The author treats first of excavations; secondly of staeks of brieks and the 
like; thirdly of sawing of timber and cutting of stones; and fourthly of stores of grain; in as many 
distinct chapters. 

* For measuring an excavation, the sides of which are trapezia. _ Gan, 

+ Vistdra, breadth. i 

Dairghya, length. - 

Béd’ha, béd’hana, depth. 

Chdta, an excavation, or a cavity (garta), as a pond, nail, or fountain, &c. 

Sama-e’hdta, a cavity having the figure of a regular solid with equal sides: a parallelipipedon, 
cylinder, &e. 

Vishama-c’héta, one, the sides of whieh are ares an irregular solid. on v9 

Sichi-chéta, an acute one: a pyramid or cone. 

Sama-miti, mean measure. 

G‘hana-phala, & hana-hasta-sane hyd, chata-sane’hyd, the content of the excavation; or of a solid 
alike in figure. i 

* The greater the number of the places, the nearcr will the mean measure be’to to the truth, 
and the more exact will be the consequent computation. Gan. 

* The irregular solid is reduced to a regular one, to find its content. ! SUR. 


O 


- 
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by two, four and three; tell me, friend, how many solid cubits are contained 
in that excavation ? 


Statement: 12 11 10 L. . Here) finding the mean measure, the 
7 5 6B. breadth is 6 cubits, the length 11, and 
2D. the depth 3. See pmm 





Answer. The number of solid cubits 1s found 198. 


221. Rule: a couplet and a half. The aggregate of the areas at 
the top and at the bottom, and of that resulting from the sum [of the sides 
of the summit and basé], being ‘divided by six, the quotient is the mean 
area: that, multiplied by the’depth, is the neat® content.* A third part of the 
‘content of the regular equal solid'is the content of the acute one. 


222. Example. Tell the quantity of the excavation in a well, of which 
the length and breadth are equal to twelve’and ten cubits at its mouth, and 
half as'much at the bottom, and of ‘which the depth, friend, ‘is seven cubits. 


Statement: Length 12. Breadth 10. Depth 7. Sum of 


the sides -18 and 15. 





Area at the mouth 120; at the bottom 30; reckoned by the sum of the 
sides 270. Total 420. Mean area 70. Solid content 490. 


* To find the content of a prism, pyramid, cylinder’and cone. 

? Contrasted with the result of the preceding rule, which gave a gross or approximated measure. 

3 Half the sum of the breadth at the mouth and hottom is the mean breadth; and half the 
sum of the length at the mouth and bottom is the mean length: their product is the area at -the 
middle of the parallelipipedon. [Four times that is the product of the sums of the length and 
breadth.} This, added to once the area at the mouth and once the area‘at the bottom, is six times 
the mean area. GAN. 

* As the bottom of the acute excavation is deep, by finding an area for it in the manner before 
directed, the regular equal solid is produced: wherefore proportion is made ; if ‘such be the con- 
tent, assuming three places, what is the content taking one? ‘Thus the content of the regular equal 
solid, divided by three, is that of the acute one. SvR. 
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293. Example. In a quadrangular excavation equal to twelve cubits, 
what is the content, if the depth be measured by nine? and in around one, 
of-which the diameter is ten and depth five? and tell me soaratety, friend, 
the content of both acute solids. 







12 ° 
= Product of the side and upright 144; mul- 
Statement: Ih 1g tiplied by the depth, is the exact content 1296. 
li — of the acute solid 432. 
Content nearly exact ="; of the acute solid 
Statement 


1309, Or gross content [of the cylinder] *422 
[of the cone] *229. 





o2 


CHAPTER VIII. 
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STACKS: 


924995. Ruie:* astanza anda half. The area of the plane figure [or 
base] of the stack, multiplied by the height,’ will be the solid content. 
The content of the whole pile, being divided by that of one brick, the num- 
ber of bricks is found. ‘The height of the stack, divided by that of one brick, 
gives the number of layers. So likewise with piles of stones.* 


226—227. Example: two stanzas. The bricks of the pile being eighteen 
fingers long, twelve broad and three high, and the stack being five cubits 
broad, eight long, and three high, say what is the solid content of that pile? 
and what the number of bricks? and how many the layers? 


Statement: yr Bricks 3, 4, 4. 
f 


8 


Answer: Solid content of the brick -z ; of the stack 120. Number of 
bricks 2560. Number of layers 24. 
So likewise in the case of a pile of stones. 


3 Chiti-vyacahára. 

2 To find the solid content of a stack or pile of bricks, or of stones or other things of uniform 
dimensions: also the number of bricks and of strata contained in the stack. 

3 Chiti: a pile or stack: an oblong with quadrangular sides. 

Uchch’hraya, Uchch’hriti, Auchchya, height. 

Stara, layer or stratum. 

+ The principle of the rule is obvious: being the extension of the preceding rule concerning the 
content of excavations, to a solid pile; and the application of the rule of proportion. Gan. 
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i SAW. 

228. Rue: two half stanzas.* Half the sum of the thickness at both 
extremities, multiplied by the length in fingers; and the product again mul- 
tiplied by the number of sections of the timber, and divided by five hun- 
dred and seventy-six, will be the measure in cubits. 


N 


229. Example. Tell me quickly, friend, what will be the reckoning 
in cubits, for a timber the thickness of which is.twenty fingers at the root; 


and sixteen fingers at the tip, and the length a hundred fingers, and which 
is cut by four sections. 


E Half the sum of the thickness at 
a 


= the two extremities 18, multi- 


plied by the length, makes 1800; 
and by the sections, 7200; divided by 576, gives the quotient in cubits 25. 


230. Rule: halfa stanza. But when the wood is cut across, the super- 


ficial measure is found by the multiplication of the thickness -and breadth, 
in the mode above mentioned.* 


* Cracacha-cyacahára: determination of the reckoning concerning the saw (cracacha) or iron 
instrument with a jagged edge for cutting wood. SUR. 


* The concluding half of one stanza begun in the preceding rule (225), and the first half of 
another stanza of like metre completed in the following rule (230). 
3 To reduce superficial fingers to superficial cubits. 


* If the breadth be unequal, the mean breadth must be taken; and so must the mean thickness, 


as before directed, if that be unequal. Gan. SuR. 
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231. Maxim. The price for the stack of bricks or the pile of stones, or 
for excavation and sawing, is settled by the agreement of the workman, ac- 
cording to the softness or hardness of the materials.’ 


232. Example. Tell me what will be the superficial measure in cubits, 
for nine cross sections of a timber, of which the breadth is thirty-two fingers, 
and thickness sixteen. i 


32 
Statement : MTI s Answer: =... 


* This is levelled at certain preceding writers, who have given rules for computing specific prices 
or wages, as ARYA-BHATTA quoted by GANESA, and as BRamMEGuPTA (see Arithm. of Bran. 
§ 49); particularly in the instance of sawyers’ work, by varying the divisors according to the dif- 
ference of the timber. 





CHAPTER X. 





MOUND of GRAIN. 


283. Rule. The tenth part of the circumference is equal to the depth 
{height?] in the case of coarse-grain; the eleventh part, in that of fine; and 
the ninth, in the instance of bearded corn... A sixth of the circumference 
being squared and multiplied by the depth [height], the product will be the 
solid cubits:* and they are chdris of Magadha. 


234. Example. Mathematician, tell me quickly how many chdris are 


> 

* R4si-cyavahéra determination of a mound, meaning of grain. 

2 Béedha depth. See§217. Here it is the perpendicular from the top of the mound of corn toe 
the ground.—Gawn. It is the height in the middle from the ground to the summit of the mound 
of grain.—SuR. 

3 Aru, sucshma-@hénya, fine grain, as mustard seed, &c.—Gaw. As Paspalum Kora, &c.— 
Manér. As wheat, &c.—SvuR. . 

Anau, sthila-P hanya, coarse grain, as chiches (Cicer arietinum).—Gaw. and Sur. As wheat, 
&c.—Manoranjana. Barley, &c.—Cu. on BrauM. - 

Stkcin, sica-d'hénya, bearded corn, as rice, &c. 

The coarser the grain, the higher the mound. The rule is founded on trial and experience ; 
and, for other sorts of grain, other proportions may be taken, as 94 or 104, or 12 times the 
height, equal to the circumference.—Gawn. and Sv’'r. The rile, as it is given in the text, is 
taken from Branumecurta.—Arithm. of Brann. § 50. 

* This is a rough calculation, in which the diameter is taken at one-third of the circumference. 
The content may be found with greater precision by taking a more nearly correct proportion be- 
tween the circumference and diameter. Gan. 

> See § 7. The proportion of the c’Aér? or other dry measure of any province to the solid cubit 
being determined, a rule may be readily formed for computing the number of such measures ina | 
conical mound of grain. GANESA accordingly delivers rules by him devised for the c'hári of Nan- 
digréma and for that of Dévagiri: ¢ the circumference measured by the human cubit, squared and 
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231. Maxim. The price for the stack of bricks or the pile of stones, or 
for excavation and sawing, is settled by the agreement of the workman, ac- 
cording to tle softness or hardness of the materials.’ 


232. Example. Tell me what will be the superficial measure in cubits, 
for nine cross sections of a timber, of which the breadth is thirty-two fingers, 
and thickness sixteen. 


32 
Statement : TUTTI $ Answer: A 


* This is levelled at certain preceding writers, who have given rules for computing specific prices 
‘or wages, as ARYA-BHATTA quoted by GaNgga, and as Braumecurta (see Arithm. of Brana. 
§ 49); particularly in the instance of sawyers’ work, by varying the divos according to the dif- 
ference of the timber. j 
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MOUND' of GRAIN. 


233. Rule. The tenth part of the circumference is equal to the depth 
[height] inthe case of coarse. grain; the eleventh part, in that of fine; and 
the ninth, in the instance of bearded corn.’ A sixth of the circumference 
being squared and multiplied by the depth [height], the product will be the 
solid cubits:* and they are c'hárís of Magadha.’ 


234. Example. Mathematician, tell me quickly how many chdris are 


* Rési-cyavahéra determination of a mound, meaning of grain. 

+ Bédha depth. See§217. Here it is the perpendicular from the top of the mound of corn te 
the ground.—Gawn. It is the height in the middle from the ground to the summit of the mound 
of grain.—SvR. 

3 Anu, sucshma-d'’hénya, fine grain, as mustard seed, &c.—Gawn. As Paspalum Kora, &c.— 
Manér. As wheat, &c.—Sur. i 

Ananu, sthila-@’ hanya, coarse grain, as chiches (Cicer arietinum).—Gaw. and Sur. As wheat, 
&c.—Manoranjana. Barley, &c.—Cu. on Brau. 

Sticin, sica-d’hénya, bearded corn, as rice, &c. 

The coarser the grain, the higher the mound. The rule is founded on trial and experience ; 
and, for other sorts of grain, other proportions may be taken, as 94 or 104, or 12 times the 
height, equal to the circumference.—Gawn. and Sun. The rule, as it is given in the text, is 
taken from BranmMecurta.—Arithm. of Branm. § 50. 

* This is a rough calculation, in which the diameter is taken at one-third of the circumference. 
The content may be found with greater precision by taking a more nearly correct proportion be- 
tween the circumference and diameter. Gaw. 

> See § 7. The proportion of the Adri or other dry measure of any province to the solid cubit 
being determined, a rule may be readily formed ‘for computing the number of such measures ina 
conical mound of grain. GawneSa accordingly delivers rules by him devised for the Chart of Nan- 
digréma and for that of Dévagiri: ‘ the circumference measured by the human cubit, squared and 


¢ 
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contained in a mound of coarse grain standing on even ground, the circum- 
ference of which (mound) measures sixty cubits? and separately say how 
many in a like mound of fine grain and in one of bearded corn? 


Statement : Circumference 60. Height 6. 


Answer: 600 chéris of coarse grain. But of fine grain, height 6°, and 


quantity thence deduced £222, So, of bearded corn, height 69, and quan- 
tity oo Charis. 


235. Rule: In the case of a mound pilcd against the side of a wall, or 
against the inside or outside of a corner of it, the product is to be sought 
with the circumference multiplied by two, four, and one and a third; and is 
to be divided by its own multiplier.’ 


236—237. Example: two stanzas. Tell me promptly, friend, the num- 
ber of solid cubits contained in a mound of grain, which rests against the 
side of a wall, and the circumference of which measures thirty cubits ; and 
that contained in one piled in the inner corner and measuring fifteen cubits; 
as also in one raised against the outer corner and measuring nine times five 
cubits. 


divided by sixteen, gives the chdrt of Nandigréma; and by sixty, that of Décagiri’* He further 
observes, that a vessel measuring a span every way contains a mana; that one measured by a 
cubit every way, taking the natural human cubit, contains eight manas; and that the cubit, in- 
tended by the text, is a measure in use with artisans, called in vulgar speech gaj [or gaz]; and a 
chéri, equal to such a solid cubit, will contain twenty-five maras and three quarters. 


* Against the wall, the mound is half a cone; in the inner corner, a guarter of one; and 
against the outer corner, three quarters. The circumference intended is a like portion of a cir- 
cular base; and the rule finds the content of a complete cone, and then divides it in the propor- 
tion of the part. See Gan. &c. ; 

© In ihe vernacular dialect, Nandigaon and Déogir : the latter is better known by the name of Dauletabad, which 
the Emperor Munammen conferred on it in the-14th century. The -Hindus, bowever, have continued to it its ancient 
name of Dévagiri, mountain of the gods, Nandigréma, the town or village of Nandi (Srva’s bull and vehicle), retains 


the antique name ; and is situated about 65 miles west of Dépagiri; and is accordingly said by this commentator in the 
colophon of bis work to be near that remarkable place. 


i 
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Twice the first-mentioned circum- 
ference is 60. Four times the next 
is 60. The last multiplied by one 

and a third is likewise 60. With 
these the product is alike 600. This, being divided by the respective mul- 
tipliers, gives the several answers, 300, 150 and 450., 


Statement : 








" For coarse grain: bnt the product is °° for ‘fine; and °° for bearded corn: and the 
r 2000 k y . 
answers are 2000, 1500, 4500; and 390°, 1500, 4500, Gan. &c. 


CHAPTER XI. 





s 
SHADOW: of a GNOMON. 


238. Rule? The number five hundred and seventy-six being divided < 
by the difference of the squares of ‘the differences of both shadows and of 
the two hypotenuses,* and the quotient being added to one, the difference 
of the hypotenuses is multiplied by the square-root of that sum; and the 
product being added to, and subtracted from, the difference of the shadows, 
the moieties of the sum and difference are the shadows.* 


* Ci’'héyd-cyacahdra: determination of shadow; that is, measurement by means of a gnomon. 

2 The difference of the shadows, and difference of the hypotenuses being given, to find the length 
of the shadows and hypotenuses. Sur. 

This rule is the first in the chapter, according to all the commentators except SURYaDAsa, who 
begins with the next, § 240; and places this after § 244. 

3 Ck'háyá, bhá, prabhá, and other synonyma : shadow. 

Sancu, nara, nr¥; a gnomon. It is usually twelve fingers long. 

Carna, hypotenuse of the triangle, of which the gnomon is the perpendicular, and the shadow 
the base. 

* The rule, as the author hints in the example, which follows, is founded on an algebraic so- 
lution. It is given at length in the commentary of GaNEsa. The gnomon and shadow, with the 
line which joins their extremities, constitute a rectangular triangle, in which the guomon is the 
upright, the shadow is the side, and the line joining their extremities the hypotenuse. In like 
manner another such is constituted ; and joining their flanks, a triangle is formed. See 


Herein the gnomon is the perpendicular; the two hypotenuses are the sides; the two shadows are 
the segments; and the sum of these is the base. Put this equal to ya 1; and to pursue the inves- 
tigation, let the difference of the shadows be given 11; and the difference of the hypotenuses 7. 





~ 
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239. Examples The ingenious man, who tells:the shadows, of ‘which 
the difference is measured by nineteen, and the differénce of hypotenuses:by 
thirteen, I take to be thoroughly acquainted with the whole of algebra as 
well as arithmetic. 


Statement: ‘Difference of the shadows 19. Difference of hypotenuses 
13. [Gnomon 12.] 

Difference of their squares 192. By this divide 576: quotient 3., Add 
one. Sum4. Square-root 2. By which multiply the difference of hypo- 
tenuses 13: produet 26. Add it to, and subtract it from, the, difference of 
the shadows 19; and halve the sum and difference : the shadows are found 
#5 and 4 


Then, by the rule of concurrence (§ 55), the segments are ya 4 ru Y and ya $ ru u, The square 
of the greater segment, added to the square of the perpendicular twelve, is the square of the 
greaterside: yao ya? ru 5°. This is one side of an equation. The difference of the squares 
of the segments is equal to the difference of the squares of the sides; as has been before shown 
(§ 164, note). But the difference of squares is equal to the product of the sum and difference. 
Sum ya 1; diff. rw 11; product ya 11. It is the difference of the squares of the sides. . Divided 
by the difference of the simple quantities, the quotient is the sum ya 1}. The sum and difference 
added together and halved give the greater side ya 44 ru 43. Its square is ya v 344 ya 1978 
vu %91. It is the second side of the equation. Reducing both to the same denomination and drop- 


ping the denominator, the equation becomes ya v 49 ya1078 ru 34153, Now, when equal sub- 
yaol2l yal1078 ru 2401 


traction is made, the residue [or remaining coefficient] of the square of the unknown is the dif- 
ference of the squares of ‘the differences of the shadows and hypotenuses. The residue of the 
simple unknown term is nought. The absolute numbers on beth sides -being abridged by the 
squarc of the difference of hypotenuscs as common divisor, there remains on one side of the equation 
the square of the difference of the hypotenuses, and on the other side the square of the difference 
of the shadews added to five hundred and seventy-six. Subtraction of like quantities being made, 
the residue of the absolute number is the difference of the squares cf the differences of the hypote- 
nuses and shadows added to five hundred and seventy-six. ‘The remaining term: involving the 
square of the unknown, being divided by the coefficient of the same, gives unity. -The remainder 
of the absolute number being abridged by the common divisor, there results the number five hun- 
dred and seventy-six divided by the difference of the squares of the differences of the shadows and 
hypotenuses together with one. Its square-root is the root of the absolute number. But the abso- 
Jute number was previously abridged by the square of the difference cf the hypotenuses: where- 
fore the root must be multiplied by the difference of the hypotenuses. Hence the rule § 238. It 
is the value of ydvat-tdvat as found by the equation: and is the base. It is the sum of the shadows. 
The difference of the shadows being added and subtracted, the moieties will be the shadows, by 
the rule of concurrence (§ 55). GAN. 


- PQ 
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Under the rule § 134, the gnomon being the upright, and the shadow the 
side, the square-root of the sum of their squares is the hypotenuse ; viz. 3% 
and %5, 


240. Rule:' half a stanza. The gnomon, multiplied by the distance 
of its foot from the foot of the light, and divided by the height of the torch’s 
flame less the gnomon, willbe the shadow.’ 


241. Example. If the base between the gnomon and torch be three 
cubits, and the elevation of the light, three cubits and a half, say quickly, 
friend, how much will be the shadow of a gnomon, which measures twelve 
fingers ? 


Statement: 3 Answer: Shadow 12 fingers. 


hs 
Bama 


942. Rule:? half a stanza. The gnomon being multiplied by the 
distance between the light and it, and divided by the shadow; and the 
quotient being added to the gnomon; the sum is the elevation of the torch.* 


1 The elevation of the light and [horizontal] distance of its foot from the foot of the gnomon 
being given, to find the shadow. GAN. 
_* As the height of the light increases, the shadow of the gnomon decreases; and as the light is 
lowered, the length of the shadow augments. Now a line drawn strait, in the direction 
of the diagonal, from the light, meets the extremity of the gnomon’s shadow. In like 
manner, taking off from the tip of the torch’s flame a height equal to the gnomon’s, and placing 
the light there, a diagonal Jine drawn as before meets the base of the gnomon. 
Thus the base between the foot of the gnomon and that of the light is the side of 
the triangle, and the height of the light less the gnomon is the upright. Hence 
the proportion: ‘ as the height of the torch less the gnomon, is to the distance of 
its foot from that of the gnomon, so is the gnomon to the shadow.’ Whence the 


rule. Sur. 
3 To find the elevation of the torch; the length of the shadow being given, and the [horizontal] « 
distance. Sur. 


* The demonstration proceeds on the proportion ‘as the side measured by the shadow of the 
ghomon is to an upright equal to the gnomon, so is a base equal to the distance of the gnomon 
from the light, to a proportional,’ which is the elevation of the torch less the height of the gnomon. 

Sua, 
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243. Example. If the base between the torch and gnomon be three 
cubits, and the shadow be equal to sixteen fingers, how much will be the 
elevation of the torch? And tell me what is the distance between the torch 
and gnomon [if the elevation be given]? 


Statement : Answer: Height of the torch 12. 


a 
is 


244, Rale: half a stanza. The shadow, multiplied by the elevation 
of the light less the gnomon and divided by the ne will i the interval 
between the gnomon and light. 


Example, as before proposed (§ 243). 


z 


Answer: Distance 3 cubits. 

245. Rule:? a stanza and a half. The length of a shadow multiplied 
by the distance between the terminations of the shadows and divided by the 
difference of the length of the shadows, will be the base. The product of 


the base and the gnomon, divided by the length of the shadow, gives the 
elevation of the torch’s flame. 


In like manner is all this, which has been before declared, pervaded by 
the rule of three with its variations,* as the universe is by the Deity. 


* To find the [horizontal] distance ; the elevation of the torch and length of the shadow being 
given. , Sur. and Gay. 
* The gnomon being set up successively in two places, the distance between which is known, 
and the length of the two shadows being given, to find the elevation of the light, and the base. 
Sur. and GaN, 
- 3 The rule is borrowed from BraumeGurta. See Arithm. of BRAM. § 54. 
* The double rule of proportion, or rule of five or more quantities, &c—GaNn. The author 
intimates, that the whole preceding system of computation, as well the rules contained under the 
present head, as those before delivered, is founded on the rule of proportion. Gan. 
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246. Example. The shadow of a gnomòn measuring twelve fingers 
being found to be eight, and that of the same placed ón a spot two cubits 
further in the same direction being measured:twelve fingers, say, intelligent 
mathematician, how much is the distanee of the shadow’ from the torch, and 
the height of the light, if thou be conversant with computation, as it is 
termed, of shadow ? 


Here the interval between the termination 

Statement : of the shadows is in fingers 52; and the 

shadows are 8 and 12. The first of these, 

e412 viz. 8,-multiplied by the interval 52, and di- 

vided by the difference of the length of the shadows 4, gives the length of 

the base 104. Itis the distance between the foot of the torch and the tip 

of the first shadow. So the length of the base to- the tip of -the.second 

shadow is 156. 

The product of the base and gnomon, divided by the shadow, gives both 

ways the same elevation of the light: viz. 64 cubits. 


In like manner.}? As under the present head ‘of measurement of shadow, 
the solution is obtained by putting a proportion: viz. ‘if so much of the 
shadow, as is’the excess ‘of the second above the first, give the base inter- 
cepted ‘between ‘the tips of the shadows, ‘what will the first give? The 
distances of thé terminations of ‘the shadows from the foot of the torch are 
in this manner severally found. Then a second proportion is put: ‘ if, the 
shadow being the side, the gnomon be the upright; then, the base being the 
side, what will be the upright” The elevation of the torch is thus found : 
and is both ways [that is, computed with either shadow,] alike. 

So the whole sets of five or more terms are explained by twice putting 
three terms and so forth. 

As the -being, who relieves the minds of his worshippers from suffering, 
and who is the’ P ote atie of'the production of this universe, ‘pervades the 


* All the commentators appear to..have read gnomon,in-this-place;| but.ene copy of the text 
exhibits shadow as the reading:. and.this.seems.to be corvect.., 
*. Reference to.the.text: .§ 245, 
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whole, and does so with his various manifestations, as worlds, paradises,’ 
mountains, rivers, gods, demons, men, trees,? and cities; so is all this collec- 
tion of instructions for computations pervaded by the rule of three terms. 

Then why has it been set forth by so many different [writers,* with much 
labour, and at great length]; The answer is 


247. Whatever is computed either in algebra or in this [arithmetic] by 
means of a multiplier and a divisor, may be comprehended by the sagacious 
learned as the rule of three terms. Yet has it been composed by wise in- 
structors in miscellaneous and other manifold rules, teaching its easy varia- 
tions, thinking thereby to increase the intelligence of such dull comprehen- 
sions as ours. 


* Bhuvana, worlds; heaven, earth, and the intermediate region. Bhavana, paradises, the several 
abodes of BrauMa and the rest of the gods. 
2 Naga, either tree or mountain. The term, however, is read in the text by none of the com- 
mentators besides GAN ESA. 
4 a + 
3 As SRID'HARA and the rest.— Manó. As Braunmecupta and others.—Gane, 


CHAPTER XII. | 





PULVERIZER:? 


248—252. Rue. In the first place, as preparatory to the investigation 


* Cultaca-vyavuhdra or cutiacdd’hydya determination of a grinding or pulverizing multiplier, or 
quantity such, that a given number being multiplied by it, and the product added to a given 
quantity, the sum (or, if the additive be negative, the difference) may be divisible by a given di- 
visor without remainder. 

See Vija-Gamta, chapter 2, from which this is borrowed, the contents being copied, (with some 
variation of the order,) nearly word for word. For this, as well as tbe following chapter 13, on 
Combination, belongs to algebra rather than arithmetic ; according to the remark of the commen- 
tator GANESA BHATTA: and they are here introduced, as he observes, and treated without em- 
ploying algebraic forms, to gratify such as are unacquainted with analysis. 

The commentator begins by asking ‘why this subject has been admitted into a treatise of arith- 
metic, while a passage of ARYA-BITATTA expressly distinguishes it from both arithmetic and alge- 
bra: “ the multifarious doctrine of the planets, arithinetic, the pulverizer, (cuttaca) and analysis 
(tija), and the rest of the science treating of seen* objects ;” and BrauMEGUPTA, at the begin- 
ning of his chapter on Arithmetic, excludes it from this head; when describing the complete ma- 
thematician (see Arithm. of Braun. §1)? The commentator proceeds to answer,—‘ Mathe- 
matics consist of two branches treating of known and of unknown quantity; as expressly declared : 
“ The science of computation (ganita) is pronounced two-fold, denominated oyacta and aryacta 
(distinct and indistinct)” The investigation of the pulverizer, like the problem of the affected 
square, (varga-pracriti. See Vija-ganita, ch. 3), is comprehended in algebra, being subservient 
to its solutions; as hinted by the author. (See Vija.§ 99). The separate mention of the head of 
investigation of the pulverizer, in passages of ARYA-BHATTA and other ancient authors, as well as 
in those of Buascara and the rest (“ By arithmetic, by algebra, by investigation of the pulverizer, 
and by resolution of the affected square, answers are found”) is designed as an intimation of the 
difficulty and importance of the matter; not to indicate it as the subject of a separate treatise: and 
this, no less than the head of combination treated in the next chapter (chapter 13), with other 


* Scen, or physical; as opposed to astrology, which is considered to be conversant with matters of an unseen and spi- 
ritual nature, the invisible influence which connects effects wilh causes. 
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of a pulverizer,! the dividend, divisor and additive quantity’ are, if practi- 
cable, to be reduced by some number.’ If the number, by which the divi- 
dend and divisor are both measured, do not also measure the additive quan- 
tity, the question is an ill put [or impossible] one. 


249—251. The last remainder, when the dividend and dtvisor are 
mutually divided, is their common measure.’ Being divided by that com- 
mon measure, they are termed reduced quantities.* Divide mutually the 


topics {all exclusive of arithmetic, which comprises logistics and the rest of the enumerated heads 
terminating with measurement by shadow,) falls ‘within algebra, as the precepts of the rules concur 
with exercise of sagacity to effect the solution. (See Vija, § 224). Itis then true, concludes this 
commentator, that mathematics consist but of two branches. Nevertheless the subjects of this 
and of the following chapter are here introduced, to be treated without reference to algebraic so- 
lutions, as the Biadra-ganita and other problems* have found place in the arithmetical treatises of 
NABAYANA and other writers, to be there wrought without algebra; and for the same purpose of 
gratifying such as are not conversant with this branch. Gan. 

In Braumecurra’s work the whole of algebra is comprised under this title of CutZacdd’hydya, 
chapter on the pulverizer. See Braun. ch. 18, and Crraturvepa on BRAHMEGUPDA, ch. 12, 
§ 66. 

' Cuttaca or Culta, from cutt, to grind or pulverize; (to nt" all vērts importing tendency 
to destruction also signifying multiplication.—G aw D 

The term is here employed in a sense independent of its etymology to ‘signify a multiplier such, 
that a given dividend being multiplied by it, and a given quantity added to (or subtracted from) 
the product, the sum (or difference) may be measured by a given divisor, SUR. on Vij.-gań. and 
Lil. Ranc. on Vés. Gan, on Lil, 

The derivative import is, however, retained in the present version to distinguish this from mul- 
tei in general ; cuftaca being restricted to the particular multiplier of the problem in question. 

* Cshépa, or cshépaca, or yuti, additive. From cship to cast or throw in, and from yu to mix. A 
quantity superinduced, being either affirmative or negative, and consequently in some examples 
an additive, in others a subtractive, term. 

Visudd’hi, subtractive quantity, contradistinguished from cshépa additive, when this is restricted to 
an affirmative one. See § 263. 

+ Apavartana, abridgment; abbreviation.—Gaw. Depression or reduction to least terms; di- 
vision without remainder: also the number which serves to divide without residue; the common 
measure, or common divisor of equal division. SUR. 

* Dridha, firm: reduced by ‘the common divisor to the least term. The word is applicable to 
the reduced additive, as well as to the dividend and divisor, BrauMEGuPtaA uses mich’héda and 
nirapavarta in this sense.— Brahm. 18, § 9. ` 


* Bhadra-ganita, on the eonstruetion of magical squares, &e. is the 15th head termed vyavahára, as Anca pása 
oo combination of numerals, is the 14th, in Nagdyawa’s treatise of arithmetic entitled Caumudi. 


Q 
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= Or, the divisor and additive quantity are reduced by the common measure 
nine. Dividend 100 Additive 10. 


Divisor 7 
lIcre the quotients, the additive and cipher make the series 14 The mul- 
3 
10 
O 


tiplier is found 2, which, multiplied by the common measure 9, gives the 
true multiplier 18. 
Or, the dividend and additive are reduced, and further the divisor and ad- 
ditive, by common measures. Dividend 10 Niii 
dditive 1 


Divisor 7 i i - 
Proceeding as before, the series is 1 The multiplier hence deduced is 2; 
2 
] 
0 


which, taken into the common measure 9, gives 18: and hence, by mul- 
tiplication and division, the quotient comes out 30. 


Or, adding the quotient and multiplier as found, to [multiples of] thcir divi- 
sors, the quotient and multiplier are 130 and 81; or 230 and 144; and so forth.’ 


256. Rule: halfa stanza. The multipher and quotient, as found for an 
additive quantity, being subtracted from their respective abraders, answer 
for the same as a subtractive quantity.? 

Here the quotient and multiplier, as found for the additive ae ninety 
in the preceding cxample, namely 30 and 18, being subtracted from their 
respeetive abraders, namely 100 and 63; the rematnders are the quotient 
and multiplier, which answer when ninety is subtractive: viz. 70 and 45. 

Or, these being added to arbitrary multiples of their respective abraders, 
the quotient and multiplier are 170 and 108; or 270 and 131; &c. 


257. Example. Tell me, mathematician, the multipliers severally, by 


* As 330 and 201; &c. GANG. 

* The rule serves when the additive quantity is negative—Gaw. Sur. It is followed in the 
Vija-ganita by half a stanza relating to the change induced by reversing the sign, affirmative or 
negative, of the dividend. See Vij.-gan. § 59. 

3 This additional example is unnoticed by GANESA; but expounded by the rest of the com- 
mentalors, and found in all copies of the text that have been collated. See a corresponding one 
with an cssential variation however in the reading; Vij.-gan. § 67. 


A 
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which sixty being multiplied, and‘sixteen being added to the product, or 
subtracted from it, the sum or difference may be'divisible by thirteen with- 
out a remainder. 


ma 


Statement: Dividend 60 ei: 
Den Additive 16. - 


The series of quotients, found as before, is 


a 
1 
l 
I 
I 
16 
0 
Hence the multiplier and quotient are deduced 2 and 8. But the quotients 
[of the series] are here uneven: wherefore the multiplier and quotient must be 
subtracted from their abraders 13 and 60: and the multiplier and quotient, 
answering to the additive quantity sixteen, are 11 and 52. These being 
subtracted from the abraders, the multiplier and quotient, corresponding to 
the subtractive quantity sixteen, are 2 and 8. 


258. Rule:' a stanza and a half. The intelligent calculator should take 
a like quotient [of both divisions] in the abrading of the numbers for the 
multiplier and quotient [sought}. But the multiplier and quotient may be 
found as before, the additive quantity being [first] abraded by the divisor ; 
the quotient, however, must have added to it the quotient obtained in the 
abrading of the additive. But, in the case of a subtractive quantity, it is 
subtracted. l 


259. Example. What is the multiplier, by which five being multiplied 
and twenty-three added to the product, or subtracted from it, the sum or 
difference may be divided by three without remainder. 


Statement: Dividend 5 Additive 23. 


Divisor 3 
Here the seriesis 1 and the pair of numbers found as before 46 They 
l 23 
23 
0 


‘ Applicable when the additive quantity exceeds the dividend and divisor. Cnn. . 


~ 
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are abraded by the dividend and divisor 5 The lower number being abraded 


by 3, the quotient is 7 [and residue 2]. The upper number being abraded 
by 5, the quotient would be 9 [and residue 1]: nine, however, 1s not taken; 
but, under the rule for taking like quotients, seven only, [and the residue 
consequently is eleven]. Thus the multiplier and quotient come out 2 and 11. 
And by the former rule (§ 256). the multiplier and quotient answering to 
the same as a negative quantity are found, 1 and 6.* Added toarbitrary mul- 
tiples of their abraders, double for example so as the quotient may be affirm- 
ative, the multiplier and quotient are 7 and 4.f So in every [similar] case. 


Or, statement for the second rule: Dividend 5 Additive 
Divisor 3. abraded 2.f 

The multiplier and quotient hence found as before are2 and 4. These sub- 
tracted from their respective divisors, give 1 and 1; as answering to the sub- 
tractive quantity. The quotient obtained in the abrading of the additive, 
[viz. 7] being added in one instance and subtracted in the other,* the results 
are 2 and 11 answering to the additive quantity ; and 1 and 6 answering to 
the subtractive: or, to obtain an affirmative quotient, add to the latter twice 
their divisors,’ and the result 1s 7 and 4. 3 


` 260. “ Rule: If there be no additive quantity; or if the additive be 
measured by the divisor; the multiplier may be considered as cipher, and 
the quotient as the additive divided by the divisor.” 


' 261. Example. Tell me promptly, mathematician, the multiplier by 
which five being multiplied and added to cipher, or added to sixty-five, the 
division by thirteen shall in both cases be without remainder. 


Statement: ‘Dividend 5 f 
Divisor 13 Additive Q. 


* The difference between 5 and 11, viz. 5—11= —6. The quotient therclore ìs negative. 
t Thus 10 (5 x 2) —6=4. 

} 23, abraded by the divisor 3, gives the quotient 7 and residue 2. 

* 44711 and 1~7=—6. 

5 y+(3x 2) =7 and ~64(5 x 2)=4. 

© Applicable if there be no additive; or if it be divisible by the divisor without remainder. 


7 It isso in the latter case: but in the former (where the additive is null) the quotient is cipher. 
—Sur, &c. See Vij.-gan. § 63. 
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` There being no additive, the multiplier and quotient are O and 0; or 13 
and 5; or 26 and 10; and so forth. 
Statement : a 5 A dditive 65. See | 
Ivisor 13 | 
By the rule (§ 260) the multiplier and quotient come out 0 and 5; or 13 
and 10; [or 26 and 15;] and so forth. 


Rife: <Or, the dividend: and additive being abraded by the divisor; tHe 
multiplier may thence be found as before; and the quotient from it, by mul- 
tiplying the dividend, adding the additive, and dividing by the divisor. ` 

In the former example (§ 253) the reduced diviflend, divisor and additive 


furnish this statement: Dividend 17 Addins. 
Divisor 15 


Abraded by the. divisor (15) the additive and dilati become 5 and g; and 


the statement now is Dividend 2 
Divisor 15 


Proceeding as before the two terms found are 5 The lower onc, abraded 
35 


by the divisor (15), gives the multiplier 5. Whence, by multiplying with it 
the dividend (17) and adding (the additive) and dividing (by the oe the 
quotient comes out 6. 


Additive 5. 


j 


262. Rule for finding divers multipliers and quotients in every case: 
half a stanza. The multiplier and quotient, being added to their respective 
[abrading] divisors multiplied by assumed numbers, become manifold.* 

The influence and operation of this rule have been already shown in væ- 
rious instances. 


263. Rule for a constant pulverizer :° two half stanzas. Unity being 
taken for the additive quantity, or for thc subtractive, the multiplier and 
quotient, which may be thence deduced, being severally multiplied by an 


" This is found in one copy of the text; and is expounded by a single commentator Gancap’- 
HARA; but unnoliced by the rest. It occurs, however, in the similar chapter of the Vija-ganita, 
§ 62. 

2 See Vij.-gan. § 64. 

3 St’hira-cuttaca, steady pulverizer. See explanation of the term in the commentary on BRAH- 


mMEGUPTA’S algebra.— Brahm. ch. 18, § 9—11. Drfdha-cut''aca is there used as a synonymeus 
term. 
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arbitrary additive or subtractive, and abraded by the respective divisors, will 
be the multiplier and quotient for such assumed quantity. 
In the first example (§ 253) the reduced dividend and divisor with addi- 


tive nnity furnish this statement: Dividend 17 
Divisor 15 


Here the multiplier and quotient (found in the usual manner) are 7 and 8. 
These, multiplied by an assumed additive five, and abraded by the respective 
divisors(15 and 17), give the multiplier and quotient 5 and 6, for that additive. 

Next unity being the subtractive quantity, the multiplicr and quotient 
thence deduced are 8 and 9. ‘These, multiplied by five and abraded by the 
respective divisors, give 10 and 11. 

So in every [similar] case.? 

Of this method of investigation great use is made in the computation of 
planets.’ On that account something is here said [by way of instance.] 


Additive 1. 


264. A stanzaand ahalf. Let the remainder of seconds be made the 
subtractive quantity,‘ sixty the dividend, and terrestrial days’ the divisor. 
The quotient deduced therefrom will be the seconds; and the multiplier 
will be the remainder of minutes. From this again the minutes and re- 
mainder of degrees are found: and so on upwards.’ In like manner, from 
the remainder of excecding months and deficient days,’? may be found the 
solar and lunar days. | 

The finding of [the place of] the planet and the elapsed days, from the 
remainder of seconds in the planet’s place, is thus shown. It is as follows. 
Sixty is there made the dividend ; terrestnal days, the divisor; and the re- 


= See Vij.-gan. § 71. 
* See Gélad’hyaya. 
3 See BRANMEGUPTA, ch. 18, § 9—12. 
+ The present rule is for finding a planet’s place and the elapsed -time, when the fraction above 
seconds is alone given. GAN. 
$ The number of terrestrial days (nycthemera) .in a calpa is stated at 1577916450000. Siré- 
mani, computation of planets, ch. 1, § 20—21. 
6 The dividend varies, when the question ascends above the sexagesimal scale, to signs, revo- 
lutions, &c. 
1 AW’ hi-mdga, additive months; and Arama (or Cshaya) dina, subtractive days. See Sirémani on 
planets, ch.1, §42. The exceeding months, or more lunar than solar months, ina calpa, are 
:1593300000. The deficient days or fewer terrestrial days than lunar, in a.calpa, are 25082550000. 
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mainder of seconds, the subtractive quantity: with which the multiplier 
and quotient are to be found. The’quotient will be seconds; and the mul- 
tiplier the remainder of minutes.’ From this remainder of .minutes taken 
[as the subtractive quantity] the quotient deduced will be minutes; and the 
multiplier, the remainder of degrees. The residue of degrees is next the 
subtractive quantity ; terrestrial days, the divisor; and thirty, the dividend: 
the quotient willbe degrees; and the multiplier, the remainder of signs. 
Then twelve is made the dividend; terrestrial days; the divisor ; and the re- 
mainder of signs, the subtractive quantity: the quotient will be signs; and 
the multiplier, the remainder of revolutions. Lastly, the revolutions in a 
calpa become the dividend; terrestrial days, the divisor; and the remainder 
of revolutions, the subtractive quantity : the quotient will be the elapsed 
revolutions; and the multiplier, the number of elapsed days.* Examples of 
tlis oceur [in the Sirómańi] in the chapter of the problems.’ | 

In like manner the exceeding months in a calpa are made the dividend ; 
solar days, the divisor; and the remainder of exceeding months, the sub- 
tractive quantity : the quotient will be the elapsed additional months; and 
the multiplier, the elapsed solar days. So the deficient days in a calpa are 
made the dividend; lunar days, the.divisor ; and the remainder of deficient 
days, the subtractive quantity : the quotient will be the elapsed fewer days; 
and the multiplier, the elapsed lunar days.’ . 


* The elapsed days of the calpa to the time for.which the.planet’s place is found. The method 
of computing elapsed days to any given time ts taught in the Sirémani on planets, ch. 1, § 47—49. 
2 Tri-prasnd’d’hydya. Also in the Géla'd’hydya, and Mad'hyagrahd'd'hydya. GANG. 

3 The solar days, each equal to the sun’s passage through one degree of its annual revolution, 
are 1555200000000 in the calpa. See Sirémari 1, § 40. 

+ The lunar days, reckoning thirty to the month or synodical revolution, are 1602999000000 in 
the calpa. See Śirómańi 1, § 40. 

5 These may be illustrated, as the preceding astronomical example is, and rendered distinctly 
intelligible, by instances given by the commentators GANGADHARA and GANESA, and the Manó- 
ranjana, in arbitrary numbers, Put the terrestrial days in a calpa 19, the revolutions of the 
planet 10, the elapsed days 12. Then, by the proportion 19 f 10 | 12 | the planeťs place comes 
out in revolutions, signs, &c. 6" 3° 23° 41° 3”3;. In bringing out the seconds, the remainder of 
seconds is 3. From this, by an inverse process, the planet's place is to be found. Here the re- 
mainder of seconds is the subtractive quantity 3; the dividend is 60; and the divisor, 19. Pro- 
ceeding as directed (§ 256) the multiplier and quotientare found land 3. The quotient is the number 
of seconds 3; and the multiplier is the remainder of minutes 1. Let this be the subtractive quan- 
_ tity, 1; the dividend 60; and the divisor, 19. Proceeding as directed, the multiplier and quotient 
R 
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265. Rule fora conjunct pulverizer.t If the divisor be the same and 
the multipliers various ;? then, making the sum of those multipliers the di- 
vidend, and the ‘sum of the remainders a single remainder, and applying the 
foregoing method of investigation, the precise multiplier so found is deno- 
minated a conjunct one. 


266. Example. What quantity is it, which multiplied by five, and di- 
vided by sixty-three; gives a residue of seven ; and the same multiplied by 
ten and divided by sixty-three, a remainder of fourteen? declare the 
number.’ l 

Here the sum of the multipliers is made the dividend ; and the sum of the 


residues, a subtractive quantity; and the statement is Dividend 15 <b- 
Divisor 63 

tractive 21. Or reduced to least terms Dividend 5 

Divisor 21 

Proceeding as before, the multiplier is found 14.* 


Subtractive 7. 


are found 13 and 41. The minutes are therefore 41; and the remainder of degrees 13. This again 
being the subtractive quantity, 13; the dividend, 30; and the divisor, 19; the multiplier and 
quotient are 15 and 23. The degrees then are 23; and the remainder of signs 15. The subtractive 
quantity then being 15; the dividend 12; and the divisor 19 ; the multiplier and quotient are 6 and 3. 
Thus the signs are 3; and the remainder of revolutions6. This becomes the subtractive quanti- 
ty, 6; the dividend, 10; and divisor, 19; whenee the multiplier and quotient come out 12 and 6. 
The revolutions therefore are 6; and the elapsed time is 12. © ` Gane. Gay. &ce. 


t Sanslishia-cuttaca or sanslishta-sphuta-cuttaca, a distinct pulverizing multiplier belonging to 
conjunet residues.—Gawn. <A multiplier ( cuétaca,) consequent on conjunction ; one deduced from 
the sum of multipliers and that of remainders. SUR. 

* Whether two, three or more.—Gaw. on Lil, and Crisuy, on Vij. 

3 See another example in the Gélé’d hydya or spherics of the astronomical portion of the Sirémani. 

Gan. and Crisun. 

* The quotient as it comes out in this operation is not to be taken: but it is to be separately 
sought with the several original multipliers applied to this quantity and divided by the divisor as 
given. GAN. 


CHAPTER XIII. 





COMBINATION: 


267. Rule The product of multiplication of the arithmetical series 
beginning and increasing by unity and continued to the number of places, 
will be the variations of number with specific figures: that, divided by the 
number of digits and multiplied by the sum of the figures, being repeated 


in the places of figures and added together, will be the sum of the permu- 
tations. i 


268. Example. How many variations of number can there be with two 
and eight? or with three, nine and eight? or with the continued series from 
two to nine? and tell promptly the several sums of their numbers. 


Statement Ist Example: 2. 8. 

Here the number of places is 2. The product of the series from 1 to the 
number of places and increasing by unity, (1, 2.) will be 2. Thus the permu- 
tations of number are found 2. 

That product 2, multiplied by the sum of the figures, 10 [2 and 8] is 20; 
and divided by the number of digits 2, is 10. This, repeated in the places of 


figures [10 and added together, is 110; the sum of the numbers. 
10] 


Statement 2d Example: 3. 9. 8. , 
The arithmetical series is 1. 2.3; of which the product is 6; and so many 


* Anca-pasa-vyavahdra or Anca-pasé'd’hydya, concatenation of aigis : a mutnal mixing of the 
numbers, asit were a rope or halter of numerals: their variations being likened to a coil. See 
Gan. and Sur. 

The subject is more fully treated in the Ganita-caumudt of NARAYANA PANDITA. 

* To find the number of the permutations and the sum or amount of them, with specific num- 
bers. Gan. and Sur. 

R 2 
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are the variations of number. That, multiplied by the sum 20, is 120; 
which, divided by the number of digits 8, gives 40; and this, repeated in 


the places of figures [40 and summed, makes 4440 the sum of the 
40 
40] 


numbers. 


Statement 3d Example: 2.3.4. 5.6.7.8. 9. 


The arithmetical series beginning and increasing by unity is 1.2.3. 4. 5. 6. 
7.8. The product gives the permutation of numbers 40320. This, multi- 
plied by the sum of the figures 44, is 1774080; and divided by the number 
of terms 8, 1s 221760; and the quotient being repeated in the eight places 
of figures and summed, the total is the sum of the numbers 2463999935360. 


269. Example. How many are the variations of form of the god 
SAMBHU by the exchange of his ten attributes held reciprocally in his seve- 
` ral hands : namely the rope, the elephant’s hook, the serpent, the tabor, the 
skull, the trident, the bedstead, the dagger, the arrow, and the bow:' as 
those of Hari by the exchange of the macc, the discus, the lotus and the 
conch? 


Statement: Number of places 10. 


In the same-mode, as above shown, the variations of form are found 
3628800. : 
So the variations of form of Hart are 24. 


* Samnnu or Siva is represented with ten arms, and holding in his ten hands the ten weapons 
or symbols here specified; and, by changing the several attributes from one hand to another, a 
variation may be effected in the representation of the idol: in the same manner as the image of, 
Hani or Vistinu is varied by the exchange of his four symbols in his four hands. The twenty- 
four different representations of Visnwu, arising from this diversity in the manner of placing the 
weapons or atlributes in his four hands, are distinguished by as many discriminative titles of the 
god allotted to those figures in the theogonies or Purdnas. It does not appear that distinct titles 
-have been in like manner assigned to any part of the more than three millions of varied represen- 
tations of Sıva. ` | 

Tbe ten attributes of Siva are, ist, pésa, a rope or chain for binding an elephant ; 2d, ancusa, a 
hook for guiding an elephant; 3d, aserpent; 4th, damarn, a tabor; 5th, a human skull; 6th, a 
trident; 7th, chatwdnga, a bedstead, or a club in form of the foot of one; 8th, a dagger; 9th, an 
arrow ; 10th, a bow. 
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970. Rule: The permutations found as before, being divided by the 
combinations separately computed for as many places as are filled by like 
digits, will be the variations of number; from which the sum of the numbers 
will be found as before. 


271. Example. How many are the numbers with two, two, one and 
one? and tell me quickly, mathematician their sum: also with four, eight, 
five, five and five; if thou be conversant with the rule of permutation . of 
numbers. 


Statement Ist Example: 2.2.1.1. ‘ 

Here the permutations found as. before (§ 267) are 24: First, two places 
are filled by like digits (2.2.); and the combinations for that number of places 
are 2. Next two other places are filled by like digits.(1.1.); and the combi- 
nations for these places are also2. Total 4. The permutations as before 
24, divided by (4) the twofold combinations for two pairs of like digits, 
give 6 for the variations of number: viz. 2211, 2121, 2112, 1212, 1921, 
1122.2 The sum of the numbers is. found as before 9999.5 


Statement 2d Example: 4.8.5.5.5. ' 

Here the permutations. found as before are 120; which, divided by the 
combinations for three places 6, give the variations 20: viz. 48555, 84555, 
54855, 58455, 55485, 55845, 55548, 55584, 45859, 45585, 45558, 85455, 
85545, 85554, 54585, 58545, 35458, 55854, 54558; 58554. 

The sum of the numbers comes out 1199988.+ 


272. Rule: half a stanza. The series of the numbers decreasing by 
unity from the last’ to the number of places, being multiplied together, will 
be the variations of number, with dissimilar digits. 


* Special; being applicable when two or more of the digits are alike. 

* The enumeration of the possible combinations is termed prastéra. 

* The variations 6, multiplied by the sum of the figures 6, and divided by the numher of digits 
4, give 9; which being repeated in four places of figures and summed makes 9999. 

* Variations 20, multiplied by the sum of the figures. 27, give 540; which, divided by the num- 
ber of digits 5, makes 108: and this being repeated in five places of figures and summed, yields 
1199938. 

* To find the variations for a definite number of places with indeterminate digits. GAN. 

© That is, from nine. z GaN. &c. 
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273. Example. How many are the variations of number with any digits 
except cipher exchanged in six places of figures? If thou know, declare 
them. 

The last number is nine. Decreasing by unity, for as many as are the 
places of figures, the statement of the series is 9. 8.7. 6. 5.4. The product 
of these is 60480." 


274. Rule:? a stanza and a half. If the sum of the digits be determi- 
nate, the arithmetical series of numbers from one less than the sum of the 
digits, decreasing by unity, and continued to one less than the places, being 
divided by one and so forth, and the quotients being multiplied together, the 
product will be equal to the variations of the number. 

This rule must be understood to hold good, provided the sum of the digits 
be less than the number of places added to nine. 

A compendium only has been here delivered for fear of prolixity: since 
the ocean of calculation has no bounds. 

275. Example. How many various numbers are there, with digits 
standing in five places, the sum of which is thirteen? If thou know, de- 
clare them. ia ats : 

Here the sum of the digits less one is 12. The decreasing series from 
this to one less than the number of digits, divided by unity, &c. being exhi- 
bited, the statement is 12 13 49 $. The product of their multiplication 
[422°] is equal to the variations of the number, 495.° 


276. Though neither multiplier, nor divisor, be asked, nor square, nor 
cube, still presumptuous inexpert scholars in arithmetic will assuredly fail 
in [problems on] this combination of numbers. 


s 


2? The combinations of two dissimilar digits, excluding cipher, are 72; with three, 504; with 
four, 3024; with five, 15120; with six 60480. 

? To find the combinations with indeterminate digits for a definite sum and a specific number 
of places. Gan. 

3 01111, 52222, 13333; each five ways. 55111, 22333; each ten ways. 82111, 73111, 
64111, 43222, 61222; each twenty ways. 72211, 53311, 44221, 44311; each thirty ways. 
63211, 54211, 53221, 43321; each sixty ways. Total four hundred and ninety-five. 
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277. Joy and happiness is indeed ever increasing in this world for those 
who have Lildvati clasped to their throats,’ decorated as the members are 
_ with neat reduction of fractions, multiplication and involution, pure and 


perfect as are the solutions, and tasteful as is the speech which is exem- 
plified. 


* By constant repetition of the text. This stanza, ambiguously expresscd and bearing a double 
import, implies a simile: as a charming woman closely embraced, whose person is embellished 
by an assemblage of elegant qualities, who is pure and perfect in her conduct, and who utters 
agreeable discourse. See Gan. 


f- 





VISA-GANITA, 


AVYACTA-GANITA; 


ELEMENTAL ARITHMETIC OR ALGEBRA. 





CHAPTER I. 


ALGORITHM or LOGISTICS.' 





SECTION I. l 
INVOCATION and INTRODUCTION. 


1. I REVERE the unapparent primary matter, which the Sánchyas? de- 
clare to be productive of the intelligent principle, being directed to that 
production by the sentient being: for it is the sole element of all which is 
apparent. . I adore the ruling power, which sages conversant with the nature 


` Paricarma-trinśati ; thirty operations or modes of process. Lild. c. 2, § 2. 

2 Not the followers of CarILa, but those of ParaxsjaLr. The same term Sénc’hya, as relating to 
another member of the period, signifies sages conversant with theology and the nature of 
soul; and, corresponding again to another member of it, the same word intends calculators and 
mathematicians, whose business is with Sanc’hyé number. Throughout the stanza the same words 
are employed in threefold acceptations: and, in translating it, the distinct meanings are repeated 
in separate members of a period: because the ambiguity of the a could not be preserved by 
a version of it as of a single sentence. 
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of soul pronounce to be the cause of knowledge, being so explained by a 
holy person: for it.is-the one element of all which is apparent. I venerate 
that unapparent computation, which calculators affirm to be the means of 
comprehension, being expounded by a fit person: for it is the single element 
of all which is apparent. 


2. Since the arithmetic of apparent for known] quantity, which has 
been already propounded in a former treatise, is founded on that of unap- 
parent for unknown] quantity ; and since questions to be solved can hardly 
be understood’ by any, and not at all by such as have dull apprehensions, 
without the application of unapparent quantity ; therefore I now propound 
the operations of analysis.’ 


* Vija cause, origin; primary cause (ddi-cérana).—Sunr. Hence signifying in mathematics, 
analysis, algebra. f 

Vija-criyá4: operation of analysis; elemental or algebraic solution. See explanation of the title 
of Vija-ganita, causal or elemental arithmetic, ch. 7, §174. 


( 431). : : 


SECTION II. 
Logistics of Negative and Affirmative Quantities. 


ADDITION. 


3. Rule for addition of affirmative and negative quantities: half a stanza. 
In the addition of two negative or two affirmative’ quantities, the sum must 
be taken: but the difference of an affirmative and a negative quantity is 


their addition.” . 


4. Example. Tell quickly the result of the numbers three and four, 
negative or affirmative, taken together: that is, affirmative and negative, or 
both negative or both affirmative, as separate instances: if thou know the 
addition of affirmative and negative quantities. 

The characters, denoting the quantities known and unknown,’ should be 
first written to indicate them generally; and those, which become negative, 
should be then marked with a dot over them. 


Statement: 3.4. Adding them, the sum is found 7. 
Statement: 3.4. Adding them, the sum is 7. 


Statement: 3.4. Taking the difference, the result of addition comes 


out l. 


* Rina or cshaya, minus ; literally debt or loss: negative quantity. 

D'hana or swa, plus ; literally wealth or property : affirmative or positive quantity. 

* For a demonstration of the rule, the commentators, SURYADASA and Crisuna, exhibit fami- 
liar examples of the comparison of debts and assets. 

* Rdsi, quantity, is either vyacta, absolute, specifically known, (which is termed répa, form, 
species ;) or it is avyacta, indistinet, unapparent, unknown (ajaydéta). It may either be a multiple 
of the arithmetical unit, or a part of it, or the unit itself. See Crisuy'a. 
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Statement: 3.4. Taking the difference, the result of addition is 1. 


< 


So in other instances,’ and in fractions? likewise. 


SUBTRACTION. 


5. Rule for subtraction of positive and negative quantities: half a 
stanza. The quantity to be subtracted being affirmative, becomes nega- 
tive; or, being negative, becomes affirmative: and the addition of the quan- 
tities is then made as above directed.’ 


6. Example: half a stanza. Subtracting two from three, affirmative 
from affirmative, and negative from negative, or the contrary, tell me 
quickly the result. 

l 


! For the addition of unknown and compound quantities and surds, see § 18—30. 

2 Whether known or unknown quantities having divisors. Of such as have like denominators, 
the sum or difference is taken. Else, other previous operations: take place for the reduction of 
them to a common denominator. The same must be understood in subtraction. Crisun. | 

3 Jn demonstrating this rule, the commentator CrisuNA BILATTA observes, that ‘ here negation 
is of three sorts, according to place, time, and things. It is, in short, contrariety. Wherefore the 
Lilévati, § 166, expresses ““ The segment is negative, that is te say, is in the contrary direction.” 
As the west is the contrary of east ; and the south the converse of north. Thus, of two countries, 
east and west, if one be taken as positive, the other is relatively negative. So when motion to the 
east is assumed to be positive, if a planet’s motion be westward, then the number of degrees equiva- 
lent to the planet’s motion is negative. In like manner, if a revolution westward be affirmative, so 
much as a planet moves eastward, is in respect of a western revolution negative. ‘The same may 
be understood in regard to south and north, &c. That prior and subscquent times are relatively 
to each other negative, is familiarly understood in reckoning of days. So in respect of chattels, 
that, to which a man bears the relation of owner, is considered as positive in regard to him: and 
the converse [or negative quantity] is that to which another person has the relation of owner. 
Hence so much as belongs to Fajnyadatta in the wealth possessed by Décadatta, is negative in 
respect of Dévadatta. The commentator gives as an example the situation of Pattana (Patna) 
and Prayága (Allahábád) relatively to Ananda-cana (Benares). Pattana on the Ganges bears cast 
of Váránaśí, distant fifteen yéjanas ; and Prayága on the confluence of the Gangá and Yamuná, 
bears west of the same, distant cight yójanas. The interval or difference is twenty-three yójanas; ' 
and is not obtained but by addition of the numbers. Therefore, if the difference between two’ 
contrary quantities be required, their sum must be taken. Crisnyn. 
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' Statement: 3.2. The subtrahend, being affirmative, becomes negative ; 
and the result is 1. 


Statement: 3.2. The uegative subtrahend becomes affirmative; and 
the result is 1. - 


Statement: 3.2. The negative subtrahend becomes affirmative; and 
the result is 5. 


Statement: 3.2. The affirmative subtrahend becomes negative ; and 


the result is 5. 


MULTIPLICATION. 


7. Rule for multiplication [and division] of positive and negative quan- 
tities: half a stanza. The product of two quantities both affirmative, is po- 
sitive.’ When a positive quantity and a negative one are multiplied toge- 
ther, the product is negative.” The same is the case in division. 


1 The sign only of the product is taught. All the operations upon the numbers are the same 
which were shown in simple arithmetic (Lild. § 14—16). CrisHn. 

2 Multiplication, as explained by the commentators,* is a sort of addition resting on repetition - 
of the multiplicand as many times as is the number of the multiplicator. Now a multiplicator is 
of two sorts, positive or negative. If it be positive, the repetition of the multiplicand, which i 18 
affirmative or negative, will give correspondently an affirmative or negative product. The multi- 
plication then of positive quantities is positive; and that of a negative multiplicand by a positive 
multiplier is negative: asis plain. The question for disquisition concerns a negative multiplier. 
It has been before observed that negation is contrariety. A negative multiplier, therefore, is a 
contrary one: that is, it makes a contrary repetition of the multiplicand. Such being the case,. 
if the multiplicand be positive, (the multiplier being negative), the product will be negative ; if the 
multipheand be negative, the product will be affirmative. In the latter case the multiplication . 
of two negative quantities gives an affirmative product. In the middle instances, either of the two 
(multiplicator or multiplicand) bcing positive, and the other negative, the product is negative: as, 
is taught in the text. 

Or the proof may be deduced from the process of computation. There is no dispute respecting 
the multiplication of affirmative quantities: but the discussion arises on that of negative quantity. 
Now so much at least is known and admitted, that, the multiplicand being separately multiplied 
by component parts of the multiplier, and the products added together, the sum is the product of 
the proposed multiplication. Let the multiplicand be 135, and the multiplicator 12; and its two 
parts, (the one arbitrarily assumed, the other equal to the given number less the assumed one,) 


4 


è + 3 eee r 7 é a2 wid a. 
Sunyapasa on Lildvatt. Ganesa on the same, CRÌSHNA-BHATTA on Vija-ganita, 
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8. Example: half a stanza (completing § 6). What is the product of 
two multiplied by three, positive by positive; and negative by negative; or 
positive by negative 


Statement: 2.3. Affirmative multiplied by affirmative is affirmative. 
Product 6. 


& 


Statement: 2.3. Negative multiplied by negative is positive. Pro- 
duct 6. 


Statement: 2. 3. [or 2. 3] Positive multiplied by negative [or, negative 
by positive] is negative. Product 6. 

The result is the same, if the multiplicator be multiplied by the multipli- 
cand.’ 


DIVISION. 


Rule. The same is the case in division (§ 7).* 


9. Example. The number eight being divided by four, affirmative by 
affirmative, negative by negative, positive by negative, or negative by po- 
sitive, tell me quickly, what is the quotient, if thou well know the method. 


4and 8. Then the multiplicand being separately multiplied by those component parts of the 
multiplicator, give 540 and 1080: which, added together, make the product 1620. In like 
manner let the assumed portion be 4, The other, (or given number Jess that) will be 16. Here 
also, if the multiplicand be separately multiplied by those parts, and the products added together, 
the same aggregate product should be obtained. But the multiplicand, iultiplied severally by 
those parts, gives 540 and 2160. ‘The sum of these numbers [with the same signs] does not agree 
with the product of multiplication. It follows therefore, since the right product is not otherwise - 
obtained, that the multiplication of a positive and a negative quantily together give a negative 
result. For so the addition of 540 and 2160 [with contrary signs] makes the product right: viz. 


1620. Crisnn. 
* It is thus intimated, that either quantity may at pleasure be treated as multiplicator, and the 
other as multiplicand : and conversely. Crisnw. 


* If both the dividend and the divisor be affirmative, or both negative, the quotient is affirm- 
ative: but, if one be positive and the other negative, the quotient is negative. Cris. 
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Statement: 8.4. Affirmative divided by affirmative gives an affirmative 


quotient 2. 


Statement: 8.4. Negative by negative gives an affirmative quotient 2. 
Statement: 8.4. Positive by negative gives a negative quotient 9. 


Statement: $. 4. Negative by positive gives a negative quotient 9. 


SQUARE anp SQUARE-ROOT. 


10. Rule: halfa stanza. The square of an affirmative or of a negative 
quantity is affirmative ; and the root of an affirmative quantity is two-fold, 
positive and negative. There is no square-root of a negative quantity : for 
it is not a square.’ 


* 11. Example. Tell me quickly, ‘friend, what is the square of the num- 
ber three positive; and of the same negative?’ Say promptly likewise what 
is the root of nine affirmative and negative, respectively? 


Statement: 3.3. Answer: the squares come out 9 and 9. 
Statement: 9. Answer: the root is 3 or 3. 


Statement: 9. Answer: there is no root, since it is no square. 


| For, if it be maintained, that a negative quantity may be a square, it must be shown what it 
can be a square of. Now it cannot be the square of an affirmative quantity : for a square is the 
product of the multiplication of two like quantities; and, if an affirmative one be multiplied by an 
affirmative, the product is affirmative. Nor can it be the square of a negative quantity: for a ne- 
gative quantity also, mulliplied by a negative one, is positive. Therefore we do not perceive any 
quantity such, as that its square can be negative. , Crisnn. ` 
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CIP HER. 


12. Rule for addition and subtraction of cipher: part of a stanza. In 
the addition of cipher, or subtraction of it, the quantity,’ positive or nega- 
tive, remains the same. But, subtracted from cipher, it is reversed.* 


13. Example: half a stanza. Say what is the number three, positive, or 
[the same number] negative, or cipher, added to cipher, or subtracted from 
10e 


w 


Statement: “3.3.0. These, having cipher added to, or subtracted from, 


t 


them, remain unchanged: 3. 3. 0.4 


Statement: 3.3.0. Subtracted from cipher, they become 3. 3. 0.5 


* Whether absolute; expressed w digits, or unknown, denoted by letter, colour, &c. or an 
irrational and surd root. Crisnuyn. 

* In both cases of addition, and in the first of subtraction, the absolute number, unknown quan- 
tity, or surd, retains its sign, whether positive or negative. In the other case of subtraction, the 


sign is reversed, Crisny. 
3 Or having cipher added to, or subtracted from, it. Crismn. 


* In addition, if either-of the quantities be increased or diminished, the result of the addition is 
just so much greater or less. If then either be reduced to nothing, the other remains unchanged. 
But subtraction diminishes the proposed quantity by so much as is the amount of the subtrahend ; 
and, if the subtrahend be reduced, the result is augmented : if it be reduced to nought, the result,. 
rises toits maximum; the amount of the proposed quantity. Or, if the proposed quantity be itself 
reduced, the result of the subtraction is diminished accordingly: if reduced to nought, the result 
is diminished to its greatest degree ; the amount of the subtrahend with the subtractive sign. Sce 
Cnisnn. 

> Cipher is neither positive nor negative: and it is therefore exhibited with no distinction of 
sign. No difference arises from the reversing of it; and none is here shown. Crisny. 


3 


Section III. ~- LOGISTICS. :137 


14.) Rule: (completing the stanza, § 12.) In the multiplication and the 
rest of the operations’ of cipher, the product is cipher ;.and so itis im mul- 
tiplication by cipher: but a quantity, divided by eini eco nics a abandon 
the denominator of which is cipher.® j P F30 i bao tois 


15. Example: half a stanza. Tell me the product of ETE 
by two ;° and the quotient of it) divided by three, and of ;three divided by 
cipher; and ke square of nought; and its root. 


Punia Multiplicator Ri Multiplicand 0 0. ‘Product 0.. 
[Statement : Multi plicator 0. Multiplicand 2. Product 0*.] 
Statement: ‘Dividend 0. Divisor 3. Quotient 0. : 


Statement: Dividend 3. Divisor 0. Quotient the fraction 3. 
This fraction, of which the denominator is cipher, is termed an infinite 


quantity. ; 


' Multiplication, division, square and square-root. Sur. and Crisny. 

Multiplication and division are each two-fold: viz. multiplication of nought by a quantity; or 
the multiplication of this by nought: so division of cipher by a quantity; and the division of this 
by cipher. But square and square-root are each single. Crismn. 

* The more the multiplicand is diminished, the smaller is the product; and, if it be reduced in 
the utmost degree, the product is so likewise: now the utmost diminution of a quantity is the same 
with the reduction of it to nothing: therefore, if the multiplicand he nought, the product is cipher. 
In like manner, as the multiplier decrcases, so does the product; and, if the multiplier be nought, 
the product is so too. In fact multiplication is repetition: and, if there be nothing to be repeated, 
what should the multiplicator repeat, however great it be? 

So, if the dividend be diminished, the quotient is reduced: and, if the dividend be reduced to 

nought, the quotient becomes cipher. 

As much as the divisor is diminished, so much is the quotient raised. If the divisor be reduced 

to the utmost, the quotient is to the utmost increased. But, if itcan be specified, that the amount 

of the quotient is so much, it has not been raised to the utmost: for a quantity greater than that 

can be assigned. The quotient therefore is indefinitely great, and is rightly termed infinite. 
Crisun. 

* Or else multiplying two. Crisun. 

* Crisnn. 

* Ananta-rasi, infinite quantity. C’ha-hara, fraction having cipher for its denominator. 

This fraction, indicating an infinite quantity, is unaltered by addition or subtraction of a finite 
quantity. For, in reducing the quantities to a common denominator, both the numerator and 

T 
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~ .16. .In this quantity consisting of that which has cipher for its divisor, 
there is ‘no alteration, though many be inserted or.extracted; as no change 
takes place in the infinite and immutable Gop, at the period of the destruc- 


tion or creation of worlds, though numerous orders of beings are absorbed 
or put forth. 


2 4 


Statement: 0.“ Its square 0.. Its root O. 


denominator of the finite quantity, being multiplied by cipher, become nought: and a quantity is 
unaltered by the addition or subtraction of nought. The numerator of the infinite fraction may 
indeed be varied by the addition or subtraction of a finite quantity, and so it may by that of another 
infinite fraction: but whether the finite numerator of a fraction, whose denominator is cipher, be 
more or less, the quotient of its division by cipher is alike infinite. Crisun. 
This is illustrated by the same commentator through the instance of the shadow of a gnomon, 
which at sunrise and sunset is infinite; and is equally so, whatever height be given to the gnomon, 
and whatever number be taken for radius, though the expression will be varied. Thus, if radius 
be put 120; and the gnomon be 1, 2, 3,.or.4; the expression deduced from the proportion, as 


sine of sun's altitude is to sine of zenith distance ; ; so is gnomon to shadow; becomes 12o, 240 


$62 or 480, Or, if the gnomon be, as ít is usually framed, 12 fingers, and radius be alen at 
3438, 120, 100, or 90; the expression will be 4256, 1449, 1292 or 1880; which are all alike 


infinite. See Crisnn. i 4 
vee s ja a 4 47? J . i I ' f 3 em) 3 i 
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SECTION IV. 





Arithmetical Operations on Unknown Quantities. 


17. “So much as” and the colours “ black, blue, yellow-and.red,?? and 
others besides these, have been selected by venerable teachers for names of 
values* of unknown quantities, for the purpose of reckoning therewith. : 


t Fi 1 sioi mA 
18. Rule for addition and subtraction: Among quantities SO seep ted, 
the sum or difference of two or more whitch are Mike must be taken: but 
such as are unltke,* are to be separately set ao m i aans 
i E Aa A > leet 
19. Example. Say quickly, friend, what will affirmative one unknown 
with one absolute, and affirmative pair unknown less eight absolute, make, 
if addition of the two sets take place? and what will they make, if the sum 
be taken inverting the affirmative and negative signs?) iy 


ye 


Statement: yal rul Answer: the sum is ya3 ru 7. 
ya? rus 


3 


2 


* Yévat-técat, correlatives, quantum, tantum; quot, tot: as many, oras much, of the un- 
known, as this coefficient number. Yérat is relative of the unknown; and ¢évat of its coefficient. 

The initial syllables of the Sanscrit terms enumerated in the text are employed as marks of un- 
known quantities ; viz. y4, cá, ní, pí, ló, (also ka, swé, chi, &e: for green, white, variegated- and so 
forth). Absolute number is denoted by rú, initial of rúpa form, species. The letters of the alphabet 
are also used (ch. 6), as likewise the initial syllables of the terms for the particular ene: (§ aye 

* Ména, miti, unmdna or unmiti, measure or value. See note on § 130, 

* For the purpose of reckoning with unknown quantities. ' l Sur and CrisiN. dt 

“ Heterogeneous: as réjpa, known or absolute number: yévat-tdoat (so much as) the first un- 
known quantity, its square, its cube, its biquadrate, and the product of it’ and another ‘ factor ; 
célaca (black) the second unknown quantity, ‘its powers, and the product of it "E factors :' nilaca 
(blue) the third unknown, its powers, and so forth. See Crisun. p gihe: = 

> Inverting the signs of the first set, of the second, or of both. 7 YC RISHN: 


T2 
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Statement (inverting the signs in the first set): ya 1 ru l 
yal rus 


Answer: Sum yal ru 9. 


Statement (inverting the signs in the second set): yal rut 
' yar rus 


Answer: Sum ya 1, ru 9. 


Statement (inverting the signs in both sets): ya 1 ra} 
yar mus. 


Answer: Sum ya3 ru 7. 


20. Example. Say promptly what will affirmative three square of an 
unknown, with three known,. be, when negative pair unknown is added 2 
and tell the remainder, when negative six unknown with eight known is 
subtracted from affirmative two unknown. 


Statement: yao 3 yao ru3* Answer: Sumyav3. ya2 ru 3. 
yavO -yad rud 


Statement: ya2° ruO- Answer: The remainder is ya 8 rw 8: 
‘ya 6 rus. 


..21. Rule for multiplication. of unknown. quantities: two and a half 
stanzas. -When absolute number and colour (or letter) are multiplied one by 
the other, the product will be colour (or letter)? When two, three or more 


P 
r The powers of the unknown quantity are thus ordered: first the highest power, for example 
the sursolid; then the next, the biquadrate ; after it the cube; then the square ;. next the simple 
unknown quantity; lastly the known species. See Cris. 

-42 Multiplication of unknown quantity denoted by colour (or letter) is threefold: namely, by 
known or absolute number, by homogeneous colour or like quantity, and by hetcrogeneous colour 
or unlike quantity. Ifthe unknown quantity be multiplied by absolute number, or.this by the 
unknown quantity, the result of the multiplication in figures is set down, and the denomination 
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homogencous quantities are multiplied, together, the product will be.the: 
square, cube or other [power] of the quantity. But, if unhke quantities be 
multiplied, the result is their (bha@vita) ‘to be’ product or factum. The 
other operations, division and the rest,’ are here pérformed like those upon 
number, as taught in arithmetic of known quantities. 


22. The multiplicand is to be set down in as many several, places as there 
are terms in the multiplier, and to be successively multiplied by those terms, 
and the produets to be added together by the method above:shown.? In this 
elemental arithmetic the precept for multiplying by component parts of the 
factor, as delivered under simple arithmetic,> must be understood in the 
multiplication of unknown quantities, of squares, and of surds. 


23. Example: Tell directly, learned sir, thie product of the multiplica- 
tion of the unknown (ydvat-tacat) five, less the absolute number one, by 
the unknown (yévat-tdvat) three joined with the absolute two: and’ also 


of the colour is retained. The continued multiplication of like quantities produces, when two are 
multiplied together, the square; when this is multiplied by a third such, the cube; by a fourth, 
the biquadrate ; by. a fifth, the sursolid; by a sixth, the cube of the square, or square of the cube. 
When lieterogeneous colours, or dissimilar unknown Ta are multiplied together,. the result 


isa (bhávita) product or factum. Crisun. 
Bhévita, future, or to be. Itis a special designation of a possible operation, indicating the mul- 
tiplication of unlike quantities. caii. 


Like the rest of these algebraic terms, it is signified by its inilial syllable (b4¢). Thus the pro- 
duct of two unknown quantities is denoted by three letters or syllables, as y4. cá bhá, cá. ni bhá, &c: 
Or, if one of the quantities bea higher powcr, more syllables or letters are requisite : for the square, 
cube, &c. are likewise denoted by initial syllables,.ca, gha, ca-ca, va-gha (or gha-va), gha-gha, &c.. 
Thus yá va. cá għa bhá will signify the square of the first unknown quantity multiplied by the cube 
of the second. 

A dot is, in some copies of the text and its commentarics, interposed between the factors, with- 
out any special direction, however, for this notation. 


* Viz. square and square-root; cube and cube-root.—Crisun. Also reduction of fractions. to 
a common denominator, rule of.three, progression, mensuration of plane figure, and the whole of. 
what is taught in simple arithmetic. SUR.. 

2 In §18. u 

3 As well as the other. methods there taught.—Crisux. See Lilárati, § 14—15.. 
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the result of their multiplication inverting the affirmative and negative signs 
im the mpana or in the multiplicator, or in both.? 


Statement: yas ral : = 
a3 rii Product: yav 15 yat rua. 


Statement: ya 5. rul 
yas rug 


Product: yav 15 ya7 ru goo 
Statement : ya5 rul : > 
-- + Product: yav 15 ya7 ru Q. 

ya3 rug J yar 
ESE: o ra 1 Product : yaols ya7 rua} 
yas ru2 

24. Rule for division: Those colours or unknown quantities, and abso- 
lute numbers, by which the divisor being multiplied, the products in their 
several places subtracted from the dividend exactly balance it,> are here the 
quotients in division. 
| Tanim: Statement of the product of the foregoing multiplication, and 
of its multiplicator now taken as divisor: ya v15 ya7 ru2. Itis divi- 
dend ; and the divisor is ya 3 ru 2. 

Division being made, the quottent found is the — multiplicand ya 5 


ru l. 


* The concluding passage is read in three different ways; the one implying, that the multipli- 
cand, affirmative and negative, is to be inverted, or the multiplicator; the second indicating, that 
the terms of the multiplicand or multiplicator with their signs are to be transposed ; the third sig- 
nifying, that the terms of the multiplicand or multiplier must have their signs changed.—Crisuy. 
The commentator prefers the reading and interpretation by which the signs only are reversed. 

* This fourth example is exhibited by Crisuwa-BuaTTa. 

Multiplication is thus wrought according to the commentator, Example 1st, 


ya 5 ru l ya 3 yavi5 ya 3 
yas rul ru 2 ya 10 ru? 


yaols ya 7 ru2 
————e————— ee 


3 Exhaust it: leave no residue. 
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Statement of the second example: yaw 15 ya7 ru2 dividend, the 
divisor being ya 3 ru 2. ‘Answer: “The quotient found is the original mul- 


tiplicand ya 5 ru 1. 


Statement of the third example: .yav 15 ya 7 ru 2 dividend, with di» 


visor ya 3 ruQ. The quotient comes out ya 5 rul, the original multi- 
plicand. 


[Statement of the fourth example: yav15 ya7 ru 2 dividend, with di- 


visor ya 3 ru2. Answer: ya5 rul, the original multiplicand.] 


25. Example of involution." Tell me, friend, the square of unknown 
four less known six. 


Statement: ya4 ru 6. Answer: The square is yav 16 ya 48 ru 36. 


26. Rule for the extraction of the square-root: -Deducting from the 
squares which occur among the unknown quantities their square-roots, sub- 
tract from the remainder double the product of those roots two and two; 
and, if there be known quantities, finding the root of the known number,’ 
proceed with the residue in the same manner.’ 


Example. Statement of tle square before found, now bine for ex- 


traction-of the root:. yav15 ya48 ru 36. 


Answer: The root Is yah ru 6 or ya 4 ru 6. 


g 
Re wad e 


* The square being the product of the multiplication of two like dimitit involution is com- 
prehended under the foregoing rule of multiplication, § 21; and therefore an éyample only is here 


given. CrisHn. 
* Ifthe absolute number do not yield a squarc-root, the proposed quantity was not an exact 
square. CrisHn. 


3 When the terms balance without residue, those roots together constitute the root of the pro- 
posed square. Crisun. 
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Arithmetical Oparations with several Unknown Quantities. 


27. Example. “ So much as” three, “ black” five, “ blue” seven, all 
affirmative: how many do they make with negative two, three, and one of 
the same respectively, added to or subtracted from them? 


Statement: ya3 ca5 ni7 Answer: Sum yal ca2 ni 6. 
ya% ca3 nil Difference ya5 ca8 ni 8. 


28. Example. Negative “ so much as” three, negative “ black” two, 
affirmative “ blue” one, together with unity absolute: when these are mul- 
tiplied by the same terms doula, what is the result? And when the pro- 
duct of their multiplication i is divided by the multiplicand, what will be the 
quotient? Next tell the square of the multiplicand, and the root of this 
square. 


Statement: Multiplicand ya3 cał nil rul. Multiplier ya 6 ca 4 
ni 2 ru 2. Answer: The. product is yav 18 cao8 niv 2 ya. cabh 24 


ya. ni ‘bh 12, ca.ni bh rua. 
». From this product divided by the multiplicand, the original multiplicator 


comes out as quotient ya6 ca4 niQ ruQ. 


Statement of the foregoing multiplicand for involution: ya3 ca2 nil 
rul. Answer: Thesquareisyav9 cav4& nivl ya.cabh12 ya.ni bh6 
canibha ya6 cak ni2 rul. 

From this square, the square-root being extracted, is ya 3 ca2 nil rul 


[orya 3 ca2 nil rul] 


% 


* For both these roots being squared yield the same result. ' Crisun. 
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SECTION V. 





SURDS. 


29. Roure for addition, subtraction, &c. of surds:!? Term the sum of two 
irrationals the great? surd; and twice the square root of their product, the less 
one. The sum and difference of these reckoned like integers are so [of the 
original surd roots].* Multiply and divide a square by a square.* 


30. But the root of the quotient of the greater irrational number divided 
by the less,’ being increased by one and diminished by one; and the sum and 


* Carani, a surd or irrational number. One, the root of which is required, but cannot be found 
without residue——Crisun. That, of which when the square-root is to be extracted, the root does 
not come out exact.—Gan. “A quantity, the root of which is to be taken, is named Carani.” 
NaRAyaNa cited by Sur. Not:generally any number which does not yield an integer root: for, 
were it so, every such number (as 2, 3, 5, 6, &c.) must be constantly treated as irrational. It only 
becomes a surd, when its root is required; that is, when the business is with its root, not with the 
number itself. Crisnn. 

A surd is denoted by the initial syllable ca. It will be here written c to distinguish it from cá 
the second unknown quantity in an algebraic expression. 

* Makati, intending makati carari a great surd, being the sum of two original irrational num- 
bers. Laghu, small, is by contrast the designation of the less quantity to be connected with it. 
The same terms, makati and laghvi, are used in the following stanza, § 30, with a different sense, 
importing the greater and less original surds. See Sur. and Crisnn. 

7 The sum and difference of the quantities so denominated are sum and difference of the two 
original surds. Sur. and Crisun. 

* This is a restriction of a preceding rule concerning multiplication of irrational numbers. § 22. 
—Crisnn. The author in this place hints the nature of surds, under colour of giving a rule for 
the multiplication and division of them.—Su'r. If a rational quantity and an irrational one are to 
be multiplied together, the rational one is previously to be raised to the square power; the irra- 
tional quantity being in fact a square. See Sur. and Crisun. 

->In like manner, if the less surd divided by the greater be a fraction of which the root may be 
found, this, with one added and subtracted, being squared and multiplied by the greater surd, will 
give the sum and difference of the two surds, Crisun. 


U 
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remainder, being squared and multiplied by the smaller irrational quantity, 
are respectively the sum and difference of the two surd roots. If there beno 
rational square-root [of the product or quotient}, they must be merely stated 
apart. 


31. Example. Say, friend, the sumand difference of two irrational num- 
bers eight and two: or three and twenty-seven; or seven and three; after 
full consideration, if thou be acquainted with the six-fold rule of surds. 


. Statement: c2 c8. Answer: Addition being made, the sum is ¢ 18. 
Subtraction taking place, the difference is ¢ 2.' 


Statement: c3 c27. Answer: Sumc4s. Difference c 12. 


Statement: c3 c7. Answer: Since their product has no root, they 
are merely to be stated apart: Sumc3 c7. Differencec3 c7. 


32. Example. Multiplicator consisting of the surds two, three, and 

eight; multiplicand, the surd three. oie the rational number five: tell 

quickly their product.: Or let the multiplier be the two surds three aud 
- twelve ua the natural pee nigr | 

Statement: Multiplierc 2 ¢3 c 8. AAN c3 c25. 

Here, to abridge the work, previously adding together two or more surds 
in the multiplier, or in the multiplicand, and in the divisor or in the dividend,. 
proceed with the multiplication and division. That being done in this case, 
the multiplier becomes c 18 c 3. Multiplicand as before c 25 c3. Mul- 
tiplication being made, the product is found c 9 ¢450 c75 c54. 


33. Maxim. The square of a negative rational quantity will be nega- 


: The numbers 8 and 2 added together make 10, the mahati or great surd. Their product 16 
yields the root 4; which doubled furnishes 8 for the laghu. The sum and difference of these are 
18 and 2. Or by the second method, the greater irrational 8 divided by the less 2, gives 4; the 
root of which is 2. This augmented and diminished by 1, affords the numbers 3 and 13; whose . 


squares are Qand 1. These, being multiplied by the smaller irrational number, make 18 and 2, as 
before. 
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tive, when it is employed on account of a surd; and so will the root of a 


negative surd be negative, when it is formed on account of a rational num- 
bers! - 


Statement of the second example: Multiplicator c 25 c3 c12. Mul- 
tiplicand c25 c3. Adding together two surds in the multiplier, it be- 
comesc 25 c27. The pretiect of the multiplication is c 625 c675 c75 
c 81. Among these the roots of c 625 and c 81, namely 25 and 9; being 
added together, make the natural number 16: and the sum; consisting in the 
difference, of c = and c 75, is c 300. The product therefore is ru 16 
c 300. eh TERRY 


a a eum o 


Statement of the foregoing product for dividend and the multiplier for 
divisor: Dividend c9 c 450 c75 :c 54. Divisorc2 ¢c3 c gL. 

Adding together two surds, the divisor becomes ¢ 18 ¢ 3. Then proceed- 
ing as directed (§ 24), the quotient is the original multiplicand ru 5S *e3. | 


Statement of the second example: Dividend c 256 ¢ 300. Divisor c 25 
ene 2: 

Adding together two surds, the divisor becomes c 25 c 27. Here also, 
proceeding as before, the quotient found is the original multiplicand ru 5 c 3. 


34—35. Or the method of division is otherwise taught: Reverse the 
sign, affirmative or negative, of any surd chosen in the divisor; and by such 
altered divisor? multiply the dividend and original divisor, repeating the ope- 
ration [if necessary] so as but one surd remain in the divisor. The surds, 
which constituted the dividend, are to be divided by that single remaining 
surd; and if the surds obtained as a quotient be such as arise from addition, 


"e 3 l te 


* This is a seeming exception to the maxim, that a negative quantity has no square-root (§ 10). 
But the sign belongs to the surd root not to the entire irrational quantity. When therefore a nega- 
live rational quantity is squared to bring it to the same form with a surd, with which it is to be 
combined, it retains thc negative sign appertaining to the root: and in like manner, when a root is 
extracted out of a negative rational part of a compound surd, the root has the negative sign. Sur. 

* Or by any number which may serve for extirpating some of the terms. Since thé dividend 
' and divisor being multiplied by the same quantity, the quotient is unchanged: and the object of 

the rule is to reduce the number of terms by introducing equal ones with contrary signs. See Sux. 

: “oY 
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they must be separated by the following rule for the resolution of them,’ in 
such form as the questioner may desire.” 


56. Rule: Take compouent parts at pleasure of the root of a square, by 
which the compound surd is exaetly divistble: the squares of those parts, 
being multiphed by the former quotient,’ are severally the component surds.* 


Statement: Dividendc9 ¢450 c75 c54. Divisore 18 c3. 

Here allotting the negative sign to the surd three in the divisor, it be- 
come c 18 c3. Oaai a by this the dividend, and adding the surds 
together,’ the dividend is c 5625 ¢675. In like manner, the jee be- 
comes ¢ 225. The dividend being divided by this, the quotient is c 25 c3. 


Example 2d. -Dividend c 300 -c 256. Divisor c 25 c27.. 

Here assigning to the surd twenty-five the affirmative sign, multiplying 
the dividend, ‘and taking the difference of affirmative and negative surds, the 
dividend is c 100 c 12; and the divisore 4. Dividing the dividend by 
this, the quotient is ¢ 25 ¢ 3. 


z Vislésha-sútra, a, rule for an operation converse of that of addition : (§ 36 ; which compare 
with § 30.) i 

* They must be resolved into such portions as the nature of the question may require. 

3 By former quotient, that which is previously found under this rule is meant: the quotient of 
the surd by a square which measures it. See Sur. 

* This rule, reversing the operations directed by § 30, is the converse of that rule.—See Sua. 
However, to make the contrast exact, the root of the square divisor of the surd should be resolved 
into parts one of which should be unity. 

` $ The dividend, multiplied by the altered divisor which comprises two terms, gives the product 
c 162 ¢ 8100 c 1350 c 972 
e162 ¢27 c1350 c225 , . 

Expunging like quantities with contrary signs, the product is c 8100 c 972 c 295 ¢ 27 ; and 
adding together the first and third terms, and second and fourth, (that is, taking their differences by 
§ 29—30) the product is reduced to two terms ¢ 5625 c075. 

Again the original divisor, multiplied by the altered one, givesc 324 c54 Expunging cqual 

€ 9 c 54 
quantities with contrary signs, the product is c 324 ¢ 9; reducible by addition (that is, by finding 
the difference, § 30) to ¢ 225. 
- The reduced dividend c 5625 ¢ 675, divided by this divisor ¢ 225, gives the quoticnt ¢ 25 ¢3. 

In like manner, by this process in the last example, the dividend becomes c 8712 c 1452; and 
the divisor c 184. Whence the quotiente 18 ¢3; resolvable by § 36 intoc2 c8 cS. Sur. 


~ 
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Next in the former example, making the multiplicand a divisor, the state- 
ment is dividend c9 c450 c75 c54. Divisor c25 c3. . 

Here also, assigning to the surd three the negative sign, multiplying the 
‘dividend, and adding surds together, the dividend becomes c'8712 c 1452; 
and the divisor c 484. The dividend being divided by this, the quotient is 
the multiplier c 18 c3. The original multiplicator comprised three terms. | 
The compound surd’c 18 (under the rule for the resolution of such: § 36) 
being divided therefore by the square nine, gives the quotient 2 withoutre- 
mainder. The square root of nme is 3. Its parts 1 and 2. Their squares 
l and4. These, multiplied by the quotient 2, make 2 and 8. Thus the 
original multiplicator is again foundc 2 ¢8 c 3. 


37—38. Examples of involution. Tell me, promptly, learned friend, the 
square of the three surds two, three, and four; that of two surds numbering 
two and three; and separately that of the united irrationals six, five, two, and 
three; as well as of: eighteen, eight, and two: and tig square roots'of the 
squared numbers. a te 

¢ i e I : . 

' Statement Ist. c2 c¢3 c5. And 2d. c 2 cas" Also r c6 ¢c5 ¢c& 
c3. Likewise 4th. 'c 18 c8 c2: > 7 
_ Proceeding by: the rule of ' involution’ (Lilavati, § MAND) the squares are 
found, “Ist. ru 10 “c'24°c¢ 40 c 60. | | Ade r's © 24. ' 3d. ru 16° c 120 
c72 c60 C48 c40'¢ 24. ' Here-also, to abridge the work, surds are to 
be added together-when practicable, whether i in squaring, or in extraction of 
the square root. Thus 4th.c 18 ¢ 2-8. ` The sum of these i Is 'C 72. Its. 
- square is ru 72. .° » ; aul! si yD amengo ` 


39—40. Rule for ‘finding the square root: From the square of the 
rational numbers contained in the proposed square, subtract integer num- 
bers* equal to one, ‘two, or'more of its surds; the square root of the re- 


* With this difference however, that.instead of twice the multiple of rational quantities, four 
times the multiple of irrational numbers is to be taken: under the rule, that a square is to be mul- 
tiplied by asquare (§ 29). : ) SUR. 

% A rational number equal to the.numbers that express the irrational terms is subtracted : and 
the author therefore says ‘‘ subtract integer numbers (répa) equal to one or more surds,” to indi- 
cate, that subtraction as of surds (§ 29) is not here intended. . Sir. 


d 


150 VITA-GANITA. Cuaprter I. 


mainder is to. be severally added to, and subtracted from, the rational num- 
ber: the moieties of this. sum and difference will. be two surds in the root. 
The largest of them is to be used as a rational number, if there be' any surds 
im the square remaming; and the i repeated [until the proposed 
quantity be onhamsted]ii l >F 


6 ` 


pa i "E * á 

an inai Statement of the second square, for the extraction: ofits root : 
red .¢ 24. 1) yo} F ri sa ovo h 

Subtracting from 25, shichal is the square of the rational number (5) a 
number equal to that of the surd 24, the remainder-is\1.; Its»square-root 1, 
added to, and subtracted from, the natural number 5, makes 6 and 4. The 


moieties of which are 3 and 2, pe the kapis composing the root are found, 
C13 CQ 2 owt lene 

Statement of the first square:- ru 10 c24 c40 c 60.» i 

From the square of the rational number (10) viz: -100,. subtract numbers 
equal to two of the surds twenty-four and forty; the remainder is 36; and 
its square-root 6, subtracted from the natural number 10, and added to it, 
makes and 16 ;.the moieties of which are 2 and 8. cThe first is a surd in 
the root, c2. Putting the second for a rational number,;the same operation 
is again to be: performed , with the rest of; the; surds. |. From the square of this 
hen treated as.a rational number, 64, subtracting the number sixty, , the re- 

mainder is 4; and its root 2; which, -subtracted: from)that*rational number, 
and added to it, severally makes 6 and 10; the moieties whereof are 3'and 5. 
They are surds in the root: c3 °c 5.© Statement of the whole. of the surds 
composing the root, in their order as found; c2 ¢3 c5. Sy 


y 


Statement of the third square: rw-16 ¢120 `c fe „C60 c48 e40 c c 24. 


Ianna dhas sal? a . iw 

* From the involution af surds as above shown, pe is evident, that the rational number is the sum 
of the numbers of the original surds: and the irrationals in the square are four times the product 
of the original terms, two and two. If they be subtracted from the square of the sum of the num- 
bers, the remainder will be the. square of. the \difference. Its square-root is the difference itself. 
From the sum and difference, the numbers:are found by the rule of concurrence (Lilécati,’ § 55). 
The least [or sometimes the greatest] of the numbers thus found is one-of the original terms; and 
the greater [or sometimes the less] number is the sum of the remaining irrational tetitis ° it is used, 
therefore, as the rational number, in repeating the operation; and so on; ùntil all the terms of the 
root.are extracted. ‘ Bo Nas -, Je he ae rome “Sir. 





a 
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From the square of the rational number (16) 256, subtracting numbers 
equal to three surds, a hundred and twenty, seventy-two and forty-eight, 
making 240, and proceeding as before, two portions are found, 6 and 10. 
Again, from the square of the latter as a rational ‘umber, 100, subtract 
numbers equal to two surds twenty-four and forty, making 64, and proceed 
as before; two portions-are found 2 and 8. Again, from the square of the 
latter as a rational number 64, subtract ‘a number equal to the surd sixty; 
two more portions are found 3 and 5.’ Hence statement of the surds com- 
posing the root, in orderas found, c6 c2 c3 c5. 


Statement of the fourth square: ru 72 co. 

Its square-root c 72. This surd-root originally consisted of three terms. 
Proceeding then to the resolution of it by the rule (§ 36), 72 divided by 36 
gives the quotient 2. The square-root of thirty-six, 6, comprises three por- 
tions 3, 2, 1. Their squares are 9,4 and 1; which multiplied by the former 
quotient (2) make 18, 8 and 2. The resolution of the surd then exhibits 

c18 c8 c2. 


41. Rule: If there be a negative surd-root in the square, treating that 
irrational quantity as an affirmative one, let the two surds in the root be 


found [as before]; and one of them, as selected by the idle nae 
must be deemed negative.? 


A à i 


f t « , T ¢ j 7 


42. Example: Tell me the square of fhe difference of the’ two súrds 
three and seven; and from the square tell the root. 


Statement: c3 c7 or c3 c7. — -= 


The square of either of these quantities is the same; ru 10 c 84. 

Here treating the negative surd-root in the square as an affirmative irrational 
quantity, find the two surds by proceeding as before; and let either of them 
at pleasure be made negative. Thus the root is found c3 c7; orc3 c7. 


43. Example. Let the irrational numbers two, three and five be seve- 
rally affirmative, affirmative and negative; or let the positive and negative 


" The rule is grounded on the maxim, that the square of a negative quantity is affirmative ; 
and that there is no square-root of a negative quantity. § 10. SUR. 
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signs be reversed.’ Tell their square; and from the square find the root; if 
thou know, friend, the sixfold method of surds. 

Statement: .c2 c3 c5; orc? c3 c5. Their square is the same 
ru 10 c24 c40 c 60. 

Here affirmative rationals equal to tle negative irrationals being sub- 
tracted from the square of the rational number (10), 100, the remainder is 0. 
The rational number with the root added and subtracted, being halved, the 
surds arec5 c5. One is made negative ¢5; and the other treated as a 
rational number. Statement: ru 5 c24. Proceeding as before, the surds 
are found, both affirmative, c3 c2. 

Next subtracting affirmative rationals equal to the two surds c 24 c60, 
viz. 84, from the square of the rational number, and proceeding as before, 
the surds found arec 3 c7. The largest of these is made negative; and, 
with its number taken as rational, proceeding as before, the other surds come 
outc5 c2. The greatest of these again is taken as negative, c 5. 

Then, with the second example, and in- the first instance, the two surds 
being c5 c5, one is taken as negative; and, its number being used as a ra- 
tional one, the two portions of surds deduced from the negative one, are both 
negative c3`c2.: Inthe second case, proceeding as directed, the surds of 
the rooť come out, c2 c3 c5. ` 

It might be so understood by an intelligent mathematician, though it 
were not specially mentioned. This matter likewise has not been explained 
at length by former writers. It is by me set forth, for the instruction of 
youth. 


44—47. Rule: The number of irrational terms in the square quantity 
answers to the sum of the progression of the natural numbers one, &c.! In 
a square comprising three such terms, integer numbers equal to two of the 
terms are to be subtracted from the square of the rational number, and the 
L ‘ n 

* The sums of the progression are for the Ist term 1; for the 2d, 3; for the 3d, 6; for the 4th, 
10; for the 5th, 15,—Sur. The rational portion of the square comprises as many terms as there 
were surds in the root; and the number of irrational terms in the square answers to the sum of 


the progression continued to one less than the number of radical terms: as the author's subsequent 
comment shows. 
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square root [of the remainder] to be then taken; in one comprising six such, 
integers equal to three of them; in one containing ten, integers equal to 
four of them; in one comprehending fifteen, integers equal to five. If in 
any case it be otherwise, there is error... Those terms are to be subtracted 
from the square of the rational number, which are exactly measured? by 
four times the smaller radical surd thence to be deduced. The quotients 
found by that common measure are surds in the root; but, if they be not so, 
as not answering by the rule of remainder (§ 39)° that is not the root.* 

In a square ratsed from irrational terms, there must necessarily be rational 
numbers. ‘The square of a single surd consists of a rational number only. 
That of twe contains one surd with a rational number; that of three com- 
prises three; that of four comprehends six ; that of five, ten; and that of six, 
fifteen. Hence, in the square of two, &c. terms, the number of surd terms, 
besides the rational numbers, answer severally to the sums of the arithmetical 
progressions [of natural numbers] one, &e. But, if there be not so many in 
the example, compound surds are to be resolved (§ 36) to complete the num- 
ber of terms; and the root is then to be extracted. “That is the meaning. 

In a square comprising three such terms, [integer numbers equal to two, 
&c.] The sense of the whole passage is clear. 


48. Example. Say, learned man, what ts the root of a square consisting 
of the surds thirty-two, twenty-four, and eight, with the rational number 
ten? 


Statement: ru10 ¢32 c24 c8. 
Here, as the square comprises three irrational terms, first subtract integer 
numbers equal .to two of them from the square of the rational number, and | 


` 


* If in any supposable case an answer come out, it is not taken as the true root. It is wrong; 


and the question was ill proposed. Sun. 
* Apacartana, division without remainder by a common measure. § 54. 
3 By the rule for adding and subtracting the root of the remainder, &c. § 39. PSUR: 


* As many of the irrational terms in the square, as are multiples of oue of the radical irrationals, 
being subtracted in the first instance, they-must be divisible without remainder by four times that 
radical term; and the quotients will bethe rest of the radical terms: as is apparent from what has 
been said concerning the involution of a quantity consisting of surd terms. (See under § 37.) If 
then those quotients do not answer, as not agrecing with the terms found by the preceding (§ 39— 
40), the root is wrong. SUR. 

X 
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extract the root of the remainder; and afterwards work with one term. 
Proceeding in that manner, there is here no root. Hence it appears, that 
the [proposed quantity] has not an exact root consisting of surd terms. But, 
were it not for the restriction, a number equal to the whole of the surds 
might be subtracted, and a supposed root be thus found: namely, c8 c2. 
This, however, turns out wrong; for its square 1s ru 18.' Or summing two 
of the terms, thirty-two and eight, [by §30] the expression becomes 7z 10 
c72 c24. Whence the root is found ru2 c6. But this also is wrong.’ 


49. Example. Say what will be the root of a square which contains 
surds equal to fifteen, eleven, and three, all multiplied by four; with the 
rational number ten? 


Statement: 7u10 c60 c52 clg. 

In this square three irrational terms occur. Taking then two of them;~ 
fifty-two and twelve, and subtracting an integer equal to their amount from 
the square of the rational number, two surds of the root come out c8 c2. 
But four times the least of them, 8, does not measure the two terms fifty-two 
and twelve. These then are not to be subtracted: for the tenor of the rule 
(§ 46) is “ Those terms are to be subtracted, which are measured by four 
times the smaller radical thence to be deduced.” Here the rule is not ri- 
gidly restrictive to the least surd; but sometinies applies to the greater. 

Putting the radical surd as a rational number, the other two irrational terms 
come outc5 c3. This toois wrong, for the square ofc5 c3 c2, isru 10 
c24 c'40 c60? 


50. Example. Say what will be the root of a square which consists of 
three surds eight, fifty-six, and sixty; with the rational number ten? 


Statement: ru10 c8 c56 c60. 

‘Subtracting the two first terms eight and fifty-six, and measuring those 
terms by four times the least surd thence deduced, 8, two terms are found 
land 7. But these do not come out as surds of the root by the regular pro- 
cess of the rule of remainder (§ 39). Therefore those terms c8 c56, are 
not to be subtracted. Else the root is wrong. 


* For the surds c8 ¢2, being added together (§31) make c 18. Its square is of course ru 18. 
2 For its square is ru 10 ¢ 96. 
3 Differing from the proposed square. 
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51. Example. Tell the root of the square, in which are surds twelve, 
fifteen, five, eleven, eight, six, all multiplied by four; together with the ra- 
tional number thirteen; if thou have pretensions to skill in algebra. 

j 2 

Statement: ru13 c48 c60 c20 c44 c32 c24. 

Here, the square comprising six surd terms, integers equal to three of them 
are to be first subtracted from the square of the rational term, and the root 
of the remainder taken; then integers equal to two; and afterwards an inte- 
ger equal to one. Proceeding in this manner, no root is found. Proceeding 
then differently, and first subtracting from the square of the rational number, 
an integer equal to the first surd term; then integers equal to the second and 
third; and lastly equal to the rest; the root comes out c1 c2 c5 c5. 
This, however, is wrong; for its square is 74 13 c8 c80 c160. 

Defect then is imputable to those authors, who have not given a limitation 
to this method of finding a root. 

In the case of such irrational squares, the operation must be conducted by 
taking the approximate roots of the surd terms, and adding them to the ra- 
tional terms: whence the square root is to be deduced.' j 

Largest is not rigidly intended (§ 40). Sometimes, therefore, the least is 
to be used. 


52. Example. Say what is the root of a square, in which are the surds 
forty, eighty, and two hundred, with the rational number seventeen? 


Statement: ru17 c40 c80 c200. 

Subtracting the two last terms from the square of the rational number, the 
two portions found arec10 c7. Again treating the smaller surd as a ra- 
tional number, the result isc5 c2. Thus the rootisc10 c5 c2. 


* A rule of approximation for the square-root is given in the Chapter on Algebra, in the 
Sid@hdnta-sundara of JNYANA-RAJA, cited by his son S¢ryapasa; “ The root of a near square, 
with the quotient of the proposed square divided by that approximate root, being halved, the moi- 
ety is a [more nearly] approximated root; and, repeating the operation as often as necessary, the 
nearly exact root is found.” Example 5. This, divided by two which is first put for the root, gives 
§ for the quotient: which added to the assumed root 2, makes $; and this, divided by 2, yields 2 
for the approximate root,—Sur. [Repeating the operation, the root, more nearly approximated, 


is 1,63.] 


x Q 


CHAPTER IL. 





PULVERIZER.' 


53—64. *Rule: In the first place, as preparatory to the investigation of 
the pulverizer, the dividend, divisor, and additive quantity are, if practicable, 
to be reduced by, some number.’ “If the number, by which the dividend and 
divisor are both measured, do not also measure the additive quantity, the 
question is an ill put [or impossible] one.‘ 

54—55—56. The last remainder, when the dividend and divisor are mu- 
tually divided, is their common measure.’ Being divided by that common 


* This is nearly word for word the same with a chapter in the Lilévati on the same subject. 
(Lil. Ch. 12.) See there, explanations of the terms. 
< The method here taught is applicable chiefly to the solution of indeterminate problems that pro- 
duce equations involving more than one unknuwn quantity. See ch. 6. 

2 Ten stanzas and two halves. 

3 If the dividend and divisor admit a common measure, they must be first reduced by it to their 
least terms; else unity will not be the residue of reciprocal division; but the common measure 
will; (or, going a step further, nought.)—Gan. on Lil. Crisun. on Vi. 

+ If the dividend and divisor have a common measure, the additive also must admit it; and the 
three terms be correspondently reduced: for the additive, unless it be [nought or else] a multiple 
of the divisor, must, if negative, equal the residue of a division of the dividend taken into the mnl- 
tiplier by the divisor; and, if affirmative, must equal the complement of that residue to the divisor. 
Now, if dividend and divisor be reducible to less terms, the residue of division of the reduced terms, 
multiplied by the common measure, is equal to the residuc of division of the unreduced terms. 
Therefore the additive, whether equal to the residue, or to its complement, must be divisible by the 
common measure. Crisnw. , 

$ The common measure may equal, but cannot exceed, the least of the two numbers: for it 
must divide it. If it be less, the greater may be considered as consisting of two terms, one the 
quotient taken into the divisor, the other the residue. The common measure cannot exceed. that 
residue; for, as it measures the divisor, it must of course measure the multiple of the divisor, and 
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measure, they are termed reduced quantities. Divide mutually the reduced 
dividend and divisor, until unity be the remainder in the dividend. _ Place 
the quotients one under the other; and the additive quantity beneath them, 
and cipher at the bottom. By the penult multiply the number next above 
it, and add the lowest term. Then reject the last and repeat the operation 
until a pair of numbers be left. The uppermost of these being abraded by 
the reduced dividend, the remainder is the quotient. The other [or lower- 
most] being in like manner abraded by the reduced divisor, the remainder i is 
the multiplier 


could not measure the remaining portion or residue, if it were greater than it. When therefore the 
greater number, divided by the less, yields a residue, the greatest common measure, in such case, 
is equal to the remainder, provided this be a measure of the less. lf again the less number, divided 
by the remainder, yield a residue, the common measure cannot exceed this residue ; for the same 
reason. Therefore no number, though less than the first remainder, can be a common measure, if 
it exceed the second remainder: and the greatest common measure is equal to the second remain- 
der, provided it measure the first; for then of course it measures the multiple of it, which is the 
other portion of the second number. So, if there be a third remainder, the greatest common mea- 
sure is either equal to it, if it measure the second; or is less. Hence the rule, to divide the greater 
number by the less, and the less by the remainder, and each residue by the remainder following, 
until a residue be found, which exactly measures the preceding one; such last remainder is the 
common measure. (§ 54). | Crisun. 

* The substance of Crisuwna’s demonstration is as follows: When the dividend, taken into the 
multiplier, is exactly measured by the divisor, the additive must either be null or a multiple of the 
divisor. (See § 63). If the dividend be such, that, being multiplied by the multiplicator and di- 
vided by the divisor, it yields a residue, the additive, if negative, must be equal to that remainder; 
(and then the subtractive quantity balances the residue;) or, if affirmative, it must be equal to the 
difference between the divisor and residue; (and so the addition of that quantity completes the 
amount of the divisor ;) or else it must be equal to the residue, or its complement, with the divisor 
or a multiple of the divisor added, Let the dividend be considered as composed of two portions 
or terms: Ist, a multiple of the divisor; 2d, the overplus or residue. The first multiplied by the 
multiplier (whatever this be), is of course measured by the divisor. As to the second, or overplus 
and remainder, the additive being negative, both disappear when the multiplier is quotient of the 
additive divided by the remainder, (the additive being a multiplier of the residue.) But, if the 
additive be not a multiple of the remainder, should unity be the residue at the first step of the re- 
ciprocal division, the multiplier will be equal to the additive, if this be negative, or to its comple- 
ment to the divisor, if it be positive; and the corresponding quotient will be equal to the quotient 
of the dividend by the divisor multiplied by the multiplicator, if the additive be negative; or be 
equal to the same with addition of unity, if it be affirmative: and, generally, when reciprocal divi- 
sion has reached its last step exhibiting a remainder of one, the multiplier, answering to the pre- 
ceding residue, become the divisor, as serving for that next before it become dividend, is equal to 
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57. Thus precisely is the operation when the quotients are an even num- 
ber. But, if they be odd, the numbers as found must be subtracted from 
thë additive, if this be negative, or to its complement, if it be positive; aud the corresponding quo- 
tient is equal to the quotient of the dividend by the divisor multiplied by this multiplicator; but 
with unity superadded, if the additive were affirmative. Trom this, the multiplicator and quotient 
answering for the original dividend and divisor are found by retracing the steps in the method of 
inversion. ‘Take the following example: . , 
Given Dividend 1211 “Additive 21 e reduced to least terms, § Dividend 173 Additive 3. 


Divisor 497 § 55 and 54, Divisor 71 
The reciprocal division (§ 55) exhibits the following results: 
Dividends. Divisors. Quotients. Residues. 
173 - 71 2 31 
71 31 2 9 
31 9 3 4 
9 4 2 1 


Consider last dividend (9) as composed of twọ terms; a multiple of divisor (4) and the residue; 
(in the iustanee 8 and 1). Then the multiplier is equal to (3) the additive (this being negative); 
and quotient is equal to the multiplier (3) taken into the quotient of the simple dividend (9) by the 
divisor (4) : (in the instanee 6). Thus, observing the directions of the rule (§ 55, 56) the last term 
in the series is the multiplier for the last dividend, and its produet into the term next above it is 
the quotient of the last divisor; and the series now is 2 deduced from the series (§ 55) 2 


i “ Quot. 
6 Quotient. 2 
3 Multiplier. 3 Add. 
Q 


Hence to find the multiplier for the next superior dividend and divisor (31 and 9) consider the 
dividend as comprising two portions or terms; viz. 27 and 4. Any multiple of the first being divi- 
sible by the divisor (9) the multiplier is to be sought for the second portion; that is, for dividend 
4 and divisor 9; heing the former divisor and dividend reversed: wherefore multiplier and quo- 
tient will here be transposed; and will answer for the affirmative additive: aud the series now 
becomes 2 


Q, 

3 

6 Multiplier. 
3 Quotient. 


But the quotient of the first portion of the dividend (27) after multiplication by this multiplicator, 
will be the quotient (8) of the simple dividend taken into the multiplicator (6); which, as is appa- . 
rent, is the term of the series next beneath it: to which add the quotient of the second portion, 
which is last term in the series, and the sum is the entire quotient (21). And the lowest term (3), 
being of no further use, may be now ss i as is directed accordingly (§ 56). ‘Thus the series 


now stands 2 
r 
21: Quctiem 
6 Multiplier. 
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their respective abraders, the residues will be the true quotient and multi- 
pliers ; p Dg 


The next step is to find the multiplier and quotient (the additive being still the same) for the 
next preceding dividend and divisor; viz. 71 and 31: and here the dividend consists of two parts 
62 and 9; to the last of which only the multiplier needs to be adapted; viz. te dividend 9 and di- 
visor 31; which again are the former divisor and dividend inverted: ‘wherefore the multiplier and 
quotient are here also transposed; and the quotient of the first portion is to be added:,and is the 
quotient (2) of the simple dividend taken into the multiplier (21) the two contiguous terms in the 
series. The entire quotient therefore is 43 answering to the same additive but negative: and the | 
lowest term being no longer required may now be rejected: the series consequently exhibits 


2 
48 Quotient. 
21 Moultiplier. 


Lastly, to find the multiplier and quotient for the next superior, which are the final ditident and 
divisor 173 and 71. ‘Taking the dividend as composed of 142 and 31; and seeking a multiplier 
which will answer for the second portion 31 with the divisor 71 ; the multiplier and its quotient are 
the former transposed: and the entire quotient is completed by adding the product of the upper 
terms of the series, (and answers to the same additive but affirmative); after which the lowest term 
is of no further use: and the series is now reduced by its rejection to two terms, viz. , 


117 Quotient. 
48 Multiplier. 


Thus, according to the tenor of the rule, the work is to be repeated as many times as there are 
quotients of the reciprocal division; that is, until two terms remain § 56). In all these operations, 
except the first, the multiplier is last term but one in the series; and the quotient of the second 
portion of the dividend is the last. But, in the first operation, there is no quotient of a second por- 
tion to be added. ‘Therefore, for the sake of uniformity in the precept, a cipher is directed to be 
added at the foot of the series (§ 55), that the multiplier may always be penultimute. 

If the multiplier be increased by the addition of any multiple of the ‘divisor, the corresponding 
quotient will be augmented by an equi-multiple of the dividend (§ 64); and, in like manner, if the 
multiplier be lessened by subtraction of any inultiple of the divisor, the quotient is diminished by 
the like multiple of the dividend. Wherefore it is directed to divide the pair of numbers remain- 
ing in the series, by the dividend and divisor, and the remainders are the quotient and multiplier 
in their least terms. (§ 56.) Crisnn. 

* The multiplier for the last dividend, being put equal to the additive, is adapted, as has been 
observed, (see preceding note,) to a negative additive; and thence proceeding upwards, the multi- 
plier and quotient, which are transposed at each step, are alternately adapted to positive and nega- 
tive additives; that is, at the uneven steps to a negative one; and at the even, to a positive one. 
If then the number of dividends, or, which is the same, that of the quotients of reciprocal division, 
be even, the multiplier and corresponding quotient are adapted to a positive additive; if it be odd, 
they are so to a negative one. In the latter case, therefore, the complement of each to the divisor 
and dividend respectively, is taken, to convert them into multiplier and quotient adapted to an 
affirmative additive. For the dividend, being multiplied by the divisor and divided by the same, 
has no remainder, and the quotient is equal to the dividend: therefore when it is multiplied by a 


4 
. = i 4 


~ 
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58. The multiplier is also found by the method of the pulverizer, the 
additive quantity and dividend being either reduced by a common measure, 
for used unreduced.]' But, if the additive and divisor be so reduced, the 
multiplier found, being multiplied by the common measure, ts the true one.* 


59. The multiplier and quotient, as found for au additive quantity, being 
subtracted from their respective abraders, answer for the same as a subtrac- 
tive quantity? Those deduced from an affirmative dividend, being treated 
in the same manner, become the results of a negative dividend.‘ 


60. A half stanza. The intelligent calculator should take a like quo- 
tient [of both divisions] in the abrading of the numbers for the multiplier 
and quotient [sought].° 


number less than the divisor, and separately by the complement of this maltiplier to the divisor, 
both products being divided by the divisor, should the one have a positive remainder, the other will 
want just as much to complete the amount of the divisor; and the quotient of the one added to 
that of the other [completed] will be equal to the dividend. Wherefore, if the quotient and mul- 
tiplier for a negative additive be subtracted from their respective abraders, (the dividend and divi- 
sor,) the differences will be the quotient and multiplier for a positive additive, and conversely. 
(§ 57 and 59). Crisun. 

* GawneEsa on Lilécati. 

- 2 The quotient at the same time found will be the trueone.—Gaw. on Lil. Inthe former instance, 
the quotient as found was to be multiplied by the common measure.—Zbid. If the dividend and 
additive be abridged, while the divisor remains unchanged, it is plain, that the quotient will be an 
abridged one, and must be multiplied by the common measure to raise the quotient for the original 
numbers. In like manner, ifthe divisor and additive be reduced to least terms, while the dividend 
is retained unaltered, the multiplier thence deduced must be taken into the common measure. 
If separate common measures be applicable to both, viz. dividend and additive, the multiplier and 
quotient, as thence found in an abridged form, must be multiplied by the common measures respec- 
tively. Crisny. on Výj. 

SURYADASA directs the multiplier alone to be found by this abbreviated method, and then to 
use the multiplier thence deduced for finding the quotient. See SUR. on Lil. 

3 See the beginning of note (*) to § 56; and the note (') to § 57. See also the author’s remark 
after § 67. 

A change of the sign in the dividend has the like effect on the results; and the complement of 
the multiplier to the divisor, and that of the quotient to the dividend, are the multiplier and quo- 
tient adapted to the dividend with an altered sign. See the sequel of this stanza. § 59. 

4 “This second half of the stanza is not inserted in the Lilévat?, Crisunxa, the commentator of 
the Vija-Garita, notices with censure a variation in the reading of the text; ‘‘ Those deduced from 
a negative dividend, being treated in the same manner, become the results of a negative divisor.” 

$ The rule is applicable when the additive quantity exceeds the dividend and divisor. 
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61. But the multiplier and quotient may be found as before, the additive 
quantity being [first] abraded by the divisor; the quotient, however, ‘must 
have added to it the quotient obtained in the abrading of the additive. 
But, in the case of a subtractive quantity, it is subtracted. 


62." Or the dividend and additive being abraded by the divisor, the mul- 
tiplier may thence be found as before; and the quotient from it, by multi- 
plying the dividend, adding the additive, and dividtng by the divisor.’ 


63. If there be no additive quantity, or if the additive be measured by 
the divisor, the multiplier may be considered as cipher, and the quotient as 
the additive divided by the divisor.’ 


64. Halfa stanza. The multiplier and quotient, being added to their 


t 


* This stanza, omitted in the greatest part of the collated copies of the Lilévati and by most of 
its commentators, occurs in all copies of the Vija-gunita, and is noticed by the commentators of the 
algebraic treatise. 

* If the divisor be contained in the additive, this is abraded by it, and the remainder is employed 
as a new additive (§6t). Here the additive is composed of two portions or terms: one a multiple 
of the divisor; the other the remainder or new additive: from the latter the multiplier is found; 
such, that, multiplying the dividend by it, and adding the reduced additive, the sum, divided by the 
divisor, yields no remainder. ` Fhe other portion of the additive, being a multiple of the divisor, of 
course yields none: but the quotient is increased by as many times as the divisor is contained in it, 
if it be positive; or reduced by as much, if it be negative. 

If both dividend and additive contain the divisor, abrade both by it, and use the renee as 
dividend and additive: whence find the multiplier: which will be the same as for the whole num- 
bers: and the proof is similar, grounded on considering the dividend as composed of two portions. 
The quotient, however, is regularly deduced by the process at large of multiplying the dividend by 
the multiplier, adding the additive, and dividing by the divisor (§62). Or it may be deduced from 
the quotient that is found with the multiplier, by adding to that quotient, or subtracting from it, 
the sum or the difference (according as the additive was positive or negative) of the dividend taken 
into the multiplier and the additive, both divided by the divisor. This last mode is unnoticed by 
the author, being complex. Crisnn. 

3 If the additive be nought, multiply the dividend by nought, the product is nought, which being 
divided by the divisor, the quotient is nought, and no remainder, If the additive be a multiple of 
the divisor, multiply the dividend by nought, the product is nought; and the operation is confined 
to the division of the additive by the divisor. Being a multiple of it, there is no remainder; and 
she quotient of this division is the quotient sought. Crisun, 


y 
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respective [abrading] divisors multiplied by assumed numbers,’ become mani- 
fold.’ : i 

65. Example. Say quickly, mathematician, what is that multiplier, by 
which two hundred and twenty-one being multiplied, and sixty-five added 
to the product, the sum divided by a hundred and ninety-five becomes cleared 
{giving no residue)? 

Statement: Dividend 221 - ii 

Divisor. 195 na 65. 

Here the dividend and divisor being divided reciprocally; the dividend, 
divisor and additive, reduced to their least terms by the last of tlie remain- 
ders 13, become Dividend 17 i. 

Divisor 15 Additis ead. 

The reduced dividend and divisor heing mutually divided, and the quo- 

tients put one under the other, the additive under them, and cipher at the 


bottom, the series which results is 1 
7 
5 , 


Multiplying by the penult the number above it and proceeding as di- 


rected [$ 56], the two quantities obtained are 40 
| 35 


These being abraded by the reduced dividend and divisor 17 and 15, the 
quotient and multiplier are found 6 and 5. Or, adding to them arbitrary 
multiples of their abraders, the’ quotient and multiplier are 23, 20; or 40, 
25 dL 


66. Example. If thou be expert in the investigation of such questions, 


1 To arbitrary multiples of the divisors used in abrading the pair of terms, from which they are 
deduced as residues of a division; in other words, multiples of the reduced dividend and divisor 
which had been used as divisors of the pair of terms.  - 

2 Additive apart, if the multiplier be equal to a multiple of the divisor, the quotient will be an 
equimultiple of the dividend. Wherefore, if additive be null, the multiplier is cipher (§ 63) with 
or without a multiple of the divisor added; and the corresponding quotient will be cipher with a 
like multiple of the dividend: and generally, the mulliplier and quotient having been found for 
any given addilive, dividend and divisor, equimultiples of the divisor and dividend may be respec- 
tively added to the multiplier and quotient. See Cris. 
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tell me the precise multiplier, by which a hundred being multiplied, with 
ninety added to the product or subtracted from it, the sum or the difference 
may be divisible by sixty-three without a remainder. 


Statement: Dividend 100 
Divisor 63 


Here the series is And the quotient and multiplier found as before 
. are 30 and 18. IF 


Additive or subtractive 90. 


g 


O O m= 0 NO m e m 


Or the dividend and additive being reduced by the common measure ten,. 
the statement is Dividend 10 tees 
Divisor 63 ae a TR 
The series is O And the multiplier comes out 45. The quotient is here not: 


OSU 


to be taken. As the quotients in this series are an odd number, the multi- 
plier 45 is to be subtracted from its abrader 63; and the multiplier. thus 
found is the same 18. The dividend being multiplied by that multiplier, 
and the additive quantity being added, and the sum divided by the divisor, 
the quotient found is 30. 

Or the divisor and additive are reduced by the common measure nine: 


Dividend 100 Additive 10. The series then is: 14 The multiplier thence 
Divisor 7 3 

10 

0 
deduced is 2: which multiplied by the common measure 9, makes the 


same 18. ‘ P aii 
Or, the dividend and additive are reduced, and further the divisor and ad- 


ditive, by common measures. Dividend 10 i: 
Divisor 7 Additive l. 


Proceeding as before, thc series is 1 Hence the multiplier is found a; 


© = tS 


Y2 
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which multiplied by the common measure of the divisor and additive (viz. 9) 
becomes the same 18. Whence, by multiplication and division, the quo- 
tient is found 30. 

Or, adding to the quotient and multiplier arbitrary multiples of their divi- 
sors, the quotient and multiplicr are 130, 81; 230, 144, &c. 


. 67. Example. Tell mc, mathematician, the multipliers severally, by 
which the negative number sixty being multiplied, and three being added to 
the product, or subtracted from it, the sum or difference may be divided by 
thirteen without remainder. 


Statement: Dividend 60 Additive (or subtractive) 3. 
Divisor 13 


_ Found as before* for an.affirmative dividend and positive additive quantity, 
tHe multiplier and quotient are 11 and 51. These, subtracted from their 
abraders 13, 60, give for a negative dividend and positive additive [§ 59] 2, 9. 
These again, subtracted feed their abraders 13, 60, give for a negative divi- 
dend and _ negative additive 1], 51. “ Those (the mi and quotient) 
deduced from an affirmative divisat, being treated in the same manner, 
become results of a negative dividend.” (§ 59). This has been by me spe- 
cified to aid the Uéniprehension of the dull: for it followed else from the 
rule, “The multiplier and quotient, as found for an additive quantity, being 
subtracted from their respective abraders, answer for the same as a chert 
tive quantity : ’ fibid.] since the addition of negative and affirmative is pre- 
cisely subtraction. Accordingly taking the divided! divisor and additive 
as all positive, the multiplier and quotient are to be found: they are results 
of an additive quantity. - Subtracting them from their abraders, they. are 
to be rendered results of a negative quantity. 

If either the dividend or its divisor become negative, the quotients of re- 
ciprocal division would be to be stated as negative: which is a needless trou- 
ble. Were it so done, one (either dividend or divisor) becoming negative, 

* This Linck differs from one in the Lilévati (§ 257) in the amount of the additive or subtractive 
quantity; and in specifying the sign of the dividend. It comprises two examples: the additive 
being either negative or positive. 

> The series is @ 4 44-409 03 whence the pair of numbers @ ‘8: which abraded give aw ; 
and, the quotients being uneven in number, they are subtracted Rom their abraders S & and yield 
the quotient and multiplier 51, 11, ‘Conant 
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there would be error in the quotient [and multiplier’] under the po men- 
tioned rule (§ 64). 


68. Example. By what number being multiplied will eighteen, having 
ten added to the product, or ten subtracted from it, yield an exact quotient, 
being divided by the negative number eleven?! 


. Statement. Dividend 18 Additive (or subtractive) 10. 
Divisor 121 


Here the divisor being treated as affirmative, the multiplier and quotient. 
are 8, 14. The divisor being negative, they are the same: but the quotient 
must be considered to have become negative, since the divisor is so; 8, 14. 
The same, being subtracted from their abraders, become the multiplier and 
quotient for the negative additive; 3, 4. 


69. Example. What is the multiplier, by which five being multiplied, 
and twenty-three added to the product, or subtracted from it, the sum or dif- 
ference may be divided by three without remainder? 


Statement: Dividend 5 Additive (or subtractive) 23. 


Divisor 3 
Here the seriesis 1 and the E of numbers found-as before is 46 
r 23 
23 
0 


. These are to be abraded by the dividend and divisor. ‘The lower number 
being abraded by three,, the quotient is seven. The upper one being so by 
five, the quotient would be nine. This, however, is not accepted: but, un- 
der the rule for taking a like quotient (§ 60), seven only. Thus the multi- 
plier and quotient are toudi a 2,11. By the former rule (§ 59) the multiplier 
and quotient answering to the same as a negative quantity come out 1, 6. 
Added to arbitrary multiples of their abraders (§ 63), so as the quotient may. 
be affirmative, the multiplier and quotient are 7, 4, &c. So in every [similar] 
case. 


Or, applying another rule (§61), the statement is Divd. 5 Abraded 
. Divr. 3 Additive 


* The error would be in the multiplier as well as the quotient. Crisun. 
* An example not inserted in the Lilévat?; being algebraic. ° 
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The multiplier and quotient hence found as before are 2, 4. These, sub- 
tracted from their respective divisors, give 1, 1; as answering to the subtrac- 
tive quantity. The quotient obtained in abrading the additive being added, 
the result is 2, 11, answering to the additive quantity; or subtraction being 
made, 1, 6, answering to the subtractive; or (adding thereto twice the divi- 
sors, to obtain an sinami quotient,) 7, 4 


70. Example. Tell me, promptly, mathematician, the multiplier, by 
which five being multiplied and added to cipher, or added to sixty-five, the 
division by thirteen shall in both cases be without remainder. 


Statement : Dividend 5 rove 
Divisor 13 Additive 0. 


_ There being no additive quantity, the multiplier and quotient are 0, 0; or 
13, 5. 


Statement: Dividend 5 Additive 65. 
Divisor 13 


By the rule (§ 63) the multiplier is cipher, and the quotient is the additive 
divided by the divisor, 0, 5; or 13, 10, &e. 

71. Rule for a constant pulverizer:' Unity being taken for the additive 
quantity, or for the subtractive, the multiplier and quotient, which may be 
thence deduced, being severally multiplied „by an arbitrary additive or sub- 
tractive,” and abraded by the respective divisors, will be the multiplier and 
quotient for such assumed quantity.’ 

In the first example (§ 65) the statement of the reduced dividend and divi- 


sor, with additive unity, is Dividend ug Alddimivest( 


Divisor Here the multiplier and 


1 A tule which is of especial use in astronomy.—Crisun. Sun. See Algebra of Braume- 
GUPTA, § 9—12, and § 35. 

2% Ifthe arbitrary additive be positive, the multiplier and quotient, as found for additive unity, 
are to be multiplied by the arbitrary affirmative additive. If it be negative, those found for sub- 
tractive unity are to be multiplied by the arbitrary subtractive, or negative additive. Crisny. 

3 The rule may be explained by that of proportion : if unity as the additive (or subtractive) 
quantity give this multiplier and this quotient, what will the assumed additive (or subtractive) 
quantity. yield ? am: ai st ai Cnrisux. 
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quotient are found 7, 8. These, multiplted by an assumed additive five, and 
abraded by the respective divisors, give for the additive 5, the multiplier and 
quotient 5, 6. it 

Next, unity being the subtractive quantity, the multiplier aud quotient, 
thence found, are 8,9. These, multiplied by five and abraded by thet re- 
spective divisors, give 10, 11. Soin every [similar] case. 

Of this method of investigation great use is made in the computation of 
planets." On that account something is here said [by way of instance. ] 


72. Let the remainder of seconds be made the subtractive quantity, sixty 
the dividend, and terrestrial days the divisor. ‘The quotient deduced there- 
from will be the seconds; and the multiplier will be the remainder of mt- 
nutes. From this again the minutes and remainder of degrees are found: 
and so on upwards. In like manner, from the remainder of excecding 
months and deficient days, may be found the solar and lunar days.’ 


+ 


* It is less employed in popular questions, where the dividend and divisor are variable. But, 
in astronomy, where additive or subtractive quantities vary, while the dividend and divisor are con- 
stant, this method is in frequent use. See Crisnn. i i 

2 By the rule for finding the place of a planet (S irómani, § 50) the whole number of elapsed days, 
multiplied by the revolutions in the great period calpa, and divided by the number of terrestrial 
days in a calpa, gives the past revolutions: the residue is the remainder of revolutions; which, mul- 
tiplied by twelve and divided by terrestrial days in a calpa, gives the signs: the balance is remain- 
der of signs; and multiplied by thirty, and divided by terrestrial days, gives the degrees: the over- 
plus is remainder of degrees ; and multiplied by sixty, and divided by terrestrial days, gives minutes: 
the surplus is remainder of minutes; and this again, multiplied by sixty, and divided by terrestrial 
days, gives seconds: and what remains is residue of seconds. Now, by inversion, to find the pla- 
` net’s place from the remainder of seconds: if the remainder of seconds be deducted from the 
remainder of minutes multiplied by sixty, then the difference divided by terrestrial days will yield 
no residue: but the remainder of minutes being unknown, its multiple by sixty is so a fortiori: 
however, remainder of minutes multiplied by sixty, and sixty multiplied by remainder of minutes, 
are equal; for there is no difference whether quantities be multiplreator or multiplicand to each 
other. Therefore sixty, multiplied by remainder of minutes, and having remainder of seconds sub- 
tracted from the product, will be exactly divisible by terrestrial days without residue; and the 
quotient will be seconds. Now, in the problem, sixty and the remainder of seconds [as also the 
terrestrial days in a calpa] are known: and thence to find the remainder of minutes, a multiplier is 
' to be sought, such that sixty being multiplied by it, and the subtractive quantity (remainder of se- 
conds) being taken from the product, the difference may be divisible by terrestrial days without 
residue; and this precisely is matter for investigation of (cutéaca) the pulverizing multiplier. 

: Crisnn. 
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The finding of the [place of the] planet and the elapsed days, from the 
remainder of seconds in the planet’s place, is thus shown. It is as follows. 
Sixty is there made the dividend; terrestrial days, the divisor; and the re- 
mainder of seconds, the subtractive quantity : with which the multiplier and 
quotient are to be found. The quotient will be seconds; and the multiplier, 
the remainder of minutes. : From this remainder of minutes taken [as the 
subtractive quantity] the quotient deduced will be minutes; and the multi- 
plier, the remainder of degrees. The residue of degrees is next the subtrac- 
tive quantity; terrestrial days, the divisor; aud thirty, the dividend: the 
quotient will be degrees; and the multiplier, the remainder of signs. Then 
twelve is made the dividend; terrestrial days, the divisor; and the remainder 
of signs, the subtractive quantity : the quotient will be signs; and the multi- 
plier, the remainder of revolutions. Lastly, the revolutions in a calpa become 
the dividend; terrestrial days, the divisor; and the remainder of revolutions, 
the subtractive quantity: the quotient will be the elapsed revolutions; and 
the multiplier, the number of elapsed days. Examples of this oceur [in the 
Sirémani] in the chapter of the [three] problems.’ 

In like manner the exceeding months in a calpa are made the dividend; 
solar days, the divisor; and the remainder of exceeding months, the subtrac- 
tive quantity: the quotient will be the elapsed additional months;* and the 
multiplier, the elapsed solar days. So the deficient days in a yuga’ are made 
the dividend; lunar days, the divisor; and the remainder of deficient days, 
the subtractive quantity:. the quotient will be the elapsed fewer days;* and 
the multiplier, the elapsed lunar days. 


_ 73. Rule for a conjunct pulverizer:' If the divisor be the same, and the 
multipliers various [two’or more®]; then, making the sum of those multi- 


* Prasné'd’hydya; meaning the Triprasné’d’ hydya of the astronomical portion of the Sirdmani. 

3 The excess of lunar above solar months. 

3 Yuga is here an error of the transcriber for calpa; or has been introduced by the author to 
intimate, that the method is not restricted to time calculated by the calpa, but also applicable 
when the calculation is by the yuga or any other astronomical period. Cris. 

This reading, however, does not occur in copies of the Lildvati, though it do in all collated ones 
of the Vija-ganita: nor is it noticed by the commentators of the Lildvati. 

* Difference between elapsed lunar and terrestrial days. 

5 See Lildvati, § 265. 

© Crisun. on Vij, and Gay, on Lil, 


y 
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pliers the dividend, and the sum of the remainders a single remainder; and 
applying the foregoing method of investigation, the precise multiplier so 
found’ is denominated a conjunct one. 


74. Example. What quantity is it, which multiplied by five, and di- 
vided by sixty-three, gives a residue of seven; and the same multiplied by 
ten and divided by sixty-three, a remainder of fourteen? declare the number. 

Here the sum of the multipliers is made the dividend; and the sum of the 


residues, a ‘subtractive quantity ; and the statement is Divd. 15 
Divr. 63 


Proceeding as before, the multiplier is found 14. It is precisely the num- 
ber required. 


Subtrac. 21. 


* As, putting the multiplicand for dividend, the multiplier is found by the investigation which 
is the subject of this chapter; so, making the multiplicator dividend, the multiplier found by the 
investigation is multiplicand, in like manner as sixty is made dividend, in the foregoing instauce 
(§72). ‘Then, as the given quantity, being lessened by subtraction of an amount equal to the resi- 
due of the division of it by the divisor after multiplication by one of the multiplicators, becomes 
exactly divisible; so, by parity of reasoning, it does, when lessened by the subtraction of the 
respective remainders, which the whole number yields, being severally multiplied by the rest of the 
multiplicators and divided by the divisor. And generally, if the divisor be the same, then, as the 
quantity, severally multiplied by the multiplicators and lessened by the respective remainders, 
becomes exactly divisible by the divisor; so it does, when, being severally multiplied, the multi- 
ples are added together and the sum is lessened by the aggregate of remainders. Now the quantity 
multiplied by the sum of the multiplicators is the same as if severally multiplied by the multipli- 
cators and the multiples then added together. Therefore the sum of the multiplicators is taken 
for a multiplicator [and employed as a dividend;] and the aggregate of the remainders is reccived 
for a remainder [and employed as subtractive or additive. ] Crisuy. 


CHAPTER III. 





AFFECTED SQUARE: 


SECTION I. 


75—~81. Six and a half stanzas. Rules for investigating the square- 
root of a quantity with additive unity: Let a number be assumed, and 
be termed the “least” root.2 That number, which, added to, or sub- 
tracted from, the product of its square by the given coefficient,’ makes 
the sum (or difference) give a square-root, mathematicians denominate 


* Varga-pracriti or Criti-pracriti; from varga or criti, square, and pracr#ti, nature or principle. 

‘This branch of computation is so denominated, either because the square of ydvat or of another 
symbol is (pracriti) the subject of computation; or because the calculus is concerned with the 
number which is (pracriti) the subject affecting the square of ya or other symbol. The number, 
that is (pracriti) the subject in respect of such square, is intended by the term. It is the mul- 
tiplier of the square of the unknown: and therefore, in this investigation of a root, the multiplier 
of the square is signified by the word pracritz.’ Crisny. 

See § 185; the author’s own comment on that and on § 187 and § 171. In one place pracritt 
is applied by him to the square affected by the coefficient; in the other it is declared to intend the 
coefficient affecting the square. The commentator SUryapasa interprets it in the first sense 
(note on § 195); and Crisuwa, in the latter. (Vide supra). 

‘The method here taught subserves the solution of certain problems producing quadratic equa- 
tions that involve more than one unknown term.’ Crisun. 

* Hraswa, canisht’ha, or laghu, (múla;) the “least” root; so denominated with reference to 
additive quantities, though it may exceed the other root, when the quantity is subtractive (a ne- 
gative additive) and is comparatively large. Sce Crisun. 

3 Pracriti or guna; the given coefficient (anca) and multiplier (guna) aficcting the square. 
See a preceding note, and Chap. 7, 
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a positive or a negative additive; and they call that root the “ greatest” 
one? À 


76. Having set down the “least” and “ greatest” roots and the additive, 
and having placed under them the same or others,* in the same order, many 
roots are to be deduced from them by composition.t Wherefore their com- 
position is propounded. 


77. The “greatest” and “least” roots are to be reciprocally multiplied 
crosswise ;* and the sum of the products to be taken for a least root. The 
product of the two [original] “least” roots being multiplied by the given 
coefficient, and the product of the “greatest” roots being added thereto, the 
sum is the corresponding greatest root; and the product of the additives 
will be the [new] additive. 

78. Or the difference of the products of the multiplication crosswise of 
greatest and least roots may be taken for a “ least” root: and the difference 
between the product of the two [original] least roots multiplied together 
and taken into the coefficient, and the product of the greatest roots multi- 
plied together, will be the corresponding “ greatest” root: and here also the 
additive will be the product of the two [original] additives. 


79. Let the additive divided by the square of an assumed number, be a 


* Cshépa, an additive either positive or negative: a quantity superinduced, either affirmative or 
negative, and consequently additive or subtractive. See chap.2, §53 et passim. Lil. ch. 11, 
§ 248. 

2 Jyésht’ha, the “ greatest” root, contradistinguished from Canisht’ha, the least root: although 
it may in some cases be less, when the cshépaca, or additive, is negative—Crisun. Provided 
this subtractive quantity be large and the coefticient small. 

3 That is, other roots for the same coefficient affecting the square. Crisun. 

* Bhévané, composition, or-making right* by combination. It is twofold: Ist. yéga-bhévand, 
or samdsa-bhévané, composition by the sum of the products (§ 77); 2d. antaru-bhécand, or visésha- 
bhécand, composition by the difference (§ 78). Recourse is had to the first, when large roots are 
sought; to the second, when small are required. Crisun. 

* Vajrabhyésa, multiplication crosswise or zigzag. From vajra, lightning or the thunderbolt, 
and abhydsa, reciprocal multiplication. It is oblique multiplication (tiryag-gurana). 

- Syr. and Crisny. 


* Bhávayati, sidd'ha-caróti (makes right).  Crisnx. 
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new additive ; and the roots, divided by that assumed number, will be the 
corresponding roots. Or the additive being multiplied [by the square], the 
roots must, in like manner, be multiplied [by the number put]. 


$ 


80—81. Or divide the double of an assumed number by the difference 
between the square of that assumed number and the given coefficient; and 
let the quotient be taken for the “ least” root, when one is the additive 
quantity ; and from that find the “ greatest” root. Here [the solutions are] 
infinite, as well from [variety of] assumptions, as from [diversity of] com- 
position.’ 


* The principle of the first rule (§ 75,) as observed by the commentator Crisnwa-BHATTA, 1S 
too evident to require demonstration. That of § 79 is used by him in demonstrating the others, 
and is thus given: A square, multiplied or divided by a square, yields still a square. If both 
sides of the equation (L*. cocff. + A = G"*) be multiplied or divided by the square of auy assumed 
number, equality continues. Now, as the squares of the “ least” and “ greatest” roots are here 
multiplied by the square of the assumed numbcr, the factor of those roots themselves will be the 
simple number put. 

The demonstration of § 77, which is given in words at length, joined with a cumbrous notation 
of the algebraical expressions, may be thus abridged: To distinguish the two sets, let L, G and A 
represent one set; 1, g and a the other; and C the given coefhicient.* Then, under §79, putting 
g for the assumed number, another set is deduced from the first, L.g,G.g, A.g*. Whence C.L*.9* + 
A.g’=G*.o*. Substitute for g* its value C.l’+a; and the additive A.g* becomes A.CI.*+ A.a; 
and, substituting in the first term for A its value G°—C.L’, it becomes C.G*.]?—C*.L.*1?+ A.a. 
Hence the equation C.L*.g'+C.G*.l’—C*.L*.l*+ A.a=G*.g*; whence, transposing the negative 
term and adding or subtracting 2C.L.G.l.g; the result is C.(L.g+1.G)’+ A.a=(G.g+C.L.])*. See 
§ 78. 

The concluding rule § 80—81 is thus proved by the same commentator: ‘ Twice an assumed 
number being put for the “least” root (§ 75) its square is four times the square of that assumed 
number. The point is to find a quantity such, that being added to this quadruple square taken 
into the given coefficient, the sum may be a square. Now the difference between the square of 
the sum of two quantities and four times their product is the square of their difference. Therefore 
four times the square of the assumed number, multiplied by the given coefficient, and added to 
the square of the difference [between the square of the assumed number and the coefficient,] must 
of course give a square-root. Thus the “ least” root is twice the number assumed; and the addi- 
tive quantity is the square of the difference between the square of the assumed number and the 
coefficient. But, by the condition of the problem, the additive quantity must be unity. Divide 
therefore, under § 79, by the square of the difference, at the same time dividing the root by the 
simple difference between the square of the assumed number and the given coefficient.” Crisuy. 


© CRISHXA-BHATTA puts the symbols pra, á ca, á jyé, á cshé, dwi ca, dwi jyé, and dwi cshé, initial syllables of pracriti 
ceflicient affecting the square, ddya first and dwitiya second, canisht’ha least, jyésht'ha greatest (root) and esh¢épa additive. 
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82. Example. What square, multiplied by eight, and having one 
added to the product, will bea square? Declare it, mathematician! Or 
what square, multiplied by eleven, and having one added to the product, 
will be a square, my friend ? 


Statement on Example Ist: C8 A 1. 
Here putting unity for the assumed “least” root, the “ greatest” root is 


three, and additive one. Statement of them for composition : 


Cs Li G3 Al 
Py a a 


By the rule [§ 77] the first “least” root 1, multiplied by the second 
“greatest” root 3, gives the product 3. The second “least” root, by the 
first “greatest,” gives the like product. Their sum is 6. Let this be the 
“least” root. The product of the two “less” roots 1, being multiplied by 
the given coefficient 8, and added to the product of the two “ greater” 
roots 9, makes 17. This will be the “greater” root. The product’ of the 
additives will be the additive 1. 


Statement of the former roots and additive, with these, for composition : 


cs Lt G3 a4 i 
log a l 


Here, by composition, the roots are found.L 35 G 99 A 1; and so on, 
indefinitely, by means of composition. 


Statement on Example 2d: Putting unity for the assumed “ least,” and 
subtracting two from the square of that multiplied by the given coefficient 
11, the “ greater” root is 3. Hence the statement for composition is 
Gm Li Gs Ag | 

ive 8 a 2 

Proceeding as before, the roots for additive 4 are L6 G20 A4. 
Then, by the rule § 79, putting two for the assumed number, the roots for 
unity additive are found L3 G 10 A 1. Hence, by composition of like 
sets,’ the “ least” and “ greatest” roots are found L 60 G 199 41. In like 
manner, an indefinite number of roots may be deduced. 


* Tilya-bhécand ; the combining of like sets. Whatever may have been the additive quantity 
first found, and whether it were posilive or negative, the combination of like sets raises the addi- 
tive lo a square; and then, under § 79, assuming a number equal to the root of that square, and 
dividing the additive by that square, the additive is reduced to unity, and the roots answering to 
it are found by division. 
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Or, putting unity for the “ least” root, the two roots for additive five are 
found L1.G4 A 5. Whence, by composition of like sets, L8 G 27 
A225. From this, by §79, putting five for the assumed number, the roots 
for additive unity are found L2 Gt A 1. 


Statement of these with the preceding, for composition: L3 G10 Al 
la gat 
From composition by the sum, roots are deduced L +$: G 534 Al. 

Or, under rule § 78; from composition by the difference, they come out 
L+ G£ A. Andso on, in numerous ways. 

The roots for unity as the additive, may be found by another process, un- 
der§ 80. Here, putting three for the assumed number, and proceeding as 
- directed, the “ least” root comes out 6. Viz. assumed number 3. Its square 
9. Given coefficient 8. - Their difference 1. Twice the assumed number 
6, divided by that difference, is 6; the “least” root: L6. Its square 36; 
multiplied by the given coefficient 8, is 288; which, with one added, be- 
comes 289; the root of which is 17, the “greatest” root: G 17. 

So, in the second example likewise, putting three for the assumed num- 
ber, and proceeding as directed, the roots are found; L3 G10 A 1. 

Thus, by virtue of [a variety of] assumptions, and by composition either 
by sum or difference, an infinity of roots may be found.’ 


’ A variety of additives is also found: but it is not noticed, because the problem is restricted to 
additive unily. Crisun. 


© 
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SECTION II. 





83—86. Rule for the cyclic method: (completion of stanza 81, three 
stanzas, and half another.) Making the “least” and “ greatest” roots and ad- 
ditive,? a dividend, additive and divisor, let the multiplier be’ thence 
found. The square of that multiplier being subtracted from the given co- 
efficient, or this coefficient being subtracted from that square, (so as the re- 
mainder be small ;*) the remainder, divided by the original additive, is a new 
additive; which is reversed if the subtraction be [of the square] from the 
coefficient.’ Tlie quotient corresponding to the multiplier [and found with 
it] will be the “ least” root: whence the “ greatest” root may be deduced:° 
With these, the operation is repeated, setting aside the former roots and ad- 
ditive. This method mathematicians call that of the circle. Thus are in- 
tegral roots found with four, two, or one [or other number,’ for] additive: 


> Chacravéla, a circle; especially the horizon. The method is so denominated becanse it pro- 
ceeds as in a circle: finding from the roots (“ greatest” and “ least”) a multiplier and a quotient 
(by Chapter 2); and thence new roots; whence again a multiplier and a quotient, and roots from 
them; and so on in a continued round. Sur. 

2 Previously found by § 75. Crisun. 

3 By the method of the pulverizer (eutfaca). Ch. 2. 

4 If the coefficient exceed the square of the multiplier, subtract this from the coefficient; but, 
if the coefficient be least, subtract it from the square: but so, as either way the residue be small. 
—Sur. Else another multiplier is to be sought, by Ch. 2. 

+ If the square of the multiplier were subtracted from the coefficient, the sign of the new addi- 
tive 1s reversed: if affirmative, it becomes negative; if negative, itis changed to positive. 

Sur. and Crisun. 

® It is deduced from the “ least” root and additive by the conditions of the problem: or, if re- 
quired, without the extraction of a root, by this following rule. ‘The original “ greatest” root, 
multiplied by the multiplier, is added to the “ least” root multiplied by the given coefficient; and 
the sum is divided by the additive.’ Crisny. 

7 With four, two or one, additive or subtractive; or with some other number. Crisnn. 
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and composition serves to deduce roots for additive unity, from those which 
answer to the additives four and two [or other number.]? 


87. Example: What is the square, which, being multiplied by- sixty- 
seven, and one being added to the product, will yield a square-root? and 
what ts that, which multiplied by sixty-one, with unity added to the pro- 
duct, will do so likewise? Declare it, friend, if the method of the affected 
square be thoroughly spread, like a creeper,’ over thy mind. 


Statement of Example Ist: (Putting unity for the “least” root, and ne- 
gative threc for the additive.) C67 L1 G8 A3. 

Making the “least” root the dividend, the “ greatest” root the additive, 
and the additive the divisor, the statement for the operation of finding the 
multiplier (Ch. 2) is Dividend 1 Additive 8. 

Divisor 3 

Here, by the rule § 61, the series is 0; and the quotient and multiplier 

2 
O è 
are found 0; which, as the number of quotients [in the series} is uneven, 
9O 


A 


must be subtracted from the abraders (§-57) leaving 1; and the quotient 
] 


obtained in the abrading of the additive is to be added (§ 61) to the quo- 


tient here found; making the quotient and multiplier 3 Since the divisor 
] 


is negative, the quotient is considered so too (§ 68); and the quotient and 


multiplier are 3. Then the square of the multiplier 1, being subtracted from 
l . 


the given coefficient 67, leaves 66 ; which, however, is not a small remainder. 
Putting therefore negative two for the assumed number by § 64, ʻand mnl- 
tiplying by that the negative divisor 3, and adding the product to the mul- 
tiplier, a new multiplier is found: viz. 7. Its square 49 being subtracted 


* If the additive be already a square integer, the problem of finding the roots that answer to 
additive unity is at once solved by §79. Else raise it to a square by the combination of like sets, 
and then proceed by that rule. If the roots so found be not integral, repeat the method of the 
circle, until the roots come outin whole numbers. Crisin. 

> As a climbing plant spreads over a tree. 
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from the coefficient 67, the remainder 18, divided by the original additive 
3, yields 6; the sign of which is reversed, as the subtraction was of the 
square of the multiplier from the coefficient ; and it thus becomes 6 positive, 
‘The quotient answering to the multiplier, viz. 5,* is the “least” root. 
Whether this be negative or affirmative, makes no difference in the further 
operation. It is noted then as 5 positive. Its square being multiplicd by 
the coefficient, and six being added to the product, and the square-root 
being extracted, the “greater” root eomes out 41. 
mee A i 
Statement of these again for a further investigation of a pulverizer: 
Dividend 5 
Divisor 6 
Here the multiplier is found, 5. Its square, subtracted from the coefli- 
cient, leaves 42; which, divided by the original additive 6, yields 7; the 
sign whereof is reversed because the-subtraction was from the coefficient; 
and the new additive comes out 7. ‘The quotient answering to the multi- 
plier is the “least” root, 11. Hence the “ greatest” root is deduced, 90. 


Additive 41. 


Statement of these again for a further pulverizer: Divd. 11; Ad d. 90. 
Div, A 

By the rule 4 61, the abraded additive becomes 6, and the mfi is 
found 5; and, since the produets in the series are uneven, it is subtracted 
from its abrader, and the multiplier becomes 2. Its negative divisor (the 
former additive) being negative (7) is multiplied by negative one (1) as- 
sumed by § 64 and added to that multiplier, for a new multiplier 9; from 
the square of which 81, subtracting the giv en coefficient 67, the remainder 
14, divided by the original size 7, gives the new additive g. The quo- 
tient answering to the multiplier is the “least” root 27: whencc the “ great- 
est’ root is found 221. From these, others are to be deduced by combina- 
tion of like sets. 


Statement: L27 G221 A2 
127 gl a2 
Proceeding as sireeted, the roots are found Z 11934 G 97684 A4., 


* —3+(1 x —2). 
4 AA 
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These roots divided by the root of the additive four, viz. 2, give roots which 
answer to additive unity: L5967 G 48842 A 1. 


Statement of Example 2d. C61 L1 G8 A3. 


Statement fora pulverizer: Dividend l Adve 
Divisor 3 


Proceeding as before, by §61, and putting two for the assumed number 
(§ 64) the multipher 1s found 7. Whence roots, answering to the negative 
additive four, are deduced L5 G39 A4. Thence, by § 79, roots are 
found for subtractive unity, L2 Gs AJ. Statement of these for com- 
position LE Gse Al 

l4 g4 al. 4 
From them are deduced roots answering to additive unity L 42% G +435 


À 1. 


Statement of these again, with roots answering to subtractive unity, for 

composition L 4 G 3 Al 

bie geal 

Hence integral roots answering to subtractive unity are obtained L 3805 

G 29718 Al. From these, by combining like sets, roots for additive 
unity come out (in whole numbers) L 226153980 G 1766319049 A}. 
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SECTION III. 


~ 





= 


MISCELLANEOUS RULES. 


88—sg.t Rule:* If the multiplier [that is, coefficient affecting the 
square] be not the sum of [two] squares, when unity is subtractive, the in- 
stance proposed is imperfect.* The instance being correctly put, let unity 
twice set down be divided by the roots of the [component] squares: and 
the quotients be taken as two “ least” roots answering to subtractive unity :* 


* Conclusion of a preceding stanza § 86; one complete stanza; and beginning of another. 
2 Where unity is subtractive, to diseriminate impossible eases; and to solve the problem by 


another method, in those which are possible. Crisnn. 
3 Undeserving of regard.—Sur. The square of no number multiplied by such a coefficient, can, 
after subtraction of unity, be an exact square. Crisun. 


The subtractive unity is a square number. Now a negative additive may be a square number 
if the square of the “ least” root being multiplied by the coefficient comprise two squares; for 
then, one square being subtracted, the other remains to yield a square-root. But, for this end, it 
is necessary that the coefficient should have consisted of the sum of two squares; for, as a square 
multiplied by a square is a square, the square of the “ least’ root being multiplied by the two 
square component portions of the coefficient, the two multiples will be squares and component 
portions of the product. Crisun. 

In explanation of the principle of this rule, SURyaDasSa cilesa maxim, that taking contiguous 
arithmeticals, or next following terms in arithmetical progression increasing by unity, twice the 
sum of the squares less one will be a square number. 

* The square of a “‘ least” root, [putting any number for the root at pleasure;}] multiplied by 
either component square portion of the coefficient, will answer for a negative additive: for, the 
square of the ‘‘ least” root being severally multiplied by the squares of which the sum is the co- 
efficient, the two products added together are the square of the “ least” root multiplied by the 
coefficient; and, if from that be subtracted the square of the same multiplied by either portion of 
the coefficient, the remainder will be the square of the same multiplied by the other square por- 
tion of the coefficient; and of course will yield asquare-root. Now to deduce from this, roots 
answering to subtractive unity ; put for the assumed number by § 79 the “ least” root [any how 
assumed as above] multiplied by the root of either component square portion of the coefficient, and 


AAJ 
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and the correspondent “ greatest” roots may thence be deduced. Or two 
roots serving for subtractive unity may be found in the manner before 
shown. 


90. Example. Say what square, being multiplied by thirteen, with one 
subtracted from the product, will be a square number? Or what square, 
being multiplied by cight, with one taken from the product, will yield a 
root? 

In the first of these instances, the coefficient is the sum of the squares of 
two and three. Therefore let unity divided by two be a ‘ least” root for 
subtractive unity, 4. From the square of that, multiplied by the coeflicient, 
and diminished by the subtraction of unity, the corresponding “ greatest” 
root is deduced, 3. Or let unity divided by. three be the “least” root, + 
Hence the “ greatest” root is found $. Or let the “least” reot be 1; from 
the square of which, multiplied by the coefficient, and diminished by the 
subtraction of four, the “ greatest” root comes out 3. Statement of them, 
in their order, L1 G3 A4. By the rule § 79, roots answering to sub- 
tractive unity are hence found + 2. Or subtracting nine from the square 
of the “least” root multiplied by the coefficient, the “ gr catest” root comes 
out: and roots are thence found [by §75—79] L2 G2 Al. Or by the 
cyclic method (§ 83—86) integral roots may be deduced. Thus, putting 
those “ least” and “greatest” roots and additive (§ 83) for the dividend, 
additive and divisor, Dividi nm R a and reducing them by the 


Divisor 1 
common measure half, Dividend l Adititivess, the multipher and quo- 
Divisor 2 


tient are found by investigation of the pulverizer (Ch. 2), 1 and 2. Here 
putting negative unity for an assumed number, and adding its multiple „of 
the divisor to the multiplier, another multiplier is obtained, 3. Whence, by 
the rule (§ 84), the additive comes out 4; and the quotient found with the 


proceeding by that rule, §79, the root answering to subtractive unity will be the “ least” root [be- 
fore assumed] divided by the present assumed number, whieh is the same “ least” root multiplied 
. by the root of a component portion of the coefficient. Reduce the numerator and denominator of 
this fraettonal value to their least terms by their common measure, the least” root [before 
assumed] ; the result is, for numerator, unity ; for denominator, the root of the component square 
portion of Lhe coefficient. mmo Cris, 
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multiplier, becomes the “least” root 3; and from these the “ greatest” root 
is deduced; 11. Hence also, by repeating the cyclic operation (§ $3—84), 
integral roots for subtractive unity are found, L5 G18 Al. Here, as 
in every instance, an infinity of roots may be deduced by composition with 
roots answering to unity. | 

In like manner, in the second example, where the given coefficient 1s 
eight, the “least” and “ greatest” roots, found asabove, are L+ Gi A 1.* 


91. Example: What square, being multiplied by six, and having three 
added to it, will be a square number? or having twelve added? or with the 
addition of seventy-five? or with that of three hundred? 

Here, putting unity for the “least” root; the statement is C6 L1 G3 
A3. Then, by rule § 79, multiplying the roots by two, [and the additive 
by its square four,] the roots answering for additive twelve come out L2 
G6 A112. So, by the same rule, multiplying by five, [and the additive by 
twenty-five,] they are found for additive seventy-five, L5 G15 A765. 
Also, multiplying by ten, [and the additive by a hundred,] they are de- 
duced for additive three hundred, L10 G 30 A 300. 


92° Many being either additive or subtractive, corresponding roots may 
be found [variously] according to the [operator’s] own judgment: and from 


them an infinity may be deduced, by composition with roots answering to 
additive unity.’ 


p a t a 


93. Rule:* The multiplier [i.e. coefficient] being divided by a square, 
[and the reots answering to the abridged coefficient being thence found,*] 
divide the “ least” root by the root of that square.® 

* Roots in whole numbers may be hence deduced by the cyclic method, §83—86. Crisuy. 

* Completion of one stanza § 89 and half of another. 

* The preceding rule was unrestrictive. Finding by whatever means roots which answer for the 
proposed additive, an infinity of them is afterwards thence deducible by composition with additive 
unity and ifs correspondent roots: as the author here shows. Cris, 

* Applicable when the coefficient is measured by a square. Crisun. 

5 Crisun, 

* By parily, multiplying by any square the given coefficient, and finding the “ least” and 
“ greatest” roots for such raised coefficient, the “least” root so found must be multiplied by the 
root of that square, Crisny. 
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94. Example: half a stanza. Say what square bemg multiplied by 
thirty-two, with one added to the product, will yteld a square-root ? 


f 


Statement: C 32. The “least” and “ greatest” roots, found as before, 
are LL. G3 Al. Or, by the present rule $93, the coefficient 32 divided 
by four, gives 8; to which the roots corresponding are found L1 G3 A1; 
and dividing the “least” root by the root (2) of the square (4) by which the 
coefticient was divided, the two roots for the coefficient thirty-two, come 
outLi G3 Al. 

Or, dividing the coefficient by sixteen, it gives 2; to which the roots 
Sii are L2 G3 A1; Whence, divine the “least” root by the 
square-root (4) of the divisor (16), the roots answering to the entire coefti- 
cient are deduced Lt G3 Al. 

Or, by the investigation of a pulverizer (Ch. 2) integral roots are obtained 
(§ 83—86) L3 G17 Al. 


95, Rule? The additive, divided by an assumed quantity, is twice set 
down, and the assumed quantity is subtracted in one instance, and added 
in the other: cach is halved; and the first is divided by the square-root of 
the multiplier [that is, cocefficient.] The results are the “least” and 
« greatest” roots in thcir order.’ 


* Applicable when the coefficient is a square number. Crisun. 

? The rule holds equally for a subtraetive quantity: but with this difference, that the subtrac- 
tion and addition of the number put are transposed to yield the “least” and “ greatest” roots in 
their order. Or the rule may be applied as it stands, observing to give the negative sign to the 
additive: but the “ least” and “ greatest” roots will in this manner come out negative. It is, there- 
fore, preferable to transpose the operations of subtraction and addition of the assumed number. 

Crisuy. 

3 The square of the “ least” root being multiplied by a coefficient which also is a square, the 
product will be a square nuinber. The additive being added, if the sum too be a square, [square 
of the “ greatest” root;] the additive must be the difference of the squares. Now the difference 
of two squares, divided by the difference of the two simple quantities, will be their sum. Hence, 
putting any assumed number for the difference, and dividing by it the additive equal to the differ- 
ence of the squares, the quotient is the sum of the two quantities. Then, by the rule of eoneur- 
rence (Lil. § 55), the finding of the two quantities is easy. The one is the “ greatest” root; the 
other is the “least” root taken into the root ef the coefficient. Therefore, by inversion, that 
quantity, divided by the roet of the coefficient, will be the “ least” root. Sun. and Cnisny. 
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96. Example: What square, being multiplied by nine, and having 
fifty-two added to the product, will be square? or what square number, being. 
multiplied by four, and having thirty-three added, will be square? 

Here, in the first example, the additive fifty-two beimg divided by an 
assumed number two, and the quotient set down twice, diminished and in- 
creased by the assumed number and then halved, gives 12 and 14. The first 
of these is divided by the square-root of the given coefficient; and the 
“least” and “ greatest” roots are found, L4 G 14. 

Or dividing the additive 52 by four, they thus come out L3 G ¥. 

In the second example, dividing the additive thirty-three by one put for 
the assumed number, the “least” and “ greatest” roots are in like manner 
deduced, L8 G17. Or, putting three, they are L2 G 7.* 


4 
& 


97. Example: Declare what square multiplicd by thirteen, and lessened 
by subtraction of thirteen, or increased by addition of the same number, 
will be a square? 

In the first example, coefficient 13. The “least” and “ greatest” roots 
found [for the subtractive quantity] are L1 GO. Put an assumed number 
3; and, by rule § 80—81, roots answering for additive unity are found L + 
G 13. From these, by composition, roots answering to the negative addi- 
tive thirteen arc deduced L 1% G 3%. From which roots, corresponding 
to the negative additive, together with these other roots L4 G answer- 
ing to subtractive unity, by the method of composition by difference, roots 
suited to additive thirteen are obtained L3 G13. Or by composition by 
sum, they come out L18 G65. 


98. Example:* Say what square, multiplied by negative five, with 
twenty-one added to the product, will be a square number? if thou know 
the method for a negative coefficient. 


Statement: C5 A21. 
Here, putting one, the roots are land 4. Or putting two, they are 2 and 1. 


* Thus, by varying the assumptions, an infinity of results may be obtained. Crisun. 
* To elucidate the case when the additive equals the coefficient. Crisnn, 
3 Showing, that roots may be found, even in cases where the coefficient is negative. Crisnn. 
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By composition with roots adapted to negative unity, an infinity may 
be deduced. | 


99. This computation, truly applicable to algebraic investigation, has 
been briefly set forth. “Next I will propound algebra affording gratification 
to mathematicians. ja = 
' By this conclusion it is intimated, that the contents of the preceding chapters (1—3) are in- 
troductory to the analysis, which the author proposed as the subject in the opening of the treatise 
(§2); and to which he now proceeds in the next chapters (4—8). See SuR. and Crisun. 
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CHAPTER IV. 





SIMPLE EQUATION. 


100—102. Rure: Let “so much as” (ydvat-ta@vat)* be put for the 
value of the unknown quantity ; and doing with that precisely what is pro- 
posed in the instance, let two equal sides be carefully completed, adding 
or subtracting, multiplying or dividing,* [as the case may require. ] 


- 


101. Subtract the unknown quantity of one side from that of the other; 
and the known number of the one from that of the other side. Then by the 
remaining unknown divide the remainder of the known quantity : the quo- 
tient is the distinct value of the unknown quantity.’ 


f Eca-caria-samicarara, equation uniliteral or involving a single unknown quantity. See 
note 2 in next page. l 

2 See § 17. 

3 Acyacta-rési, indistinct quantity or unknown number ( ajnydtdanca) ; the unknown is repre- 
sented by ydévat-taévat ; or, if there be more than one, by colours or letters (§ 17); the known, by 
rupa, form, species, (absolute number.) See Sur. a l 

* Orby multiplying and adding; or by multiplying and subtracting; by dividing and adding; 
or by dividing and subtracting; or by raising to a square or other [power]. Crisun. 

This first rule is common to all algebraic analysis. Ib. 

* Whatever be the unknown quantity (whether unit or aggregate of the known, or a part or 
fraction of such unit or aggregate,) is yet not specifically known. It is therefore denominated in- 
distinct or unknown; while that, which is specifically known, is termed distinct or known species. 
The operations indicated by the enunciation of the example being performed with the designation 
of the unknown, if by any means, conformably with the tenor of the instance, there at once be 
equality of the two sides, a value of the unknown in the known species is easily deducible. Thus, 
if on one side, there be only known number, and on the other side the unknown quantity only, 
then, as being equal, those numbers are a true value in the known, of that amount of the un- 
known. Hence, by rule of three, the quantity sought is found: viz. ‘ of so many unknown 

BB 
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102. Under this head, for two or more unknown quantittes also, [the al- 
gebraist] may put, according to his own judgment, multiples or fractions of 
“so much as,” (that is, yévat-téoat, multiplied by two, &c. or divided ;) or 
the same with addition or deduction [of known quantitics.] Or in some 
cases he may assume a known value; with due attention likewise [to the 
problem. | 

The first analysis is an: equation involving a single colour (or letter).' 
The second mode of analysts is an equation involving more than one colour 
(or letter). Where the equation comprises one, two or more colours, raised 


(yávat-tácat) if so many known (répa) be the value, then of the proposed number of unknown, 
what is the value? But, should there be on both sides some terms of each sort, it must be so 
managed, that on one side there be only terms of the unknown ; and on the other, of the known. 


-Now itis a maxim, that, if equal(things] he added to, or subtracted from, or multiply, or divide, 


equal [things], the equality is not destroyed: as is clear. If then, from one side, the terms of 
the unknown contained in it be subtracted, there remain only known numbers on that side: but, 
for equality’s sake, the like amount of unknown must be subtracted from the otherside. The same 
is to be done in regard to the known number on one side, which must be subtracted ulso from the 
other. This being effected, there remain only terms of the unknown on one side; and of the 
known on the other. Then, by rule of three, ‘ if by this unknown quantity this known number 
be had, then by the stated amount of the unknown what is obtained?’ the-remaining known term 
is to he divided by the residue of the unknown and to be multiplied hy the proposed unknown. 
The one operation (that of division) is directed by the rule (§ 101); the other (the multiplication) 
is comprehended in (uét’Adpana) the “ raising” of the answer ;* both being reduced to proportions 


in which one term is unity. Therefore, by any means, (by subtraction or some other,) the twa 


sides of the equation are to be so treated, consistently, however, with their equality, as that 
known number may be on one side, and unknown quantity on the other. Else the solution will 
not be easy. PS Crisnyx. 

t Or symbol of unknown quantity. 
` 2 Samícarańa, samícára, samicriyd, equation : a sama, equal, and cr’, todo: a making equal. 
It consists of two sides (pacsha) ; and each may comprise several terms (c’handa, lit. part). 

The primary distinetion of analysis (Vija) is twofold ; 1st. uniliteral or equation involving one 
unknown, éca-varna-samicarana ; where, a single unknown quantity designated by letter or colour 
(§ 17) being premised, two sides are equated ; 2d. multiliteral or equation involving several un- 


4 


known, anéca-varna-samicarana, where, more than one unknown quantity represented severally by, 


colours or letters being premised, two sides are equated. The first comprises two, and the second 
three sorts: viz, Ist. equation involving a single and simple unknown quantity.; 2d. equation in- 
volving a single unknown raised to a square or higher power; 3d. equation involving several simple 
unknown quantities ; 4th. equation involving several unknown raised to the square or higher 
power; Sth. equation involving products of two or more unknown quantities multiplied together. 


* Deducing of the answer by substitution of value. See note 1, p. 188. and gloss on § 153—156. 
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to the square or other [power,] itis termed (mad hyamaharana ) elimination 
of the middle term. Where it comprises a (bhdvita) product, it is called, 
(bhavita) involving product of unknown quantities. Thus teachers of the 
science pronounce analysis fourfold. | n 

Tlie first of these is so far explained: an example being proposed by the 
questioner, the value of the unknown quantity should be put once, ‘twice, 
or other multiple of “so much as” (ydvat-tdéoat) : and on that unknown 
quantity so designated, every operation, as-implied by the tenor of the in- 
stance,’ whether multiplication, division, rule-of three, [summing of] pro- 
gression, or [measure of | plane figure, is to be performed by the calculator. 
Having so done, he is diligently to make the two sides equal. If they be 
not so in the simple enunciation [of the problem]; they must be rendered 
equal by adding something to cither side, or subtracting from it, or multi- 
plying by some quantity or dividing.* Then the unknown quantity of one 
of the two sides is to be subtracted from the unknown of the other side; and, 
in hike manner, the square or other [power] of the unknown. The known 
numbers of one side are to be likewise subtracted from the known numbers 
of the other. If there be surds, they too must be subtracted by the method 
before taught. Then, by the residue of the unknown quantity, dividing 


These distinctions are reducible to four, by unitiog the quadratics or equations of higher degree 
under one head of analysis; where, a power (square or other) of an unknown quantity represented 
by colour or letter (or more than one such) being premised, and sides being equated, the value is 
found by means of extraction of the root. It is called mad'hyamd@’harana; and is so denominated 
because the middle term (mad’hyama chanda) is generally removed: being derived from mad’hyama, 
middlemost, and éharana, removal or elimination. (See Chap. 5.) These four distinctions are 
received by former writers:* the author himself, however, intimates his own preference of the 
primary distinction alone. Crisun. 


3 Álápa, enunciation of the prich’haca, or of the person proposing the question; or tenor of the 
instance (uddésaca) ; the condition of the problem. 

“? By superadding something to the least side; or subtracting it from the greater; or multiplying 
by it the less side ; or dividing by it the greater. Crismn. 

3 The side containing the lowest unknown has the most known; and conversely. Ordering the 
work accordingly, subtract the unknown in the second from that in the first side; and the known 
in the first from that in the second.—Sur. If there be a square or other [power] of the unknown, 
that also is to be subtracted from the like term of the other side, Crisun. 

+ Ch. 1. Sect. 4. Though the unknown or its power have a surd multiplier, subtraction must 
take place. The residue having still a surd coefficient, divide by that surd the remainder of known 


- + Sec CHATURVĚDA ON BRAHMEGUPTA, (Brahm. 12, § 66 and 18, § 32). 
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the remainder of the known numbers, the quotient thus obtained becomes 
the value known of one unknown: and thence the proposed unknown quan- 
tity instanced is to be “raised.”? If in the example there be two or more 
unknown quantities comprised,’ putting for one of them one “so much as’, 
let “so much as” (ydvat-tdvat) multiplied by two or another assumed num- 
ber, or divided by it, or lessened by some assumed number, or increased by 
it, be put for the rest. Or let: “so much as” (ydvat-tdvat) be put for one; 
and known values for the others. With due attention: that is, the intelli- 
gent calculator, considering how the task may be best accomplished, should 
so put known or unknown values of the rest. Such is the meaning. 


103—104. Examples: Once person has three hundred of known species 
and six horses. Another has ten horses of like price, but he owes a debt of 
one hundred of known species. They are both equally rich. What is the 
price of a horse r* 


104. If half the wealth of the first, with two added, be equal to the 
wealth of the second; or if the first be three times as rich as the other, tell 
me in the several cases the value of a horse.‘ 


number whether rational or irrational; that is, “‘ square by square” (§29); and extract the square- 
root of the quotient; which will be the value of the unknown; or, if the quotient be irrational, 
note it as a surd value. So, in deducing an answer from that surd value, “ multiply square by 
square” (§ 29) and extraet the root, or note the surd. f Cris. 


* The value of the unknown being thus found in an expression of the known; the answer of the 
question, or quantity sought, is deducible from it by the rule of proportion; and the first term of 
the proportion being unity, the operation is a simple multiplication. This finding of the quantity 
sought, or answer to the question, being the stated unknown quantity in the instance, is termed 
utt’hapana , a “ raising” of it, or substitution of a value. See Crisnna; and the author's gloss on 
the first rule of Chapter 6. 

* Although such examples come of course under equations involving more than one unknown, 
the author has introduced the subject for gratification and exercise of the understanding. 
—Crisun. See Ch. 5. Ji 

Reserving one among two or more unknown quantities, if values of the rest, in expressions of 
that or of the known species, be assumed either equal or unequal or at pleasure, then, from the 
value of the unknown thence found, a true answer for the instance will be deducible. Cristy. 

3 This is an example of an equation according to the simple enunciation of the instance. 

Cris. 

* Instances of adding or subtracting, multiplying or dividing, (§ 100) to produce the equation. 

Cris. 
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Example Ist: Here the price of a horse is unknown. Its value is put 
one “so much as” (ydvat-tavat) ya 1; and by rule of three, ‘if the price of. 
one horse be yévat-tdvat, what is the price of six’ Statement: 1'|'ya1 |. 
6|. The fruit, multiplied by the demand, and divided by the argu- 
ment,’ gives the price of six horses, ya 6. ‘Three hundred of known species 
being superadded, the wealth of the first person results; ya6 ru 300. In 
like manner the price of ten horses is ya 10. To this being superadded a 
hundred of known species made negative, the ‘wealth of the second person 
results; ya 10 ru 100. These two persons are equally rich. The two sides, 
therefore, are of themselves become equal. . Statement of them for equal 
subtraction ya 6 ru 300 Then, by the una ($ 101), the unknown of a 

ya 10 ru 100 
first side being subtracted from the unknown of the other, the residue is 
ya 4 And the known numbers of the second side being subtracted from 
the known numbers of the first, the remainder is 400. The remainder of 
known number 400, being divided by the residue of unknown ya 4, the 
quotient is the value in known species, of one “so much as” (yévat-tévat ) 
viz. 100. ‘If, of one horse, this be the value, then of six what?’ By this 
proportion the price of six horses is found, 600 ;: to which three hundred of 
known species being added, the wealth of the first person is found, 900. In 


like manner, that of the second also comes out'900. 


Example 2d: The funds of the first and second persons are, as before, 

these: ya 6 ru 300 : 
ya 10 ru 100 P , 

Here the wealth of the one is equal to half that of the other with two 
added; as is specified in the example. Hence, the capital of the first being 
halved and two added to the moiety ; or-that of the second less two being 
doubled; the two sides become equal. That being done, the statement for 
subtraction is ya 3 ru 152 or ya 6 ru 300 Fr rom both of which, sub- 

ya 10 ru 100 ya20 ru 204 
traction, &c. being made, the value of one “so much as” (ydvat-tavat )is 
found 36. Whence, “raising” as before, the capitals of the two come out 
516 and 260. : 


* Lilécati, § 70. s R 
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Example Sd: The capitals are expressed by the same terms, viz. 
ya 6 ru 300 
yalO ru 100 

The third part.of the first person’s wealth is equal to the second’s; or 
three tunes the last equals the first. Statement: ya 6 ru 300 or ya 2 ru 100 

i ya 30 ru 300 yal0 ru100 

By the equation the value of “so much as” (yévat-tdoat) is found 25. 
From which “ raising” the answers, the capitals come out 450 and 150. 


105. Example:? The quantity of rubies without flaw, sapphires, and 
pearls belonging to one person, is five, eight and seven respectively ; the 
number of like gems appertaining to another is seven, nine and six: one 
has ninety, the other sixty-two, known species. They are equally rich. 
Tell me quickly then, intelligent friend, who art conversant with algebra, 
the prices of each sort of gem. 

Here the unknown quantities being numerous, the [relative] values of the 
rubies and the rest are put ya3 ya2 yal. ‘If of one gem this be the price, 
then of the proposed gems what is the price? The number of (ydvat-tdévat ) 
the unknown, found by this proportion, being summed, and ninety being 
added, the property of the first person is ya 38 ru90. In like manner the 
second person’s capital is ya 45 ru 62. They are equally rich. Statement 


of the two for equal subtraction ya 38 ru90 Equal subtraction being made, 
ya45 ru 62 


the value of the unknown is found 4. “ Raising” from it by the proportion 
“Tf of one yávat-távat this be the value, then of three (or of two) what? 
the prices of a ruby and the rest are deduced: viz. 12, 8,4. ‘If of one 
ruby this be the price, then of five what?’ the amount of rubies comes out 
60.. In like manner sapphires 64; pearls 7. _ Total of these, with the addi- 
tion of the absolute number 90, gives the whole capital of the one, 242: 
and, in like manner, that of the other, 242. 

Or let the value of a ruby be put ya 1; and the prices of sapphires and 
pearls be put in known species, 5 and 3. ‘Ifof one yávat-távat this be the 
price, then of five what? Thus the price of five rubies is found ya 5 ; and 
the amount of sapphires and pearls, 40 and 21. The sum of the two, with 


= An instance of more than one unknown quantity, and of putling assumed values (§ 102). 
rs Crisun. 
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ninety added, is ru 151: In like mamner the capital of the second person is 
y27 ru 125. Statement for equal subtraction ya5 ruw151 Subtraction 
yat ru yes 
being made, the value of ydvat-tdvat comes out 13. Hence by “ raising” 
the answers, the equal amount of capital is deduced, 216.1 
In like manner, by virtue of [a variety of] assumptions, a multiplicity of 


answers may be obtained. 


? 


106. Example:? One says “ give me a hundred, and I shall be twice as 
rich as you, friend!” The other replies, “if you deliver ten to me, I shall 
be six times as rich as you.” Tell me what was the amount of their re- 
spective capitals ¢ 

Here, putting the capital of the first ya 2 ru 100, and that of the second; 
ya\ ru 100; the first of these, taking a hundred from the other, is twice as 
rich as he is: and thus one of the conditions is: falfilled: But taking ten 
from the first, the capital of the last with the addition of ten is six times as: 
great as that of the first: therefore multiplying the first by six, the statement 


is ya 12 ru660 Hence by the equation, the Glue of so much as” (yávät- 
ya l rullo 


távat) is found, 70. Thence, by “raising” the answer, the original capi- 
tals are deduced 40 and 170.° 


107. Example :* Eight rubies, ten emeralds and a hundred pearls, which 
are in thy ear-ring, my beloved, were purchased by. me for thee,.at an.equal 
amount; and the sum of the rates of the three sorts of gems was three less 
than half a hundred: tell me the rate of each, if thou be skilled, auspicious 
woman, in this computation. 

Here put the equal amount ya 1. Then by the- rule of three ‘If this be 
the price of eight rubies, what is the price of one?” and, in like manner, [for 
the rest,] the rates in the several instances are ya 4, ya y, Y&z4r. The sum 
of these is equal -to forty-seven. 


t 


' See the solution conducted with more than one symbol of unknown quantity. Ch. 6. 

Instance of putting multiples of the unknown with addition or subtraction of known quanti-, 
lies (§132).—Crisun. The question, however, requires no arbitrary assumption. 

3 See the solution otherwise managed in Ch. 6. 

4 This and the following examples are introduced for the gratification of learners. CRisHN-. 
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Statement for like subtraction ya=47, ru 0 Reducing the two sides of 
ya O ru 47 
the equation to a common denomination and dropping the denominator, the 
equation gives the value of the unknown (yévat-tdoat) 200. Hence, 
“raising” the answer, the rates of the gems are found, rubies at 25; eme- 
ralds at 20; pearls at 2. The equal amount of purchase of each sort is 200. 
The cost of the gems in the ear-ring 600. 

Here, having reduced the terms to a common denomination, and proceed- 

ing to subtiaction, when the first side of the equation is to be divided by the 
other, the numerator and denominator being transposed, the denominator is 
both multiplier.and divisor of the second side of the equation. Being equal 
they destroy each other. Therefore, disappearance of the denominator’ 
takes place. . ( 
_.108. Example:? Out ofa swarm of bees, one fifth settled on a blossom 
of. nauclea (cadamba) ;. and one third, on a flower of silindhri; three 
times the difference of those numbers flew to the bloom of an echites (cu- 
faja): ` One bee, which remained, hovered and flew about in the air, allured 
at the same moment by the pleasing fragrance of a jasmin and pandanus. 
Tell me, charming woman, the number of bees. 

Here the niir of the swarm of bees is put ya1. Hence the number 
of bees gone to the blossom of the nauclea and the rest of the flowers men- 
tioned, is-ya 4. This, with the one specified bee, is equal to the proposed 


unknown ren, ( ee The statement therefore is ya1* ruté 
o) ! ya ¥ ru 0 


Reducing thiese to a common denomination and droppmg the ‘denominator, 
the vane of the unknown (ydvat-tavcat) is found, as before, 15. This is 
the number of the swarm of bees. b 


| ® Chhéda-gama’; departure, or disappearance, of the denominator. : Equal subtraction being 
made, when, conformably with the order of proceeding (§ 101), the remainder of known number 
is divided by the residue of unknown quantity, the transposition of nnmerator and denominator 
takes place by the rule of division of fractions, (Lil. § 40.) Thus the remainder of known num- 
ber is multiplied by the denominator of the unknown in one operation, and divided by it in the 
other. Wherefore, the multiplier and divisor, as being equal, are both ped Thus depar- 
loze of the denominator takes place.’ SUR. 
* This example occurs also in the author's treatise of Arithmetic. See Lil. § 54. 
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109. Example; here adduced for an easy solution, though exhibited by 
another author: Subtracting from a sum lent at five in the hundred, the 
square of the interest, the remainder was lent at ten in the hundred. The 
time of both loans was alike, and the amount of the interest equal. [Say 
what were the principal sums ?]* 

Here, if the period be put ydvat-tévat, the task is. not accomplished. 
Therefore the time is assumed five months; and the principal sum is put 
yaoat-tavat 1. With this, the statement for rule of five? is 1 5 The 

100 yal 
5 
interest comes out yat. Its square, ya v zz, being subtracted from the 
principal sum after reducing to a common denominator, the second principal’ 


sum is found yav-1, yai%. Here also, for [the interest for] five months, 


by the rule of five, the statementis 1 5 Answer: the interest 
100 yav>; yait 
10 


isya v; yas. This is equal to the interest before found, namely ya 4 
Reducing the two sides of the equation to their least terms by their com-. 
mon measure yavat-técat, the statement of them for equal subtraction is 
yaO rut Proceeding as before,* the value of the unknown ydvat-idoat 
ya ty ruts | 

is found 8. Itis the principal sum. 

Or else [it may be solved in this following manner] The rate of in-. 
terest for the second:loan being divided by the rate of imterest for the first; 
the quotient is a multiplier, by which the second principal sum being mul- 
tiplied will be equal to the first. For, else, how should the interest in equal 
times be egual? The multiplier of the second sum is, therefore, in the pre- 
sent instance 2. The second sum, multiplied by one, and taken into the 
multiplier less one, is equal to the square of the interest. Hence the square 


' It has been inserted by certain earlier writers in their treatises; and is introduced by the 
author for a display of his skill in the solution of the problem. It is a mixt one, and solved [as an 
indeterminate] by an equation involving one unknown.—Sv'r. Itis cited for the purpose of ex- 


hibiting an easy solution. Crisun. 
* CrisHyn. 
3 To find the interest. —Crisnx. See LiL §79. 
* That is, reducing toa common denomination and dropping the denominator. Crisun. 
> Without putting an algebraic symbol for the unknown quantity. Crisnn. 
cc 


= 
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of an assumed amount of Interest, being divided by the multiplier less one, 
the quotient will be the second principal sum: and tins, added to the square 
of the interest, will be the first sum.’ Let the square of the interest then 
be put 4. Hence the first and second sums are found 8 and 4, and the in- 
terest 2. ‘ If the interest of a hundred be five, then of eight what?” By 
this proportion the interest of cight for one ‘month comesont 2.‘ If by this, 


one-month, by two how many are ‘had? The number of months Is thus: 


found, ‘5. 


t 


110. Example:? Froma sum lent at the interest of one in the hundred, 
subtracting the square of the interest, the remainder was put out at five in 


P 


4 


1 The amount of interest on a hundred principal at the rate of one per cent. is the same with 
that on fifty, at two; on twenty-five, at four; on twenty, at five; and on ten, at ten. Therefore, 
by the same number, which multiplying the rate of the first loan raises it to the rate of the second, 
the principal of the first being divided equals the second. For how else should unequal principal 
sums produce an equal amount of interest in equal times? But the multiplier is the quotient ob- 
tained by dividing the rate of the second loan by that of the first. For the first rate is multiplicand ; 
and the second rate, product. Therefore the second principal, multiplied by the quotient of the 
second rate by the first, will be the first rate. But the second principal is not known. A method 
of finding it follows. Were it arbitrarily assumed, the first principal would be found from it by 
multiplying it by the multiplier, and the amount of interest on the two sums would be equal in 
equal times: but the difference will not be equal to the square of the interest ; [another condition 
of the problem.] It must be therefore treated differently. The square of the interest being sub- 
tracted from the first principal, the remainder is the second; and conversely the square of the in- 
terest added to the second is equal to the first. Consequently, to find the first sum, the second is 
to be added to the square of the interest; or it is to be multiplied by the multiplier. The multi- 
plication may be by portions: thus, putting unity for one portion of the multiplicator, the other 
will be the multiplier less one: and the second principal multiplied by one, added to the second 
principal multiplied by the multiplicator less one, or second principal added to the square of the 
interest, will be equal to the first principal. ‘That is, the square of the interest is equal ‘to the 
second principal multiplied by the multiplicator less one. Hence the square of the interest, being 
divided by the multiplier less one, will be the second principal. Though the square of the interest 
be not known, it may be had by arbitrary assumption: and thereby the example may be solved 
completely. Thus interest being assumed, and its square being divided by the multiplicator less 
one, the quotient is the second principal. That, added to the square of the interest, is the first 
principal. And, from the principal sum and the amount of the interest, the time is found. And 
thus the solution of question is easy without putting (ydcat-técat) a symbol for an unknown quan- 
tity. Crisnn. 

* This example is the author's om; varied but little from the preceding cited one. It is 
omitted by SUryapasa, but noticed by Crisuna, who observes, that it is designed to show the 
applicableness of the plain solution just exhibited by the author. 
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the hundred. The period of both loans was alike; and the amount of in- 
terest equal. 

Here the multiplier is 5. The square 16, of an assumed value of the 
amount of interest (4) being divided by the multiplier less one, 4, the second 
principal sum is found, 4. This being added to the square of the interest, 
the first principal sum comes out 20. Hones, by a couple of proportions,’ 
the time is obtained, 20. 

Thus it is rightly solved by the understanding alone : what occasion was 
there for putting (ydvat-tdvat) a sign of an unknown quantity? Or the in- 
tellect alone is analysis (vija): Accordingly it is observed in the chapter on 
Spherics, ‘ Neither is algebra consisting in symbols, nor are the several sorts 
of it, analysis. Sagacity alone is the chief analysis: for vast is inference.” 


111. Example: Four jewellers, possessing respectively eight rubies, 
ten sapphires, a hundred pearls and five diamonds, presented, each from: his 
own stock, one apiece to the others in token of regard and gratification at 
meeting: and they thus became owners: of: stock of precisely equal value. 
Tell me, friend, what were the prices of their gems respectively °° 

Here the rule for putting yavat-tavat, and: divers colours, to represent the 
unknown quantities,* is not exclusive. Designating them by the initials of 
their names, the equations may be formed by intelligent calculators, in this 
manner: having given to each other one gem apiece, the jewellers. become 


equally rich: the values of their stocks, therefore, are r 5 s1 pl di 
S Rie lawl pd 
p97 ri s1 di 
aoe Fl $1.71 


If equal be added to, or subtracted from, equal, ‘the equality continues. 
Subtracting then one of each sort of gem from those several stocks, the re- 
mainders are equal: namely r4, s6, p96, d1. Whatever be tlie price of 
one diamond, the same is the price of four rubies, of six sapphires, and of 
ninety-six pearls. Hence, putting an assumed value for the equal amount 


of [remaining] stock, and dividing by those remainders severally, the prices 


* By the rule of five ; or else by two sets of three terms. se Crisnn, 
2 Gol. 11. § 5. 
3 Already inserted in the Lilévat?, § 100. ‘It is a further instance of a solution by putting 
several sums equal.’—Swr. The problem is an indeterminate one. 
* See the author's gloss on the rules at tbe beginning of Ch. 6. 
cc2 
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are found. Thus, let the value be put 96, the prices of the rubies and the 
rest are found, 24, 16, 1, and 96.7 


112. Example: A principal sum, being lent at the interest of five in the 
hundred [by the month], amounted with the interest, when a year was 
elapsed, to the double less sixteen. Say what was the principal? 

Here the principal is put ya 1. Hence by the rule of five 1 © 12 the 


100 ya | 
5 


interest is found yas. This, added to the principal, makes ya $. It is 
equal to sixteen less than the double of the principal, namely ya2 ru 16. 
By this equation the principal sum is found 40; and the interest 24. 


113. Example:* The sum of three hundred and ninety was lent in 
three portions, at mterest of five, two and four in the hundred; and 
amounted in seven, teu, and five months respectively, to an equal sum on all 
three portions, with the interest. Say the amount of the portions. 

The equal amount of each portion with its interest is put yal. ‘If, for 
one month, five be the interest of a hundred; then, for seven months, what 
is the interest of the same? ‘Thus the interest.of a hundred is found 35. 
This, added to a hundred, makes 135. ‘ If of this amount with interest, the 
principal be a hundred, then, of the amount with interest, that is measured 
by yavat-tdvat, what is the principal?’ The quantity of the first portion is 
thus found yas. Agam, ‘if, for a month, two be the interest of a hun- 
dred, then, for ten months, what is the interest of the same?’ Proceeding 
with the rest of the work in the manner above shown, the second portion is 
ya &. In like manner, the third portion is ya 4. Their total ya $% is equal 
to the whole original sum 360. Whence the value of yévat-tavat is had 162. 
By this the portions sought are “raised:” namely 120, 135 and 135. The 
equal amount of principal with interest is 162. 


114. Example: A trader, paying ten upon entrance into a town, doubled 
his remaining capital, consumed ten [during his stay] and paid ten on his 


* And the amount of each man’s stock, after interchange of presents, is 233. SUR, 
2 Varied from an example in arithmetic, partly set forth in similar terms. Lil. § 91. 
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departure. Thus, in three towns [visited by him] his anginal capital was 
tripled. Say what was the amount?’ 

Here the capital is put ya 1. Performing on this, all that is set forth i in 
the question, the capital becomes on his return from three towns ya 8 
ru 280. Making this amount equal to thrice the original capital, ya 3, the 
value of yavat-tdvat comes out 56. 

115. Example: If three and a half mdnas of rice may be had for one 
dramma, and eight of kidney-beans for the like price, take these thirteen 
cdcinis, merchant! and give me quickly two parts of rice, and one of kid- 
ney-beans: for we must make a hasty meal and depart, since my companion 
will proceed onwards.’ 

Here the quantity of rice is put ya 2, and that of kidney-beans ya 1. ‘If, 
for these three aud a half mdénas one dramma be obtained; then, for this 
quantity ya 2, what is had? The price of the rice is thus found ya + 
‘If, for eight -mdnas one dramma, then for this ya 1 what? The price of 
the ape y -beans is thus found ya +. The sum of these, ya 22, is equal to 
thirteen cécinis ; or in drammas =. T rom this equation the value of yávat- 
távat comes out 4. Whence, “ an the answers, the prices of the rice 
and kidney-beans are deduced + and =3,; and the quantity of rice and of 
kidney-beans, in fractions of a mdna, 3% and 3%. 





116. Example: Say what are the numbers, which become equal, when 
to them are added respectively, a moiety, a fifth, and a ninth part of the 
number itself; and which have sixty for remainder, when the two other 
parts are subtracted. S 

Here the equal number is putya 1. Hence, by the rule of inversion,’ the 


* This is according to the gloss of Crisnwna, and conformable with collated copies of the text. 
But Surya, reading dasu-yucta-nirgamé instead of dasa-bhuc cha nirgamé, omits the consumption 
of ten, during stay; and confines the disbursement, after doubling the principal, to ten for duties 


on export. The equation, according to this commentator, is ya 8 ru 210; and the value of ya, 42. 
ya3 ru O 


* Spoken by a pious native of Gurjara, going to Dwéricd to visit holy Crisnwa; and stopping 
by the way for refreshment, but in a hurry to proceed, under apprehension of being separated from 
his fellow traveller.—Sur. The same example has been ae inserted, word for word, in the 
author's arithmetic. Lil. § 97. 

3 Lil. § 48. . The fractions 4, $, 4, become negative; and the denominator being increased by 


- 
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several numbers are ya $, ya £, ya y. In thts case, all the numbers, dimi-. 
nished by the subtraction of the other two parts, will be brought to thesame 
remainder, ya 2.1. This being made cqual to sixty, the value of yéoat-tdévat 
is obtained 150. Whence, by “ raising” the answers, the numbers are de- 
duced 100, 125 and 1355 


117. Examples? Tell me quickly the base of the triangle, the sides of 
which are the surds thirteen and five, and the base unknown, and the area 
four? , 

In this instance, if the base be assumed ydvat-tévat, the solution 1s tedi- 
ous. Therefore the base is put in the triangle any way at pleasure,* since 
it makes no difference in the result. Accordingly the triangle is here put 
thus: A z Now, by the converse of the rule “ half the base multi- 

c | ò 


c13 

plied by the perpendicular, is in a triangle the exact area ;” (Lil. § 164.) the 
perpendicular is deduced from the area diaca, by half the base: viz. c $4. 
Subtracting the square of the perpendicular from the square of the side, dike 
square-root of the difference is the segment c4. This, subtracted from the 
base, leaves the other segment c 144. The square of this being added to the 
square of the perpendicular, the square-root of the sum is the side: viz. 4.* 
This [the triangle being turned] is the base sought. 


Cs 


the numerator for a new denominator, they become 4, 4, 45; which, being subtracted from ye 1 
rendered homogeneous, leave the severa] original numbers ya $, ya $, ya y. SUR. 

* Ya} and yaş (making ya 4$), subtracted from ya 4, leave ya yz; ya 4 and ya 7; (making 
ya4%), subtracted from ya 3, leave ya 4y; ya 4 and ya 4 (making ya 3%), subtracted from ya -$;, 
leave ya -fg : which, reduced to least terms, is ya $. 

2 This example and the following are introduced to show, that the method of performing arith- 
metical operations, as taught in a preceding section (Ch, 1. Sect. 4), are not useless trouble. SUR. 
3 Tt requires the resolution of quadratic equations. Crismn. 

* Any one of the sides is made the base. 

* Half the base c 13 isc 48. The area ru 4 or c 16, divided by that, isc $4. Its square ru $4, 
subtracted from the square ru 5 of the side ¢ 5, or reduced to a cominon denomination ru $4, leaves 
the square ru -};; of which the square-root is c y. This, subtracted from c 13, leaves c 143. Its 
square ru 43, added to the square of the perpendicular ru $4, makes ru 225 or ru 16. Its root is 
4. In like manner, putting the other side c 5 for the base, the perpendicular is c 4. Its square 
ra &}, subtracted from: the square ru 13 of the remaining side (c 13), leaves the segment c 4 (the 
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118. Example: The difference between the surds ten and’ five is one 
side of the triangle; the surd six is the other; and the base is the surd 
eighteen less rational unity, tell the perpendicular. 

Here, if the segment be known, the perpendicular ts discovered. Put the 
least segment ya 1. The base, less that, is the value of the other segment, 


yal rul c18. Thus the statement is A mrk <6 
g yalrulcl8 


rul c18 

Subtracting the square of the segment from the square of its contiguous 
side, two expressions of the square of the perpendicular are found yav 1 
rul5 ¢c200andyavl ya2 yac72 ru13,c7%. They are equal: and, 
equal subtraction being made, the two sides of the equation become 
mu28 c 512. Here the syllable ya [the symbol of the unknown], in the 
ya a yac 72 
divisor, being useless, is excluded;' and the dividend and divisor are alike 
ru 28 c512 Then, by the rule for “ reversing sign of a seleeted surd, 


m 2 c 72 

and multiplying both dividend and divisor by the sca divisor,” (§ 34) 
putting the surd seventy-two affirmative, and multiplying by c4 c¢ 72, the 
dividend becomes c 3136 ©2048 ¢56448 c¢ 36864. Taking the difference 
between the first and last, and between the third and fourth, it is reduced to 
c18496 ¢ 36992 (or ru 136 c 36992). The divisor in like manner be- 
comes c 4624 (or ru 68), Thus the statement of dividend and divisor ig 
ru 136 c 36992. The division being made in the manner directed, the 
ru 68 ) 
value of yévat-tdvat is found ru 2 c8.- This is the least segment. The 
base, less this, is the other segment; namely, rw 1 c2. From the value of the 
unknown yévat-tdvat, “ raising” the expressions of the square of the perpen- 


root of ru); whence the other segment is c 45. Its square ru 4§ added to the square of the per- 
pendicular ru &* is ru ®& or ru 16; yo square-root of which is 4, (the other side, or base required,) 
as before. Crisun. 

* This is the case in all instances, for the proportion to find the value of the unknown, is “ if 
this multiple of ya give this known number, what does ya give?” and thus, being alike in both the 
multiplier and divisor, it is excluded from both. The author, however, has not noticed its excla- 
sion in other instances, where the algebraic solution was in Lhis respect obvious: but, in the present 
case, where the sign of a selected surd is to be reversed, and the dividend and original divisor to be 
multiplied by the altered divisor, its presence in that multiplication would be highly disserviceable, 
Its exclusion is now therefore specially noticed. ~ Crisuy, 
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dicnlar, or subtracting the squareof the segment from the squaré of its conti- 
guous side, the square of the perpendicular is renee ru3 c8. Its square- 
root is the value of the perpendicular ru 1 c2 


119. Example:* Tell four unequal’ numbers, thou of unrivalled under- 
standing!* the sum of which, or that of their cubes, is equal to the sum of 
their squares. 

Here the numbers are put ya 1, ya 2, ya 3, ya4. Their sumisya10. It 
is equal to the sum of their squares ya v 30. Dividing the two sides by the 
common measure ydvat-tdvat, the statement is ya 30 ru 0 From the 

ya O rulo 
value of yévat-tdcat hence found as before, by equal subtraction [and divi- 
ion, § 101] viz.4, the numbers. are deduced by substitution of that value, 


4 * 1 
> 4, w 


= 


, cje tfi 


* The problem may be solved by the arithmetic of surds without algebra. (Lil. § 163.) The 
sum of the sides is c5 c10 c 6. Their difference c5 c 10 c6. Multiplied together, the 
product comprises nine terms, c a5 c50 c30 c50 c100 c60 c30 c60 c36; wherein 
c 30 c 60 c30 c60 balance each other; c 50 and c 50 added togcther make c 200; and 
c25 ¢100 and c 36, being rational, make ru 5 rui0 ru6, orsummed rv 9. The product 
then is ru9 c 200; to be divided by the base rul c18. Thus the statement is c $1 ¢ 200. 

ci cas 

Proceeding with this by the rule, § 34, ang’ putting ¢ 1 positive, the dividend becomes by multipli- 
cation ¢ 81 200 c1458 ¢3600, reducible by the difference of the roots of the rationals 81 
and 3600, and by finding the difference of the irrationals 200 and 1458, to ru 51, c 578. The di- 
visor by similar multiplication is c 1 c18 c18 c 524; wherein the middle terms balance each 
other, and the remaining two are rational, giving the difference ru 17 or in the surd form, c 289. 
Hence the quotient of ru 51 c 578 by ru 17 (orc 289) isru3 c Q; which added to, and sub- 
tracted from, the base ru1 c 18, gives the sum and difference ru2 c8 and ru4 c32; the moie- 
ties whereof ru1 ¢2andru2 c&8, are the two segments: and from these the perpendicular is 
found as before, ru 1 c2. Crisin. 

. * These and several following examples are instances of the resolution of equations involving the 
square, cube, or other [power] of the unknown, by any practicable depression of both sides by 
some common divisor, without elimination of the middle term. Crismn. 

3 Unequal or dissimilar; unalike—SuR. This is a necessary condition. Else unity repeated 
would serve for an answer to the question.—Crisny. 

* Sunyapasa reads and interprets asama-prajnya, of unrivalled understanding! Crisuwa- 
BHATTA notices that reading, as well as the other, samach’héddén having like denominators: reject- 
ing, however, this; as it is not necessary, that it be made a condition of the problem, though: it rise 
out of the solution. 

* Sum 49. Sum of the squares 49. SuR. 


t 
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In the second example, the numbers are also put ya 1, ya2, ya3, ya4: 
the sum of their cubes is ya gh 100, equal to the sum of tlie squares ya v 30. 
Depressing the two sides by the common divisor, square of ydvat-tavat ; 
and proceeding as before, the numbers are deduced by substituting the value 
of ydvat-tévat (-3;); namely, 33, 4%, 395, 22." ° 


‘10° 


120. Example: Tell the [sides of a] triangle, of which the area may be 


_ measured by the same number with the hypotenuse; and [of] that, of which 


the area is equal to the product of side, upright and hypotenuse multiplied 
together. 


In this case, the statement of an assumed figure is vas Here half 
x ES 


ya 4 | 
the product of`the side multiplied by the upright is the area, ya w 6. It is 
equal to the hypotenuse ya 5. Depressing both sides by the common mea- 
sure yávat-távat, and proceeding as before, the side, upright and hypotenuse, 
deduced from the value found of yávat-távat (viz. 4) are 12, £ and %. In 
like manner, by virtue of [various] assumptions, otlier values also may be 
found. * 

In the second example, the same figure is assumed. Its area is ya v 6. 
This is equal to the product of side, upright and hypotenuse, ya gh 60. 
Depressing both sides by the common divisor, square of ydévat-tavat, the 
side, upright and hypotenuse, found as before, from the equation, are 2, 3; 
and 4. By virtue of assumptions, other values likewise may be obtained.* 


121. Example: If thou be expert in this computation, ‘declare quickly 
two numbers, of which the sum and the difference shall severally be squares; 
and the product of their multiplication, a cube. 

Here the two numbers are put yav 4 ya 5; so assumed, that being ad- 
ded or subtracted, the sum or difference may be a square.* The product of 
their multiplication is ya v v 20. Itisacube. By making it equal to the 


* Sum of the cubes 24.99; of the squares, 349. ` Sur. 

> That is, both problems are indeterminate. So likewise were those proposed in the preceding 
stanza, § 119. . 

* Yao 9; or yao tl. 
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cube of ten times the assumed ydvat-tdcat, and depressing the two sides of 
the equation by the common divisor, cube of ydvat-tdvat, and proceeding as 
before, the two numbers are found 10000 and 12500. 


122. Example: If thou know two digas of which the sum of the 
cubes is a square, and the sum of their squares is a cube, I acknowledge thee 
an eminent algebraist. 

' In this instance the two numbers are put ya w1, yav2. The sum of 
their cubes ts yao gh9. ‘This of itself isa square as required. Its root is 
ya g ch 3 i 

Is not t that quantity the cube of a square, not the square of a duii? No 
doubt the root of the square of a cube is cube. But how is the root of the 
cube of a square, a cube? The answer is, the cube of the square is precisely 
the same with the square of the cube.? Hence if squares be raised twice, or 
four, or six, or eight times, their roots will be so once, twice, thrice, or four 
times, respectively... It must be so understood in all cases. 

Now the sum of the squares of those quantities is yz v5. It must be a 
cube: . Making it equal to the cube of five times ydévat-tdvat, and depres- 
sing: the two sides of the equation by the common divisor, cube of ydavat- 
távat, and proceeding as before, the two numbers are found 625 and 1250. 


-“* From the depressed equation ya20 ru O the valuc of ya is found 50. Its square is 2500, 
ya O ru 1000 v i 


of which the multiples ya v 4 and ya v 5 are 10000 aud 12500. In like manner, putting other 
quantities, as ya v 16 and ya v 20; and making their product ya v v 320 equal to cube of ya 20, 


(ya gh 8000;) the equation depressed by the common measure ya gh, is ya 320 ru O Whence 
ya O ru 8000 


the value of ya is 25; the square of which is 625; and its multiples 10000 and 12500 are the two 
numbers. By varying the suppositions, a multiplicity of answers is obtained. . SuR. 

> The cube of the square is the sixth product of the quantity. It is the third product of the 
second product of equal quantitics multiplied. As the cube of the second product, so is the second 
product of like multiplication of a third product. Therefore, it is also the square of the third pro- 
duet. TFU Cristy. 
3 The value of ya being 25. Or, putting the two numbers ya gh 5, and ya gh 10, the sum of 
their squares is a cube ya ghv 125. Its cube root is yav 5. The sum of the cubes of the same 
quantities is ya gh gh 1125. Itisasquare. Make it equal to the square of ya v v 75, viz. yao 
v v'5625. Reduce the two sides of the equation by the common measure yaoov. The equation 


is ya 1125 ru O Whence the valuc of ya is found 5; and the two numbers 625 and 1250. 
ya O ru 5625 


In like manner a multiplicity of answers may be obtained. Crisuy. 
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Thus it is to be considered, how. practicably the ar quantity [or its 
yamg may be made a common measure. 


123. Example: Tell me, friend, the perpendicular in a triangle, in 
which the base is fourteen, 'one side fifteen; and the other thirteen. 

If the segment be known, the perpendicular is‘so. Put therefore yávat- 
távat for the least segment, ya 1: the other is the base less yávat-távat, ya 1 
ru l4. Statement: 





14 
The squares of the sides, less the squares of the contiguous segments, are the 
square of, the perpendicular. They are equal consequently. Statement of 
them for equal subtraction: yao 1 ya O ru 169. From these the equal 
yawi ya 28 ru 29 
square vanishes ;.and then, proceeding as before, the value of ydvat-tévat is 
found, 5. From which the two segments are deduced 5 and 9; and the 
square of the perpendicular being “ raised” [by substitution of that value] in 
both expressions, it 1s deduced alike both ways: viz. 12. 
Here the substitution for a square, is by a square; and for a cube, by a 
cube: as is to be understood by the intelligent calculator. 


124. Example:* If a bambu, measuring thirty-two cubits, and standing 
upon level ground, be broken in one place by the force of the wind; and 
the tip of it meet the ground at sixteen cubits; say, mathematician, at how 
many cubits from the root is it broken? . 

In this case, the lower portion of the bambu is the upright. Its value is 
put yacat-tavat. ‘Thirty-two, less that, is the upper portion, and is the hypo- 


tenuse. The interval between the rootand tip is the side. See 


yal yal ru 32 


+ 


ru 16 


* There was not much occasion for this example.—Crisun. For the finding of the perpendicu- 
lar had been already exemplified by § 115. That, however, was performed by the arithmetic of 
surds: and this is done by a plain algebraic calculation. 

2 The base, as well as the sum of the hypotenuse and upright, being given, to discriminate them. 
Sur. and Crisun. See Lil. §148; where this example has been already inserted. 

DD@ 
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The sum of the squares of the side and upright, ya v 1 ru 256, is equal to 
the square of the hypotenuse, yav1 ya64 ru 1024. The equal squares 
vanishing, and [the usual process being pursued] as before, the value of 
yávat-távat is found 12. Whence the upright and hypotenuse are deduced 
by substitution of that value, 12, 20. In like manner, if the sum of the 
hypotenuse and side be given, as in the example “ A snake’s hole is at the 
foot of a pillar,” [they may be discriminated] also. 


125.- Example:* Ina certain lake swarming with ruddy geese and cranes, 
the tip of a bud of lotus was seen a span above the surface of the water. 
Forced by ‘the wind, it gradually advanced, and was submerged at the dis- 
tance of two cubits. Compute quickly, mathematician, the depth of water. 

In this case, the length of the stalk of the lotus is the depth of water. 
Its value is put yal. Itisthe upright. That, added to the bud of the lotus, 
is the hypotenuse, ya rut. The side is two cubits. Seem 2 


yal} fai ru} 


Here also, the sum of the squares of the side and upright, yav1 ru 4, be- 
ing made equal to the square of the hypotenuse yav1 yal ru, the depth 
of water, which is the value of the upright, 1s found 48; and the hypote- 
nuse 3. 


126. Example:* From a tree a hundred cubits hgh, an ape descended 
and went to a pond two hundred cubits distant: while another ape, vaulting 
to some height off the tree, proceeded with velocity diagonally to the same 
spot. If the space travelled by them be equal, tell me quickly, learned man, 
the height of the leap, if thou have diligently studied calculation. 

The equal distance travelled is 300. The measure of the leap is put ya 1. 
The height of the tree added to this 1s the upright: the equal distance tra- 
velled, less ydvaé-tdvat, is the hypotenuse. The interval between the tree 


* Lil. § 150. See further a note on § 140 of this treatise. 

2 The difference between the hypotenuse and upright, as well as the side (base) being given, to 
find the hypotenuse and upright—Svur. and Crisny. .See Lil. § 153, where the same example is 
inserted. See likewise Lil. § 152. . ‘ 

3 This also is found in the Lildodti, § 155. It is borrowed with some variation from BRAHME- 
GUPTA or his commentator. Brann. 12. § 39. 
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and the well is the side. Seeya 1N. gaj ru 300 
ru 100 Ee A 
' : ru 200 
Making the sum of the squares of upright and side equal to the square of 


the hypotenuse, the measure of the leap is found 50.’ 


127, Example:* Tell the perpendicular drawn from the intersection of 
strings stretched mutually from the roots to the summits of two bambus 
fifteen and ten cubits high standing upon ground of unknown extent. 

Here, to effect the solution, the value of the ground intercepted between 
the bambus is arbitrarily assumed: say 20. Put the value of the perpendi- 
cular let fall from the intersection of the strings ya 1. See i 


15 10 


20 

‘If, to the upright fifteen, the side be twenty, then to one measured by 
yávat-távat what will be the side? Thus the segment. contiguous to the 
less bambu is found ya +. ‘ If, to the upright ten, the side be twenty, then, 
to one measured by yávat-távat, what will be the side? Thus the segment 
contiguous to the greater bambu is found ya 2. Making the sum of these, 
ya equal to twenty, ru 20, the perpendicular comes oùt 6; the value of 
 yávat-távat. Whence, by substitution of this value, the segments are de- 
duced 8 and 12. 

Or the segments are relative [that is, proportionate] to tle bambus; and 
their sum is the base.* As the sum of the bambus (25) is to the sum of the 
segments (20); so is each bambu (15 and 10) to the segments respectively 
(igand8). They are thus found; and, from them, by a proportion,‘ the per- 


* And hence the value of the hypotenuse, 250. 

* Like the preceding, this too is repeated from the Lilévati, § 160. 

* The ground intercepted between the bambus is expressly said to be of unknown extent, to 
intimate that the distance is not necessary to the finding of the perpendicular. Crisun. 

* As the bambu becomes greater or less, so does the segment. It may be found therefore by the 
rule of three : ‘ as the sum of the bambus is to whole base, so is one bambu to the particular seg- 
ment.’ - Crisny. 

* Asa side, equal to the base, is to an upright; which is the less bambu, so is a side, equal to the 
greater segment, to the perpendicular. The less bambu is the upright, the base is the side, and 
the string passing from the tip of the less bamhu to the root of the other bambu is the hypotenuse ; 
by virtue of the figure: and [in the small triangle] the greater segment is side, and the perpendi- 
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pendicular is deduced (6). What occasion then is there for [putting a sym- 
bol of the unknown] yávat-távat ? 

` Or the product of the two bambus multiplied together, being divided by 
their sum, will be the perpendicular, whatever be the distance between the 
bambus.!| What use then is there in assuming a base? This will be clearly 
understood by the intelligent, after stretching strings upon the ground (to 
exhibit the figure}. 


cular is upright. In like manner, proportion is to be made with the less segment and greater 
bambu. Cristy. 

" As thesum of the bambus is to the base, so is the greater bambu to the segment contiguous to 
it? Then, ‘as the, base is to the less bambu, so is the greater segment to the perpendicular.’ 
Here the base, being both dividend and divisor, vanishes; and the product of the two bambus, 
‘divided by their sum, is the perpendicular. Crisny, 


CHAPTER V. 





QUADRATIC, &c. EQUATIONS. 


. Next equation involving the square or other [power] of the unknown is 
propounded. [Its re-solution consists in] the elimination of the middle 
term,.as teachers of the science? denominate it. Here removal of one term, 
the middle one, in the square quantity, takes place: wherefore it is called 
elimination of the middle term. On this subject the following rule is deli- 
vered. pe WER . : 


128—130. Rule: When a square and other [term] of the unknown is 
involved in the remainder; then, after multiplying both sides of the equa- 
tion by an assumed quantity, something is to be added to them,’ so as the 
sidet may give a square-root. Let the root of the absolute number again bê 


m Mad'khyamáhararia 3 from mad’hyama_ middlemost, aud dharana a taking away or (apanayana) 
remoyval,—CrisHn.. or (nésa) a destroying,—Sur. that is, elimination. The resolution of 
these equations is so named, because it is in general effected by making the middle term (twice 
the product of the roots, § 26) disappear from between two square terms.—Sun. and Crisun.; 
and note on “ equation,” Ch. 4. s 

* Achéryas ; ancient mathematicians (4dya-ganaca) : as ARYA-BuAT?£a and the son of Jisunu 


[BRAnmEGUPTA] and CuaTURVEDA [PRIT'HUDACA-SWAMI]. SuR. 
3 This is not exclusive: in some cases the two sides are to be reduced by some common divisor; 
and in some instances an assumed quantity is to be subtracted from both sides. ' Crise. 


* So as each side of the equation may yield a square-root. Both being rendered such, the 
root of the known is then to be made equal to the root of the unknown side.— Sur. However, if 


the absolute number be irrational, its root may be put in the form of a surd. See Crisan. cited 
in note 1 next page. 


F 
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made equal to the root of the unknown: the value of the unknown is found” 
from that equation.' Ifthe solution be not thus accomplished, in the case 
of cubes or biquadrates, this [value] must be elicited by the [calculator’s] 
own ingenuity. 


130. Ifthe root of the absolute side of the equation be less than the. 
number, having the negative sign, comprised in the root of the side involving 
the unknown, then putting it negative or positive, a two-fold value? is to 
be found of the unknown quantity: this [holds] in some cases.° 


* When on one side is the unknown quantity; and on the other the absolute number; then, 
since they are equal, the absolute number is the value of the unknown: as already shown. But, 
for the purpose of a division of the remaining absolute number, it is requisite that the unknown 
should stand separate. The equation, therefore, must be so treated; as that such may be the 
case. If to equal sides then equal addition be made, or from them equal subtraction; or if equal 
multiplication or equal division of them take place; or extraction of their roots, or squaring of 
them, or raising to the eube or other [power]; there is no loss of equality: as is clear. Now, if 
a square or other [power] of the unknown be on one side, and number only on-the other, the un- 
known cannot stand separate without extraction of the root. The roots, therefore, of both sides 
are to be extracted consistently with their equality: and, that being done, the roots also will be 
equal. Therefore it is said, “ after multiplying both sides by an assumed quantity, something is 
to be added to them.” Crisun. 

An equation comprising a single colour (or symbol of unknown quantity) being prepared as be- 
fore directed, when, after equal subtraction, division is next to he made (§ 101), if on the side of 
the unknown the square and other’ term of the unknown remain, then both sides are to be multi- 
plied by some quantity, and something is to be added; so as both sides may furnish squares. The 
roots of both being then extracted, let equal subtraction be again made; and, that being done, 
the value of the unknown is obtained by division. The principle of the process is, that, if tbe re. 
sidue (or prepared equation) comprise the square and other term of the unknown, the solution can 
be then only effeeted, when the square is the only term of the unknown; and that can only be 
when the root of the square isextracted. Accordingly it is said ‘so as the side may give a square- 
root.” Thus) the root of the side of the equation comprising the square of the unknown being 
extracted, the remainder (§ 26) of the compound square, that is, the middle term, which stands 
between the square of the unknown and square of number, is exterminated. Sur. 

* ‘Ména, miti, unmdna, or unmiti; measure, value; root of the equation. See § 17. 

3 Making the known number on the side of the equation involving the unknown term, positive, 
a value of the unknown is to be found: then, making the same negative, another value of the 
unknown is to be deduced: and thus, both ways, the condition of the question is answered. 
Bearing this in mind, the author has said in another place, ‘ There are two hypotenuses, &c.’ 

À Sur. 
Demonstration: When equal subtraction from equal sides takes place, if there be a 
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131. Srip’HARA’s rule on this point : ‘ Multiply both sides of the equa- 
tion by a number equal to four times the [coeflicient] of the square, and 


number, negative, on the side of the unknown; then, by the rule for changing the sign of the 
subtrahend (§ 5), the sum of the absolute numbers on the two sides will be the value: but, if the 
number be positive on the unknown side, then, by same rule, the difference of the quantities is the 
value. When it is thus discovered bow many times the sum or difference of the absolute quanti- 
ties is greater than the difference of the terms of the unknown, the value of tle unknown is ob- 
tained, being that which the sum or difference so many times measures. Thus both answer the 
conditions of the question; because such multiple of the divisor balances the dividend. [L4]. 
§17.] But, if the value of ydécat-tdvat be too little with reference to the given number specified 
in the example, itis unsuitable. With a view to this, the author has said at the close of the rule, 
It holds “ in some cases.” (§ 130). SUR. 
Ifthe root of the known quantity exceed the absolute number comprised in the root on the side 
of the unknown, why sbould not there be a two-fold value in this instance also, by the same rea- 
soning as in i the other case? Hear the reply. In the instance, where the number being negative, 
the unknown is positive, that number must be subtracted from the absolute side, that the remainder 
of the unknown may be positive: the number becomes therefore affirmative; and there is no incon- 
gruity. But in the second case, where, the number being positive, the unknown is negative, the 
unknown must be subtracted from the other side of the equation, to become affirmative; and the 
number on the absolute side, being subtracted from that comprised in the root extracted from the 
unknown side, becomes negative: and, if it be the greater of the two, the value is negative. The 
second value consequently is every way incongruous. Hence the rule (§ 130). When the tenor 
of the condition is ‘ unknown less number,” if that-is to be squared, the term of the simple un- 
known comes out negative, because the uumber {which multiplies it] is so. In such case when 
the square-root is extracted, number only is negative, not the unknown: for it is certain that the 
number is negative in the condition as proposed. If the unknown were put negative, the side of 
the equation would be negative; for it cannot be affirmative while the greater quantity is sub- 
tractive. Or, admit that it is aflirmative in some cases; still it would differ from the side of equa- 
tion that is consistent with the condition ofthe problem. Such being the case, how can it be equal 
to the second side which is one consistent with that condition? Therefore a value, coming from 
such an equation, must be incongruous; because it is negative: for people do not approve 
a negative absolute number. Hence, in such. an example, although the root of the known quan-" 
tity be less than the negative number in the root of the unknown side (§ 130), there cannot be a 
two-fold value: for a value, grounded on the assumption of the number being affirmative [contrary 
to the tenor of the condition] must be incongruous. In like manner, if the tenor be “the number, 
less the unknown squared,” the unknown alone, not the number, will be the negative in the root: 
by parity of reasoning. Therefore, in this instance also, there cannot be a two-fold value: for a 
value, grounded on the assumption of the number being negative, will be incongruous. It is thus 
in many various ways. Sometimes, by subtraction of the addition or other means it is the reverse. 
Sometimes, by reason of the unknown being naturally negative, though the root might possibly be” 
two-fold, the second is incongruous. Accordingly the author has said indefinitely, “ This holds 
in some cases.” See an example of the incongruity of the secund value, § 140. Sce likewise an 
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add to thei a number equal to the square of the original [coefficient]. of 
the unknown quantity.’ (Then extract the root.*)° 


instanee in the chapter on the three problems (Sirómańi, Ch. 3, § 100), where the question is pro- 
posed as one requiring the resolution of a quadratic equation; and the answer (ib. § 101) shuws, 
that, in taking the roots of the two sides of the equation, the unknown has been taken negative and 
the absolute number positive: for, if the number were taken negative, the answer would come out 
differently. ‘Thus by the reasoning here set forth, the congruity or incongruity of a two-fold value 
is to be every where understood: and the author's remark, it holds in some eases (§ 130), is justified. 
A Cris. 

1 That is, multiply both sides by the quadruple of the number helonging to the square of the 
unknown; and add to both sides the square of the number which belonged to the unknown previous 
to that multiplication. This being done, the side involving the unknown must furnish a square- 
root: and the second side of the equation, being equal to it, should do so likewise. Else of 
course the instance is an imperfect one.—Crisnn. If the known side, nevertheless, do not fur- 
nish a root, it must be taken in the form of a surd.—TIbid. Srin’nana’s rule, having reference 
both to the unknown and to its square, is applicable only in the case where the same side of equa- 
tion comprises the square of the unknown, and the unknown too. In any other case means of ob- 
taining a root must be devised by the intelligent calculator exercising his own ingenuity.*—Ibid. 

2 This insertion is according to the reading which occurs and is expounded in the commentary 
of SURYADASA, avyacta-carga-rupair yuctau pacshau taté milam: “ boih sides are to have added, 
numbers equal to the a (of the coefficient] of the unknown. Then the root [is to be extract- 
ed].” Crisnya- -BHATTA’S reading and Rama-crisuwa’s, with which their exposition too is con- 
formable, and which has been followed in the preceding part of the version of the text, differs 
widely : purod'e cyactasya critéh sama-rupdni eshipét tayér éra. Collated copies of Birdscana’s text 
agree with this: but the variation is marked in the margin of one exemplar. ` 

3 Demonstration: After preparing the equation by equal subtraction, if the square of the un- 
known and the simple unknown be on one side, and absolute number only on the other; the first 
side of the equation cannot by any means furnish a root without some addition. For, if the un- 
known alone be squared, the square of the unknown will be the single result: but, if the unknown 
with number added to it, be squared, the result will be [three terms] square of the unknown, un- 
known, and number: but, in the proposed case, two terms only being present, namely square of 
the unknown, and unknown, it is not the square of any quantity. Therefore, number must be 
added, By subtraction of the unknown, the square of the unknown remaining a single term, woul 
furnish a root: but then the other side consisting of [two terms} unknown and number, would 
not afford one. If the term, containing the square of the unknown, give a root, the addition only 
of a number is needed. But, if it do not afford a root, that term must be multiplied or divided 
by some quantity. Addition to it will not answer; for the other side, with equal addition, will 
yield no root. Nor should a term of the unknown be added to both sides: for that would be 
troublesome. Besides, if the coefficient of the unknown be two, what multiple of the square shal] 


* The concluding remark must be taken as relating to equations of a higher degree: for the otheér case of quadratics 
is the simple one; Snrp’nana’s rule sufficing for affected quadratic equations. 


t 
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132. Example: The square-root of half the number of a swarm of bees 
is gone toa shrub of jasmin; and:so are eight-ninths of the whole swarm: 
a female is buzzing to one remaining male, that is humming within a lotus, 


f 

be added? If 2,7, 14, 23,34, 47, or 62, times the square of the unknown be added, the one side 
will furnish a root, and not the other. If 1,4, or the like multiple be the addition, the first side 
will give no root. Nor will the subtraction of the square serve : for the square, being negative on 
the second side, will not there afford a root. Nor should once, or four times, the square be added, 
when the square had 3 or 5 [for coefficient]; but multiplication by 2, 6, &c. take place, when it 
has 2, 6 and so forth: for the solution will not be uniform, but very troublesome; since both sides 
will comprise [three terms] square of the unknown, unknown, and number. Therefore the square 
of the unknown is to be only multiplied by some quantity. When that square, however, affords a 
root, number only needs to be added. The question is, what this additive number should be. If the 
oot of the square unknown term have 1 [for coefficient], the addition of the square of half {the 
coefficient of] the unknown term must make that side of equation yield a root. For the product 
of one and of half will be half the unknown; and twice that will be equal to the unknown; and 
the extraction (§ 26) will be equal without remainder. So, if [the coefficient] of the root be two, 
the additive should, by the same analogy, be equal to the square of a quarter of the [coefficient 
of the} unknown term. If it be three, the additive should be the square of the sixth part. Con- 
sequently the number to be added must be equal to the square of the quotient of the (anca) co- 
efficient of the unknown term by twice the (anca) coefficient of the root which the square unknown 
term affords. But, if the coefficient of the square unknown term do not yield a square-root, it 
must do so when the term is multiplied by that same coefficient. T herefore both sides of the 
equation are to be multiplied by the coefficient of the square unknown term. Here, by the pre- 
ceding analogy, to find the additive number, the coefficient of the unknown term is to be divided 
by twice the coefficient of the root of the square unknown term. Now the coefficient of the root 
is the unmultiplied (or original) coefficient of the square tinknown term, Therefore the coefficient 
of the unknown term is to be divided by twice the original coefficient of the square ; and is tu be 
multiplied by the original coefficient of the square, as common multiplier of the two sides of equa- 
tion. Abridging the multiplier and divisor by the common measure, the original coefficient of the 
square unknown term, the result is two for the divisor of the original coefficient of the unknown 
term. In like manner, where the coefficient of the square unknown term yields a root without 
previous multiplication, there also both sides being multiplied by that coefficient, and a number 
equal to the square of half the previous coefficient of the simple unknown term being added, a 
root is had: for the reasoning holds indifferently. Both sides, then, by this process being made 
to afford roots, if they be further multiplied by four to avoid a fraction, there is no detriment to 
their square nature. The square unknown term then, being multipliéd by four, the coefficient of 
its root is doubled. ‘The coefficient of the simple unknown term is to be divided by that. The 
divisor then is four times the original coefficient of the square. Now the common multiplier of 
the equation is justso much. Multiplier and divisor then being equal, both vanish; and the ad- 
ditive number is the square of the original coefficient of the simple unknown term. = Cris, 
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in which he is confined, having been allured to it by its fragrance at night. 
‘Say, lovely woman, the number of bees.' 

Put the number of the swarm of bees ya v 2. ite square-root of half this 
isya 1. Eight-ninths of the whole swarm are yao 18. Thesum of the square- 
root and fraction; added to the pair of bees auth is equal to the amount 
of the swarm, namely yav2. Reducing the two sides of the equation to a 
common denomination, and dropping the denominator, the equation is 
yaw 18 yaO ru O and, subtraction being made, the two sides are 
yav 16 ya9 ruis | T 
yao2 ya9 ru O Multiplying both these by cight, and adding the 
yavO yaO ru ls 
number eighty- -one, and extracting both roots, the aim of them for an 


equation is ya 4 ru 9 Whence the value yévat-tévat comes out 6. ` By 
yaO ru ls 


substituting the square of this, the number of the swarm of bees is found 72. 


133. Example: The son of Puit'na, exasperated in combat, shot a 
quiver of arrows to slay Carna. With half his: arrows he parried those of 
his antagonist ; with four times the square-root of the quiver-full, he killed 
his horse; with six arrows he slew Satya; with three he demolished the 
umbrella, standard and bow ; and with one he cut off the head of the foe. 
How many were the arrows, which Arsuna let fly: 

In this case put the number of the whole of the arrows yav 1. Its half 
is yaw 4. Four times the square-root are ya 4. The specified arrows are ru 10. 
Making the sum of these (yaw 4 ya4 ru 10) equal to this quantity ya 1; 
reducing both sides of the equation to a common denomination, dropping 
the denominator, making subtraction as usual, adding sixteen to both sides 


of the equation [yaw 1 ya8 rul6 extracting the squarc-roots, and making 
yaoO yaO ru36) 


these agam equal (yal ru4 the value of yécat-tévat is found 10. From 
yaO rub - 


whieh, by substitution, the number of arrows comes out 100. 


~ 
~~ 


134. Example: Of the period [series] less one, the half is the first term; 


+ 


* This example is repeated from the Lildvat?, § 68. 
* This also occurs in the Lilécati, 67. 
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a moiety of the first term is the increase [common difference]; and the sum 
[of the progression] is the product of increase, first term and period multi- 
plied together, and augmented by the addition of its seventh part., Tell the 
increase, first term, and period.' 

Here the period is put ya4 ru; the first term ya 2; the common differ- 
ence ya 1. The product of their multiplication augmented by its seventh 
part is yagh ¢& yao +8. This amount of the progression is equal to its 
sum found by the rule (Zid. §119) viz. ya gh8 yav10 ya2. Depressing 
both sides by their common divisor yévat-tdvat, reducing them to a common 
denomination, and dropping the denominator, and then making subtraction, 


the two sides of the equation become yav 8 ya54 ra 0 Fromthese mul- 
yawo ya O rui4 


tiplied by eight, and having the square of twenty-seven added to them, the 
square-roots being extracted, are ya8 ru27  Equating these, the value of 
.  yaO ru2g ' 
yoat-tavat is found from the. equation, 7; and the substitution of that palit 
gives the first term, common difference, and number of terms, 14, 7 and 29. 


135. Example: What number being divided by cipher, and having the 
original quantity added to the quotient and nine subtracted from this sum,?_ 
and the consequent remainder being squared and having its square-root added 
to that square, and the whole being then multiplied by cipher, will amount 
to ninety ?? rr . 

Here the number is put ya 1. This divided by cipher, is ya 4. (The ad- 
dition and subtraction being made,* it is still ya 4. . This squared is ya v 4. 


* An example of the sum of an arithmetical progression. See Lil. Ch. 4. : 

* The version is according to SURYADASA’s reading of the text: but CristNA-BHATTA ap- 
pears to have read, as does Rama-crisuNna, ‘having (céti) ten millions added or subtracied;’ 
rasih cotya yuct6 ’t’havénitah, instead of résir ddya-yucté naconitah. Collated copies differ: but the 
variation is noliced in the margin of one. 

3 This and the following are examples of the amin gig of cipher. See § 12—14, and Lil, 


“§ 44—46. 


_ * Crisuwa-nHatta seems here also to have read, ‘with ten millions added or subtracted :’ 
and the quantity, being a fraction with cipher for its denominator, remains unaltered by the addi- 
tion of a finite quantity (§16). But Suryapasa, though he ciles §16 and Lil. § 45, deduces 


from the conditions of the question the equation, yav4 ya 34 ru72 by addingtoyav4 ya36 
yaovO ya O ru 90 
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The root added to it makes ya v4’ yad. Multiplied by cipher, the multi- 
plier and divisor being alike vanish, leaving ya 1 yal!) Hencemultiply- 
ing [the equation] by four and adding one, and proceeding as before, the 
number is found 9. 


136. Example: Say what is the number, which having its half added 
to it, and being multiplied by cipher, and the product squared, and added 
to twice the root of that square, and this sum being divided by cipher, be- 
comes fifteen ? 

The number is put Mun This, having its half added to it, becomes ya} 3. 
Bemg multiplied by cipher, it is not to be made nought but to be considered 
as P of cipher, further operations Tian cae Wherefore ya 2-0, 
being squared, and having twice the root added, becomes ya 2:0 ya 18-0. 
This is divided by cipher: and here,. as before, the multiplier being 0, and 
the divisor 0, both multiplicator and divisor, as being equal, vanish; and | 
the quantity is unaltered: viz. yao ya's. Equating with fifteen, re- 
ducing to a common denomination, and then dropping the denominator, the 
two sides of the sien by prep become yav9 ya12 ru O 

i “yaoO ya 0 ru60 
Adding. four aah taiii the square-roots, the value of yávat-távat by 


equal leita comes out 2. | ' 4 


137. Example: a stanza and a half. What is the number, learned man, 
which being multiplied by twelve and added to the cube of the number, is 
equal to six times the square added to thirty-five :* 

The number is put ya 1. This multiplied by twelve, and added to the 
cube of the number, is yagh 1 ya12. It is equal to this other quantity 
yao 6 ru 35. Subtraction being made,. the first side of the equation be- 


ru 81, its root ya 2 ru9; and thence [doubling the equation, and] proceeding by the rule § 131, 


he derives the equation of the roots ya8 734 From which, by the usual process, he = 9 
yaO ru3s 


for the value of ya. One of the copies of the text, which have been collated for the present trans- 
lation, omits the whole of this mig mediate work here encloses within a parenthesis. 

T LiL § 4445. 7 re y 

* The additive four sufficing to make them afford square-roots. Crisun, 

3 It has been said “If the solution be not thus accomplished, [as] in the case of cubes or bi- 
quadrates, the value must be clicited by the [calculator’s] own ingenuity.” §129. The present and 
the following are instances of the application of that aphorism. SUR. 
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comes yagh1 yao6 ya\2; and the other side, ru 35. Adding the nega- 
tive number cight to both (or subtracting eight from both sides’) and ex- 


tracting the ofise: roots,? they are yal ru2 From the equation of these 
` ' yaO rus m, d ! i 


again, the ient of the number is found 5. 


138. Example: If thou be conversant with operations of algebra, tell. 
the number, of which the biquadrate, less double the sum of the square and, 
of two hundred times the simple number, is a myriad less one. 

‘ Let the number be put ya 1. This, multiplied by 200, is ya 200. Added. 
to the square of the number, it is yavl ya 200; which, multiplied by two 
becomes ya'v 2 ya 400. The biquadrate of the number, less that, is ya vv 1 
yao ya400.. This is equal to a myriad less unity. The. two sides of the: 
equation are yavv1 .yav2 ya400,7u 0. Here adding to the first, 

yao~oO ya oO ya O ru9999 
side yávat-távat four hundred, with unit absolute, it yields a root (ya v 1 
ru 1): but the other side (ya400 ru 10000) does not; and the solution. 
therefore is not accomplished. Hence ingenuity 1s in this case called for., 
Adding then, to both sides of the equation, square of ydvat-tdvat four, 
ydcat-tacat four hundred, and a single unit absolute, roots of both nay be 
extracted. Thus the first side, with the additive, becomes yavv1 yav 
ru 1. The other side, with it, exhibits yav4 ya400 ru 10000. Their 
roots are yav1 rul and ya2 rul00. From these, equal subtraction 


being made, the two sides of the equation are deduced yav1 ya2 ru O. 
yawo yaO ru99 


Again adding unit to each side, the roots are obtained yal ru i From 
-A a 


which equation the value of yévat-tévat comes out 11. In like instances’ 
the value must be elicited by the sagacity of the intelligent analyst. 


139. Example: The eighth part of a troop of monkeys, squared, was 
skipping in a grove and delighted with their sport. Twelve remaining - 


" A variation of the text is here put ina parenthesis. The effect is the same; and one reading 
serves to interpret the other. 

* By the analogy of the rule for the extraction of the bbe ox (§ 26) taking the roots of the 
cube of the unknown and of the absolute number, and subtracting from the remainder thrice the 
products [of the square and simple quantities] two and two. | SUR, 


216 VIJA-GAN1T A. Cnarrer V. 


were scen on the hill, amused with chattering to each other. How many 
were they inall ?! 

In this case the troop of monkeys is put ya1. The square of its eighth 
part, added to twelve, being equal to the whole troop, the two sides of 
equation are yav zy yaO rul2 Reducing these toa common denomi- 

yaw O yal re O 
nation, dropping the denominator, and making equal subtraction, they be- 
come yavl ya64 ru 0 From these, with the square of thirty-two 

- yaoO ya O ru768 


added to them, the roots are Beemer yal ru 32 The number of the 
` yaQ ru i6 

root on the absolute side is here less than the known number, with the nega- 

tive sign, in the root on the side of the unknown. | Making it then negative 

and positive, a two-fold value of yazat-tdvat is thence obtained, 48 and 16. 


140.2 Example: ‘The fifth part of the troop less three, squared, had 
gone to a cave; and one monkey was in sight, having elimbed on a branch. 
Say how many they were r* 


Here the troop is put yal. Its fifth part is ya+. Less three, it is 3 yaz 
ru ts. This squared is yav yz z ya 30 rutes, With ‘the one seen (23), it is 
Yad as zs Yas 30 1 259, This is equal tothe troop yal. Reducing these 


* This instance is relative to the rule (§ 130) which admits a two-fold value of the unknown, 
when the square-root on the absolute side is less than the known number, comprised in the square- 
root on the other side of the equation. ' Sur. and Crisun. 

* Suryapasa here interposes an example, the same which is inserted in the Lilévati, § 150. 
Itis not, however, found in collated copies of the Vija-ganita, nor noticed in this place by Cuisnwa- 
BuATTA, nor by RaMa-crisuna. The solution, as wronght by the first named commentator, 
follows: ‘ Put ya 1 for the side of the triangle or distance between the snake’s hole and the point 
of meeting. ‘If this side be subtracted from the sum of the side and hy potenuse, namely 27, the 
remainder is the hypotenuse: it is ya 1 ru 27. Its square, yav lì ya 54 ru729, _is equal to the 
sum of the squares of the side put ya1 and upright given9: namely yav1 rusi. Equal 
subtraction being made, the value of ya is found, 12. Thus the distance between’ the hole and 
point of meeting comes out 12 eubits; and this, subtracted from the distance from the hole of the 
spot where the snake was seen, namely 27, leaves the equal progress of the two, 15.—Sur. The 
example, as is apparent, is herc out of place, and should have been notieed by the scholiast, where 
the author has himself referred to it, in his gloss on § 124. 


3 Two instances are here given to show, that the twofold value is admissible in some cases only. 
. s Crisun. 
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sides of equation to a common denomination, dropping the denominator, and 
making equal subtraction, the equation becomes yao 1 ya55 ru 0 Mul- 
yavO ya O ru 250 

tiplymmg by four, and adding a number equal to the square of fifty-five (3025), 
the roots extracted are ya2 ru 55 Here also a two-fold value is found 

yao. ru 45 
as before, 50 and 5. But the second is in this case not to be taken: for 
it is incongruous. People do not approve a negative absolute number.’ 


141. Example: The shadow of a gnomon twelve fingers high being 
lessened by a third part of the hypotenuse, became fourteen fingers long. 
Tell quickly, mathematician, that shadow. 

In this case the shadow is put ya 1. This, less a third of the hypotenuse, 
becomes fourteen fingers. Hence, conversely, subtracting fourteen fingers 
from it, the remainder is a third of the hypoteuuse, ya1 rui4. This then, 
multiplied by three, is the hypotenuse; ya3 ru 42. Its square is ya v9 
ya 252 rui764; which is equal to this other value of the square of the hy- 
potenuse,? yav 1 rui44. Equal subtraction being made, tlie two sides of 


* The second value being five, its fifth part, one, cannot have three subtracted from it. There 
is incongruity; to indicate which the author adds expressly, ‘ the second is in this ease not to be 
taken.’ SUR. 
« Put ya5 for the troop of monkeys. Its fifth part is ya 1. Less three, itis yal ru 3. This 
squared is yav 1 ya ru9. With one added, it is yav] ya6 ru 10; and is equal to ya 5. 
Equal subtraction being made, the equation is yav 1 yall ru ọ Multiplying by four, and 

yav ya O ru 10 


superadding the square of 11, it beeomes yav4 ya44 ru121 Here, since the known number 
yaoO ya O ru 81 | 


was proposed as negative [i.e. subtractive] the root should be taken, under the reasoning before 
stated [gloss on §130] ya2 ru 11; not ye2 ru 11. The root of the second side of the equation 
is 9.* By further equation of the roots, the value of ya comes out 10. Whence the number 
of the troop is deduced 50. But, if the known number (11) be made positive, the value 
of ya will be 1; and the whole quantity 5. From its fifth part (one), three cannot be subtracted. If 
indeed the enunciation of the question were, “ The fifth part of the troop taken from three” [in- 
stead of ‘ less three”), the second value, and not the first, would be taken. For the fifth part of 
the first value cannot be deducted from three. Crisnn. 

* For the shadow being the side of a rectangular triangle, and the gnomon twelve fingers in 
length being the upright: (Sirómańi : Book 1, Ch. 3.) the rule, that the square-root of the sum of 
their squares is the hypotenuse, is universally known. Sur. 


* Orelse 9. But with this root the author would take ya2 ru11 instead ofya? ru1i. 
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the equation become yav 8 ya252 ru O Multiplying by two, and 
yaovO yad ru 1620 
superadding the square of the number sixty-three, the roots are ya4 ru 63 
, yad ru 27 
Making these again equal, and proceeding as before, the value of ydvat-tavat: 
is obtained two-fold 43 and 9. The second value of the shadow is less than 
fourteen: therefore, by reason of its incongruity, it should not be taken. 
Hence it was said “ this holds m some cases.” (§ 130.) 
It is in derogation of the maxim delivered in PApMANABuA’s algebra,’ on 
this subject: 


142. “When the root of the absolute side is less than the known number 
being negative on the other side, making it positive and negative, the value 
comes out two-fold.” 2 


143—144. Example: What are the four quantities, friend! which with 
two severally added to them, yicld square-roots ; and of which the products, 
taking them two and two, contiguous,’ become also square numbers when 
eighteen is added: and which are such, that the square-root of the sum of 
all the roots added to eleven, being extracted, is thirteen? tell them to me, 
algebraist ! | 

In this case, the number, which, added to two quantities, renders them 
square numbers, is the additive of the [original] quantities. That additive, 
multiplied by the square of the difference of the roots, is the additive of the 
product. That is, ‘the product of those two quantities, with the addition of 
‘this [additive] must yield a square-root. The products of the roots‘of the 
quantities, taken two and two contiguous, being lessened by a deduction of 
the additive of the quantities, are the roots of the products of those quanti- 
ties. This principle must be understood in all [similar] cases. In the pre- 


sent instance, the additive of the products is nine times the additive of the. 


simple quantities. The square-root of nine is three. Therefore, the roots 


* Padmandbha-Vija. 

* The quotation, as copied by the commentator SUryapDasa, contains the very reservation 
for which Bnascara contends “the value will be two-fold sometimes :” dwid'há mánan cwachit 
bhavét, instead of dwrordhétpadyaté mitih, the reading which occurs in collated copies. 

3 The first and second are to be mulliplied together; and the third and fourth.—Swur. First 
and second ;:second and third ; third and fourth. Crisun. 

* For the demonstration of both these positions, see note to § 145. 
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of the quantities are [arithmeticals] differing by the common difference 
three: yal yal ru3 yal ru6 yal rug. The products of these, two 
aud two, less the additive of the simple quantities, being computed, are 
the square-roots of the products of the quantities with eighteen added. 
Hence the roots of the products as above described are yaw 1 -ya3 
ru2; yawl yaQ9 ru 16; yavl yals ru52* The sum of all these 
and of the original roots is yao3 ya3l ru 84. Making this, with 
eleven added to it, equal to the square of thirteen ; multiplying the sides of 
the equation (after equal subtraction) by twelve; and superadding the square 


of thirty-one, the roots are ya6 ru31 From the equation of these again, 


yaQ ru 43 
the value of ydvat-tévat is fouud 2. Whence the roots of the quantities are 
deduced, 2, 5, 8 and 11. Of course the original quantities (being the 
squares of those roots, less the additive of the simple quantities,) are 2, 23, 
62 and 119... 


On this subject there is a maxim of an original author :* 


145. ‘So many times as the additive of the products contains the additive 
" SUryapasa, employing only the first of the foregoing positions, as it is contained also in the 
maxim ciled from an earlier writer (§ 145), deduces ihe algebraic expressions for the roots of tbe 
products from those of the simple quantities: ‘The additive of the produets (18) is nine times the 


addilive of the simple quantilies (2). Its square-root is 3. The simple roots then are yal ruo 
yul rus 
yal ru6 
, yal rug 
And the quantitiesdeduced by squaring these and subtracting the additivetwo,are yav1 ya O ru 2 
yaol ya 6 ru 7 
yavl yal? ru34 
yavl yals ru79 
yavtl yagh 6 yao 5 ya 12 ru 4 
yavvl yaghi8 yav 41 ya 284 ru 256 
yavvi yagh30 yav113 yal560 ru2704 
The square-roots of these three are yav0 1 ya 3 ru 2 Their sum (yav3 ya27 ru66) with 
yaol ya 9 rul6 

yavl yals rus2 

the sum of the simple roots (ya4 ru18) or yav3 ya31 ru 84, with 11 added, is equal to the 


square of 13, or 169. The equation then is yav 3 ya31 ru 95 and, after subtraction, be- 
yavO ya O rul69 
comes yav3 ya31 ru O Proceeding as usual (§ 131), the value of ydévat-tdvat comes out 2.’ 
yaoO ya O ru74 Sur. 


The products of the contiguous two and two, 
with eighteen added, are 


2 Neither Buascara, nor his commentators, intimate the name of this ancient and (édya) 
original author, whose words are here quoted. 
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of the simple quantities, by the square-root of that [submultiple] as a common 
difference, the unknown quantities are to be put [m arithmetical progression] 
and to be squared, and then diminished by subtraction of the additive. > 

This supposition of apposite quantities required much dexterity in com- 
putations. 


i 
F 


146. Example: Say what is the hypotenuse in a plane figure, in which 
the side and upright are equal to fifteen and twenty? and show the demon- 
stration of the received mode of computation.’ 

‘Here the hypotenuse is put ya1. Turning the triangle, the hypotenuse 
is made the basc; and its side and upright are the sides: and the side and 
upright in each of the triangles situated on either side of the perpendicular 


The demonstration of this, and of Buascara’s corresponding position with the further one 
subjoined by him, is given by the commentator Crifsuna: ‘lf the square-root of a quantity in- 
creased by an additive be known, then by inversion the quantity is the square of that root, less the 
additive; and is also known. From the first root the first quantity is found pvl a l; and, in 
like manner, from the second root, the second quantity dol al. That, which, added to tbeir 
product, makes it a square, is the additive of the produet. Multiplied together their produet is 
po. dvbhi pr.abh i dv.abh1 avi. Inthe second term, the square of the first root multiplied 
by the additive is negative ; and, in the third term, the like multiple of the square of the second 
root is also negative. To abridge, put sum of the squares of the roots multiplied by the additive with 
the negative sign. The first term is the product of squares of the roots; or, which is the same, the 
square of the product of the roots. The statement then is r prod. 01 ro sum al avi. Inthe 
second of these three terms, the sum of the squares of the roots is resolvable into two parts; the 
square of the difference of the roots and twice the product of the roots. (Lil. § 135.) The second 
term is thus resolved into two; namely the square of the difference and twice the product multi- 
plied by the additive : and the statement of all the terms in their order consequently is 7 prod. 0 1 
rdif.c.a l rprod.a 9 avi. Nowthe number, which, added to this product of the quantities, 
makes it afford a square-root, is the additive of the produet. But here, if the square of the differ- 
ence of the roots multiplied by the additive (r difi. v. a 1) be superadded, the remaining terms 
r prod. v 1 rprod. a 2 av, will yield a square-root. Jt is therefore demonstrated, that the 
additive of the simple quantities, multiplied by the square of the difference of the roots, is additive 
of the produet; and the product of the same roots, less the additive, will be the rootof the pro- 
duct of the quantity. 'The same reasoning is applieable to the second and third; and to the third 
and fourth. Thus the root of one quantity being put yárvat-tárat, the roots of all may be rightly 
deduced from it’ [by thelr common difference computed from the additives]. Crisnn. 

2 The question of the hypotenuse is here put, solely to inquire the principle of the sulution of 
. this problem. Crisun. 
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let fall in the proposed triangle, are analogous to the former.' Hence the 
proportion: ‘if, when yévat-tdvat is hypotenuse, this be the side (15), then, 
the hypotenuse being fifteen (equal to the original side), what is?” Thus 
the side {of the smaller triangle] is found, and is the segment contiguous to 
the original side: ru 225 Again, if ydvat-tdvat being hypotenuse, this 


ya 
be the upright (20), then, the hypotenuse being twenty (equal to the ori- 


gmal upright), what is? Thus the upright [of the other little triangle] is 
found, and is the segment contiguous to the original upright :? 7400 The 


ee 
sum of the segments is equal to hypotenuse: and from so framing the equa- 
tion, the value of hypotenuse is deduced,’ the square-root of the sum of the 
squares of the side and upright, viz. 25. Hence, substituting the value, 
the segments are found 9 and 16; and thence the perpendicular 12. See 


D 20 
25 

Or the solution is thus otherwise propounded. The hypotenuse is ya T. 
Half the product of the side and upright is the area of the triangle: 150. 


* They are proportional (anurépa). Crisun. 

* The greater side being here named the upright, (while either side might have been so denomi- 
nated; Li/. § 133.) in the original triangle, the greater side of the one small triangle must be taker 
as the upright found by the proportion ‘as ydvat-tévat is to the original upright, so is an hypote- 
nuse of that length to a quantity sought:’ it is the segment, which is the greater side of this tri- 
angle; not the perpendicular, whieh is its less side. So the smaller side of the other little triangle 
must be taken as the side found by the proportion, ‘ as ydvat-tdvdt is to the original side, so is a hy- 
potenuse of that length to a quantity sought’ and it is the segment, this being the least side of the 
triangle ; not the perpendicular whieh is here the greater side. a: Crisun. 

3 Crisuwa gives the solution by literal symbols alone. By the first proportion ya 1 | b/w 1 | 
bhui | the segment contiguous to the side is hav 1 = By the other proportion, ya 1 | col | col | 

= 
the segment contiguous to the upright is cool The sum of the segments bhuv i cov) is 
yer a 
equal to the base ya 1. Reducing toa common denomination and dropping the denominator, the 


two sides of the equation become yav 1 Hence the square of the hypotenuse is equal to 
bhuol cov 


the sum of the squares of upright and side—Crisun. Were bu is initial of biuja, the side (lit. 
arm); and co of céti, the upright. 
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With four such triangles, another figure having four sides, each equal to the 
hypotenuse,’ is constructed for the purpose of finding the hypotenuse. See 


sh 


25 

Thus another interior quadrilateral is framed; and the difference between 
the upright and side ts the length of its side. Its area is 25. Twice the pro- 
duct of the upright and side is the area of the four triangles, 600. The sum 
of these is the area of the entire large figure; 625. Equating this with the 
square of yévat-tdvat, the measure of the hypotenuse is found, 25.* If the 
absolute number, however, be not an exact square, the hypotenuse comes 
out a surd root. 


147. Rule: Twice the product of the upright and side,’ being added to 
the square of their difference, is equal to the sum of their squares, Just as 
with two unknown quantities.* 

Hence, for facility, it is rightly said ‘The square-root of the sum of the 
squares of upright and side, is the hypotenuse mi 


* The triangles are to be so placed, as that the hypotenuse may be without; and the upright of 
one be in contact with the side of another: else, by merely joining four rectangular triangles [with the 
equal sides contiguous,] a quadrilateral having. unequal diagonals [that is, a rhomb] is constituted; 
in which one diagonal is twice the upright ; and the other double the side of the triangle; instead 
of a square comprising five.figures (four triangles and a small‘interior square). But, if the upright 
and side be equal, a square only is framed, which ever way the side is placed, since there is no 

difference of the upright and side: and in this case there is no interior square. Crisnn. 
"3 In this instance also, Crisnwa exhibits the solution by literal symbols: ¢ Area of the triangle 
bhu. co}. Multiplied by four, it is the area of four such triangles, bhu.co2. Difference 
bhul cai. Its square bhuv 1 bhu. co 2 covl. This, which is the urea of the interior square, 
being added to the area. of the four triangles, bau. co 2, makes bhuv1 cov; the area of the 


entire square,’ Crisnn. 
3 This:'is not confined to upright and side ; but applicable to all quantilies. (Lil, § 135.) 
Crisin. 


4 Let the twoquantitiesbe yal cal. The square of their difference will be yav 1 ya.ca bho 
cav 1. To this twice the product ya. ca bh 2 being added, the result is the sum of the squares 
yao cavi. Crisun. 

5 See the same rule expressed in olher words ; Lif. § 134. 
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Placing the same portions of figure in another form; see 





148. Example: Tell me, friend, the side, upright and hypotenuse in a 
[triangular] plane figure, in which the square-root of three less than the side, 
being lessened by one, is the difference between the upright and hypotenuse, 

In this case the difference between the upright and hypotenuse is arbi- 
trarily assumed: say 2. Hence, by inversion, (taking the square of that. 
added to one and adding three to the square;) the side is obtained, 12. Its: 
square, or the difference of the squares of hypotenuse and upright,. 1s 144. 
The difference of the squares of two quantities is equal to the product of 
their sum and difference.” For a square’ is the area of an equilateral qua- 
drangle [and equi-diagonal*t]. This for example, is the square of seven, 49: 

7 








Here the difference is two; and the sum is twelve: and the product: of 


the sum and difference consists of 24 equal compartments 
12 


EErEE EH? 
Thus it is demonstrated, that the difference of the squares is equal to the 


product of the sum and. difference. Hence, in: the instance, the difference. 
of the squares, 144, being divided by the assumed difference of the hypo- 


r 


* Producing the line, the figure is divided into two squares: one the square of the upright; the 
other the square of the side; and their sum is the area of the first or large square ; and its square- 
rootis the side of the quadrilateral. Crisnn. 

* Dil.§ 135, 

2 Varga, or 2d power. . 

* Crisuna. 
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tenuse and upright, 2, is the sum, 72.'| This sum, twice set down, and 
having the difference severally subtracted, and bemg halved according t 
the rule of concurrence, gives the upright and hypotenuse 35 and 37. In 
like manner, putting one, the side, upright and hypotenuse are 7, 24, and 


27. Or, supposing four, they are 28, 96, and 100.° So in every [similar]. 


Case. 


149. Rule: The difference between the sum. of the squares of two 
quantities whatsoever, and the square of their sum, 1s equal to twice their 
product; as im the case of two unknown quantities.* 

For instance, let the quantities be 3 and 5. Their squares are Q-and 95. 
The square of their sum, 64. From this taking away the sum of the squares, 
the remainder is 30. Sce 








Rr 


Here square compartments, equal to twice the product are apparent; and, 


[the proposition] is proved. 


150. Rule: The difference between four times the product and the 
square of the sum, is equal to the square of the difference of the quantities ; 
as in the instance of unknown ones.‘ 


Let the quantities be 3 and 5. From the square of their sum, taking 
away four products’ at the four corners, there remain in the middle, square 


* See Lil. § 57. 

> Whi, § 55. 

3 The problem is an indeterminate one. 

* Let the quantities be ya1 cai. The sum of their squares is yao 1 cav 1; and the square of 
their sum yav l ya.cabh2 cao. The difference between which is ya. ca bh 2; or twice the 
product of the two quantities. Crisun. 

S$ Letihe two quantities be ya. cai. Four times the product is ya. cabh4. The square of 
the sum is yav 1 ya.cabh2 cawi. From this square taking four times the product, the re- 
‘mainder is yav1 ya.cabk2 cawi. And this is the square of the difference of the two quan- 
tities. Crisnn. 

© Rectangles. 
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compartments equal to the square of the difference of the quantities; and 
[the proposition] is proved. See 





151. Example: Tell the side, upright and hypotenuse, of which the 
sum is forty, and the product of the upright and side is a hundred and 
twenty. 

Here twice the product of the side and upright is 240. It is the difference 
between the square of their sum and the sum of their squares.” The sum 
of the squares of the side and upright is the same with the square of the hy- 
potenuse.? Therefore it is the difference between the'square of the sum of 
the side and upright, and the square of hypotenuse; and is equal to the pro- 
duct of sum and difference. Therefore this difference, 240, divided by the 
sum 40, gives the difference of hypotenuse and the sum of the side and 
upright, viz. 6." The sum, having the difference severally subtracted and 
added, and being then halved, gives by the rule of concurrence,’ the sum of 
the upright and side 23, and the hypotenuse 17.4 From the square of the 


‘sum of the upright and side, namely 529, snbtract four times the product 


(§ 150), viz. 480, the square root 7 of the remainder (49) is the'difference of 
the side and upright. From the sum and difference, the side and upright 
are found by subtraction and addition and then taking the moieties: and 
they come out 8 and 15. i i 
152. Example: Tell me severally the side, upright and hypotenuse, 
the sum of which is fifty-six; and their product seven times six hundred. 
In this instance put hypotenuse ya 1. Its square is yaw 1. It is the sum 
of the squares of the side and upright. The sum of the three sides (lypo- 
tenuse, upright and base) less hypotenuse is the sum of the upright and side; 


" § 149. 

2 § 146. 

3 [ál § 55. 

* For the sum of two sides must exceed the hypotenuse. (L4. § 161.) -  Crisirn. 

> This example, though overlooked by SURyaADASA, is noticed both by Crista and Rama- 
CRISHNA; and is found in all the collated copies of the lexi. 
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ya 1 ru56. So the product of the three, divided by hypotenuse, gives the 
product of upright and side ru 4200 By a preceding rule (§ 149) the dif- 
yal 
ference between the sum of the squares (ya v 1) and the square of their sum 
(yaol yall2 ru 3136), namely ya 112 ru 3136, is equal to twice the 
product or ru 8400 First reducing to least terms by the common divisor a 
yal 

hundred and twelve; then bringing both sides of the equation to a common 
denomination, dropping the denominator, making equal subtraction,’ and 
superadding the square of fourteen to both sides of the equation,* the value 
of yacat-tavat is found, 25. A second value in this case comes out by way 
of alternative, namely 3: but it is not to be taken because it is incongruous.* 

In the instance, the product of the three sides, 4200, being divided by 
the hypotenuse 25, gives the product of the upright and side, 168. Thus 
the sum of the upright and side being 31 (56 less 25), the difference of thie 
upright and side is found by the preceding rule (§ 150) namely 17. And 
thence, by the rule of concurrenee,* the side and upright are deduced 7 
and 24. 

So in all [like] cases. . 

The intelligent, by a compendious method, do in some instances resolve 
a problem by reasoning alone. But the grand operation 1s by putting [a 
symbol] of the unknown. i 





* The text to which RAMACRISHNa’s commentary is appended, here exhibits 


Equation ya v 112 ya3136 ru 0 Abridged by 112, yaol ya28 ru O 
yaoO yad. ru 8400 yaoO ya O ru75 


* Some copies of the text substitute the equivalent operation of multiplying by four, and adding 
ithe square of twenty-eight. 

3 See remark under § 141. 

* Lil. § 55. 








CHAPTER VI. 





EQUATION INVOLVING MORE THAN ONE UNKNOWN 
QUANTITY. 


Next, Analysis by a Multiliteral Equation is propounded. 


153—156. Rule: Subtract the first colour (or letter’) from the other 
side of the equation; and the rest of the colours (or letters) as well as the 
known quantities, from the first side:* the other side being then divided by 
the [coefficient of the] first, a value of the first colour will be obtained.’ If 
there be several values of one colour, making in such case equations of them 
and dropping the denominator,‘ the values of the rest of the colours are to 
be found from them.’ At the last value, the multiplier and quotient, found 
by the method of the pulverizer,° are the values of both colours, dividend 


* See the author’s following comment; and the note upon it. 

> That is, the two sides of the equation are to be so treated, as that a single colour may remain 
on one side: which is effected by equal subtraction of all the rest of the terms on that side from 
both; and of the term similar to it on the other. It is not necessary to restrict the choice of the 
particular colour: but, as there is no motive for passing by the first, that is selected to be retained: 

Crisun. 

3 This division is the equivalent of the proportion, in which one of the unknown is the third 
term, and a multiple of it is the first; to find the value. See note on § 157. 

* After reduction to a common denomination. 

* This suffices for problems admitting but one solution. What follows, relates to indeterminate 
problems. 

© An answer to an indeterminate problem being required in whole numbers. Else arbitrary. 
values may be put for all the remaining unknown terms in the last and single value of an unknown. 
In such case the answer is easy: but is probably fractional. ‘Crisun. 
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and divisor:’ if there be other colours ih the dividend, put for them any 
arbitrarily assumed values; and so find those two. By substituting with 
these inversely, the values of the rest of the colours are then obtained. 
But, if a value be fractional, the investigation of the pulvenizer 1s to be re- 
peated; and, with that substituting forthe last colour, deduce the values 
conversely from the first.* 

This is analysis by equation comprising several colours.’ 

In this, the unknown quantities are numerous, two, three or more. For 
which ydazat-tavat and the several colours are to be put to represent the 
values. They have been settled by the ancient teachers of the science:* 
viz.“ so muchas” (yd@vat-tacat), black (calaca), blue (uilaca), yellow (pitaca), 
“red (d6hitaca), green (haritaca), .white (Swétaca), variegated (chitraca), tawny 
(capilaca), tan-coloured (pingala), grey (Chimraca), ‘pink (pdtalaca), white 
(savalaca), black (sydmalaca), another black (méchaca), and so forth. Or 





* The colour or letter, appertaining to the divisor, is the quantity of which the algebraic expres- 
sion was the value; its coetlicient being the divisor or denominator.—Sce note to §157. The 
colour belonging to the dividend or numerator, is one comprised in that algebraic expression of the 
value of the former. See note on the author's comment below. One unknown is a function of 
the other. ' 

2 The commentator CrisHwna notices two variations, or altogether three readings of this passage. 


He prefers one as most consistent with the author’s own explanation of his text; and interprets it 
thus: If, in course of substitution, the value of another colour be had fractional, investigation of a 
pulverizer is to be again performed; and, with tbat multiplier, substituting for the last colour, de- ' 


duce the values inversely from the first. That is, with the particular multiplier termed pulverizer 
(Ch. 2), substituting for the colour contained in the two or more last values, again deduce the 
values inversely from the preceding: meaning from the value which contained a fractional one. 
Beginning thence, let inverse substitution take place. 

The second reading is, ‘ the other colour (or Ietter) is to be found by repeating the investigation 
of the pulverizer; and with that substituting for the original [or, according to another construc- 
tion, for the last, colour] ; deduce the values conversely from the first;’ or, as the third reading 
varies it, ‘ deduce conversely the last and the first.’ It is defective in either construction: fer the 
pronoun “ that” refers to the “ other colour (or Jetter);” the value of which is found by investiga- 
tion of the pulverizer: but “ the other” so referred to is the divisor in that investigation: and the 
“ last” colour, for which substitution is to be made, is the dividend: and the sentence, therefore, 
according to these readings, directs a substitution of value for the wrong colour. Cuisnn. 

3 Anéca-varna-samicarana vija. Sce Ch. 4. note on gloss following § 100—102. 

* Purvdcharydih, by former teachers. What particular authors are intended is unexplained. 
BrauMeEcupta employs names of colours to designate the unknown, without any remark; whence 
it appears that the use was already familiar. See Brann. 18. § 52 ef seg. 
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letters' are to be employed; that is the literal characters c, &c. as names of 
the unknown, to prevent the confounding of them. 

Here also, the calculator, performing as before directed (Ch. 4) every 
operation implied by the conditions of the example,.brings out two equal 
sides, or more sides, of equation. Then comes the application of the rule: 
‘From one of the two sides of the equation, subtract® the first (letter or) 
colour of the other. ‘Then subtract from that other side the rest of the (let- 
ters or) colours, as well as the known quantities. Hence the one side being 
divided? by the residue of the first (letter or) colour, a value of the (letter or) 
colour which furnishes the divisor is obtained. If there be many such sides, 
by so treating those that constitute equations, by pairs, other values are found. 
Then, among these, if the values of one (letter or) colour be manifold, make 
them equal by pairs, drop the denominator,* and proceeding by the rule . 
[$ 153], find values of the other (letters or) colours: and so on, as practicable. 

Thereafter, the number (coefficient) of the dividend (letter or) colour in 
the iast value is to be taken as the dividend quantity; and that of the divi- 


* Varia, colour or letter: for the word bears both imports. Former writers used it in the one’ 
sense, and directed all the unknown quantities after the first to be represented by colours. But 
the author takes it also in the second aeceptation ; and direets letters to be employed, instancing 
the consonants in their alphabetical order. He appears tu intend initial syllables. (See his solu- 
tion of the problem in §11t.) His predecessors, however, likewise made use of initial syllables for 
algebraic symbols; for instance the marks of square, cube and other powers; and the sign ofa 
surd root: as well as the initials of colours as tokens of unkuown quantities. 

* See § 101. - 

3 Ibid. 

* After reduction to a common denominator. . l 

s In the last and single value of the unknown denoted by a colour, if one or more unknown 
terms denoted by colours be comprised, values might be arbitrarily put for all these terms in the 
dividend; and these values being summed, and divided by thé denominator, would give the value 


of the first colour. It might be either a fraction or integer, and the values of the rest would be 


_those arbitrarily assumed. Such a solution is facile. But, if the answer be required in whole 


numbers, then reserving one colour put arbitrary values for the rest; and thus a single colour with 
certain absolute numbers will remain in the dividend. Now such a value of that colour is to be 
assumed, as that the coeflicient of the colour, being multiplied by the assumed quantity, and added 
to the absolute number, and divided by the denominator, may yield no residue: for so the value of 
the first colour will be an integer. This is the very problem solved in the investigation of a pulve- 
rizer (Ch. 2). If then a value of the colour in the dividend be put equal to the multiplier so found, 
the colour appertaining to the divisor will be the quotient, and an integer, Hence the text, “ At 
the last value, &c.”  (§ 154—155.) Cris. 


r 
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sor (letter or) colour, as the divisor quantity; and the absolute number, as 
the additive quantity: with which, proceeding by the rule of investigation 
of a pulverizer (Ch. 2), the multiplier, which is so found, is the valuc of the 
dividend (letter or) colour; and the quotient, which is obtained, is that of 
the divisor (letter or) colour. The reduced' divisor and dividend [used as 
abraders in the investigation] of these two values, being multiplied by some 
assumed’ (letter or) colour, are to be put as additives [of the multiplier and 
quotient,’ or values so found,] and thence, substituting their values with 
these additives, for those colours (or letters) in the value of the former colour 
(or letter), and dividing by the denominator, the quotient, which is obtained, 
is the value of the former colour (or letter). In like manner, inversely sub- 
stituting [the values thus successively found], the values of the other colours 
(or letters) are thence deduced. But, if there be two or more colours (or 
letters) in the last value, then putting arbitrarily assumed values for them, 
and substituting by those values and adding the results to the absolute num-. 
ber, the investigation of a pulverizer is to be performed. 

In the course of inverse substitution, if the values of a colour (or letter), 
in a value of a preceding one, be fractional, then the multiplier, which is 
found by a further investigation of the pulverizer, with the addition [of the 
divisor*] is the value of the dividend colour (or letter).§ Then substituting 
with it for that colour (or letter) in the last values of colours (or letters), 
and proceeding by inverse substitution, in the preceding ones, the values of 
the other colours (or letters) are found. 

In-this [analysis], when the value of a (letter or) colour is found, (whether 
that value be a known quantity, or an unknown one, or known and un- 


* See § 54, 

* The assumed colour represents the arbitrary factor, introduced (§64) to make arbitrary mul- 
tiples of the (abrading) divisors additives of the multiplier and quotient; that is, of the values here 
found. By substituting cipher for this assumed colour, as is frequently done in the following exam- 
ples § 160, 161, 163, &c.), the simple values are used without the additives. It does not represent 
an unknown quantity which is sought; but a factor of the divisors, which is to receive an arbitrary 
value: and it serves to show the relation of the quantities in the manifold answers of an indetermi- 
nate problem, the solution of which is required in whole numbers. See Crisun. 

3 See § 64. 

4 Ibid. 

+ Recourse is had to this method, to clear the fraction: for the same reason holds indifferently. 

Crisnn. 
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known together ;) and is multiplied by the coefficient of the unknown, the 
removal or extermination of that (literal character or) colour is called 
(Utt hápana) “raising” or “ substitution.” 


Example: “ The quantity of rubies without flaw, sapphires and pearls,” 
&e. (§ 105.) 

In this case, putting ydvat-tdvat, &c. for the rates of the rubies and the 
rest, and making the number of each sort of gem with its rate a multiple, 
-and superadding the absolute number, the statement for equal subtraction is 
ya ca8& ni7 ru90 Proceeding as directed, to “subtract the first co- 
ya7 ca9 náið ru62 F. 
lour, &c,” (§ 153) this single value of yévat-tévat is obtained cal nil ru2s* 

i yaa 

Being single, this same value is “last” (§ 154). Therefore the investigation 
of the pulverizer must take place. In this dividend there is a couple of co- 
lours: wherefore (§ 155) the value of xé is arbitrarily put unity; with which 
substituting for 22, and superadding it to the absolute number, there results 
cal ru29 Hence, by the rule of investigation of the pulverizer, the 

ya 2 
multiplier and quotient, together with the additives [deduced from their di- 
visors] are found pi2 ru 1 Then, substituting for pé by putting cipher 

pil rul4 i 

for it, the rates of the rubies and the rest come out 14, 1, 1. Putting one 
for pi, they are 13, 3, 1; assuming two, 12, 15, 1; or, supposing three, 
11, 7,1. Thus, by virtue of suppositions, an infinity of answers is ob- 
tained. 


a 


Example: ‘ One says ‘ give me a hundred, and I shall be twice as rich 
as you, &c. (§ 106). 


* The value of any colour, that ts found, whether expressed by absolute number, or symbol of 
unknown quantity, or both, and occurring in another, is deduced by the rule of three: for in- 
stance, in example § 157, the value of ca is found ni20 pi 16; and ptislo4 ruO; and ni is 

ca 9 
fo 31 ru0. Then the proportion, xí 1 | lo31 ru0 | ni 20], gives 0620 ru 0; and this, pi 1 | 
lo4 ruO| pi16!, gives lo64 ruO. Theirsum, 10684 ruo, divided by 9, gives the value of 
ca; viz. lo76 ru 0. This is termed uft’hépana, raising or substitution. Crisun. 

* For the reason of retaining the symbol of the unknown ya, in the fraction expressing its value, 
see note on § 157. 


% 
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Let the respective capitals be yal cai. Taking a hundred from the 
capital of the last, and adding it to that of the first, they become ya } ru 100 
and ca 1 ru 100. The wealth of the first is double that of the second: 
therefore equating it with twice the second’s capital, a value of ydvat-tévat 
is obtained ca 2 ru300 Again, ten being taken from the first and added 

l ya | 
to the capital of the second, there results yal ru 1ọandcal ru10. But 
the second is become six times as rich: as the first: wherefore making the 
second equal to the sextuple of the first, a value of yávat-távat is obtained 
cal ru 70. With these reduced to a common denomination and dropping 
ya 6 y 

the denominator, an equation is formed ; from which, as being one contain- 
ing a single colour (or character of unknown quantity), the value of ca 
comes out by the foregoing analysis (Ch. 4); viz. 170.1. With which sub- 
stituting for ca, in the two values of yd@vat-tdoat, and adding it to the ab- 
solute number, and dividing by the appertinent denominator, the value of 
 yávat-távat is found, 40. 


157. Example: The horses belonging to these four persons respectively 
are five, three, six and eight; the camels appertaining to them are two, 
seven, four and one; their mules are eight, two, one and three; and the 
oxen owned by them are seven, one, two and one. All are equally rich. 
Tell me severally, friend, the rates of the prices of horses and the rest. 

Here put yavat-tavat, &c. for the prices of the horses and the rest. The 
number of horses and cattle, bemg multiplied by those rates, the capitals of 


the four persons become ya5 caQ nis pi7 These are equal. From 
. ya Z Caz nig pil 
ya cada nil pig 
yag cal nis pil 

the equation of the first and second, the value of yévat-tavat is obtained 


ca5~ni6 pi6 From that of -the second and third, itis ca 3 mil pil 





ya 2 yas 
In ike manner, from that of the third and fourth, itisca3 nig pi 1.* 
ya 2 


* The commentator, Crisuwa, quotes from his preceptor, Visnxu CHANDRA, aà rule for ex- 
amples of this nature; abridged, as he observes, from the algebraic solution. 
* In these fractional values of ya deduced from the preceding equations, by equal subtraction 
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Reducing these! to a common denomination,? and dropping the denomi- 
nator, the value of edlaca is found from the equation of the first and second, 
ni20 pi 16; and from that of the second and third, ni 8 pi 5. From an 
ca 9 ` ca 3 
equation of these two reduced to a common denomination, the value of 
nilaca is had pi31. This being“ last” value ($ 154) the investigation of 
ni4, . i f 

the pulverizer gives, (as there is no additive ;°) multiplier 0, or, with the 
addition [of its divisor*] Jo4 ru0O.° It is the value of pitaca. Also, (for 
the same reason) the quotient 0, with the addition [of its divisor‘ 
lo 31 ru0. It is the value of nilaca. Substituting for 2 and pz by 
their respective values in that of ca, adding them together, and di- 
viding by the appertinent denominator, the value of célaca is obtained 
lo76 ruO. Substituting for ca and the rest by their own values in that 
of yávat-távat, adding them together, and dividing by the appropriate de- 
uominator, the value of yávat-távat comes out lo85 ruo. Then, lóhitaca 
being replaced by unity arbitrarily assumed,. the values of- yávat-távat 
and the rest ate found, 85, 76, 31, 4. Or putting two for it, they are 
170, 152, 62, 8. Or, supposing three, they are.255, 228, 93,-12. Thus, 
by virtue of suppositions, an infinity of answers may be obtained. 





158—159. Example by ancient authors} Five doves are to be had for 
three drammas ; seven cranes, for five; nine geese, for seven; and three 


and then by eesti: ya2|ca5 ni6 pi6] yal and ya3 | ca 8 nil pii| yal also ya2 | 

ca3 ni2 pt1| ya, the syllable ya is inserted in the denominator to indicate that the value is 
of ya; not to include it as a factor of the denominator: for the first and third terms containing it 
were reduced by it as a common divisor; and, if that were not done, the numerator would be a 


multiple of it. Crisuy. 
* Other values of yq might be found: by combining the first nnd third ; first and fourth; and 
second and fourth. But that is not done, as there is no oecasion. Crisnn. 


* The foregoing operations to find the value of the first colour were in fulfilment of the rule 
$ 153. The work now e" to the finding of the values of the rest by § 154. 

3 See § 63. 

4 Sce § 64. 

* Adya, original or early writers. The commentators do not here specify them; nor hint 
whence the quotation comes. SURYADASA only says “ certain writers;” and observes, that it is a 
well known instanee. The rest are silent. 

© Sérasa, the Siberian crane: Ardea Siberica. 
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peacocks, for nine: bring a hundred of these birds for a hundred drammas, 
for the prince’s gratification. 

In this case, putting ydévat-tavat, &c. for the prices of the doves, &c. find 
the number of birds of each kind by proportion; and make the equation 
with a hundred. Or else multiply the rates three, five, &c. and the number 
of birds five, seven, &c. by yávat-távat, and severally make an equation with 
a hundred.* Thus, ya3, ca5, ni 7, pi9, being the prices, make their 
sum equal to a hundred; and the value of yévat-tdvat is found 
ca5 ni7 pt9 ru100. Again, making the birds ya 5, ca7, ni 9, pi 3, equal 
i - ya 3 ' 
toa hundred, the value of ydéoat-tdcat is obtained ca 7 nb9 pi 3 ru oo. 

yas 
From tlie equation of these, reduced to a common denomination, and drop- 
ping the denominator, the value of célaca is had ni2 ptO ruso. The 


ca | 
dividend here contains two colours; therefore the value of pitaca is arbitra- 
rily assumed four. With this substituting for pitaca, there results ni 2 ru 14. 


ca l 

Hence by investigation of the pulverizer, the quotient and multiplier, with . 
_ additives ratvuleiphes of their divisors], are lo2 ru14& value of ca 
l lol ru 0 — of ni 

loOQ ru 4 — of pi 

Substituting for claca and the rest, by these their values, in the value of 

* In the argument of proportion the sum of the rates as well as of the birds is twenty-four: and 
the requisition isa hundred. From some multiple of the argument or money, the number of birds 
isto be found. If the birds be found from the argument multiplied by an equal factor, the sum 
of both will not be a hundred : forthe sum of the drammas, which are the arguments, multiplied by 
four, is ninety-six ; and so is that of the birds multiplied by the same; and the sum, multiplied by 
‘five, is a hundred and twenty. If indeed they be multiplied by a proportional factor, namely 
twenty-five sixths, the sum will no doubt be a hundred ; but the birds will not be entire. There- 
fore unequal factors must be used: a different one for the price of the doves; and another for that 
of the cranes; one for the rate of the geese; and another for that of the peacocks. Those factors 
are unknown; and therefore ydcat-fécat, &c. are put for them. The rates multiplied are the 
prices paid. Then, as three drammas are to five doves, so is the price ya 3 to the number of doves 
bought, ya 5. In like manner the numbers of the other birds are found by proportion. 

Or put yévat-tdvat, &e. for the prices paid, which are unknown: and thence compute the 
number of the birds of each kind by proportion: viz. yag cał ni$ pił. The solution will be 
the same, with this difference, however, that the sum of the birds must be taken by reduction of 
the fractions to a common denomination. ~ Crisny. 
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yaeat-tdvat, and dividing by its denominator, the value of ydvat-tavat is 
brought out lo1 ru. Substituting for léhitaca with three arbitrarily 
_ assumed for it, the values of ydévat-tdvat and the rest come out 1, 8, 
3, 4. With these “ raising” the birds and their~prices, the answer is 


Prices 3 40 21°36 Or, by putting four, the values are 2, 6, 4, 4; and 
Birds 5 56.27 12 


the answer is Prices 6 30 28 36 Or, by supposition of ie the values 
Birds 10 42 36 12 | 
are 3, 4,5, 45 and the answer Prices 9 20 35 36 
Birds 15 28 45 12 
Thus, by means of suppositions, a multitude of answers may be obtained. 


160. Example:' What number is it, which, being divided by six, has 
five for a remainder ; or divided by five, has a residue of- four; or divided 
by four, has a remainder of three; or divided by three, leaves two? ` 

Let the number be ya 1. This, divided by six, has five for a remainder : 
division by six being therefore made, the quotient is ca.. The divisor, mul- 

tiplied by ca, with its remainder five added to it, is equal to ya. From this 
equation the — of ya is obtained ca6 ru 5. In like manner, x4, &c. are 
yal 
quotients answering to the divisors five and so forth; and values of ya are 
thence obtained: ni5 ru4 pi4 ru3 lo3 ru2. 
yal yal yal 
the first and second of these values, a value of ca is deduced, ni5 ru l; 


ca 6 
from the equation of the second and third, a value of ni, viz. p4 ru WW ; 


nis 
and from that of the third and fourth, a value of p?, namely lo3 ru 1. 


pia 
Hence, by investigation of the pulverizer, values of ‘Jo and pi are 


brought out; ON with the additives fderived from the divisors*], are 


ke e3 RA ans ci ni Substituting for pi by that value, in the value o 


From the equation of 


* To illustrate the rule for exterminating a fraction. § 156. Crisny. 


> It is “last” value: wherefore investigation of the multiplier takes place. §154. Crisow. 
3 See § 64. 
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ni, this becomes ka 12 ru7:* and here dividing it by its denominator, the 
ni 5 

value of ni comes out a fraction.» Removing then the fraction by investiga- 

tion of the pulverizer, the multiplier, with its additive [borrowed from the 

divisor,] as found by that method, is swe5 ru4. It is the value of ha. 

Substituting with this for ha in the values of Jo and pi they become 


swe 15 ru 14 value of pi Now.substituting for pi, with this value, in the 
swe 20 rui9 — of lo i l 


valucof níi,* and dividing by its denominator, the value of zi is brought out, 
without a fraction, swe 12 711. Substituting for 2? with this value, in 
the value of ca, and dividing by the denominator, the value of ca is obtained 
swe 10 ru 9.. oiii. for ca and the rest, by these values in the several 
values of ya, it comes out swe 60 ru 59.5 

Or [putting ya 1 for the quantity] divided by six and having five for a re- 
mainder (§ 160), the quantity is ca6 ru 5, as before. This, divided by five, 
has a residue of four (§ 160): put 2% for the quotient; and, by the equation 
with the divisor multiplied by that quotient and added fo the residue 
(ni5 ru 4), there results 225 rul the value of ca ma fractional expres- 

i E 
sion. By investigation of the pulverizer, that.value, in an expression not 
fractional, becomes pi 5 ru4. Substituting for ca with this, in the original 
value, ca6 ru5, itis pi30 ru29. This again, divided by four, has a re- 
mainder of three (§ 160): an equation then‘ being made as beforc, there re- 
sults Jo4 226. Here also, by investigation of the pulverizer, the value 
pi 30 i i 3 i 

of pi is converted into hag rul. Whence, substituting with it, in the 
expression p430 ru29, the quantity is found. ha60 ru59. This again, 


*: By the rule of three terms: pi 1 | a3 ru2 | i | ka 12 rug. This value of p? 4, with 


rl, makes ha 12 ru7. Crisnn. 
2 Division by the denominator does not succeed exactly. : SUR. 
3 Being the two “ last” values. Crisun. | 
4’ This is inverse substitution, commencing from the “ first” or preceding (§ 156), which is here 
ni. Crisnn. 


5 It comes out the same in all the expressions of the value of ya: and putting nought for swe 
(and thus exterminating the unknown term) the conditions of the question are all answered with 
the remaining number.—Sur. And the quotients or values of ca, &c. are 9, 11, 14,19. By the 
supposition of one for swe, the number is 119; and the quotients are 19, 23, 29, and 39. Crisux. 
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divided by three, leaves two (§ 160): and the quantity here comes out the 
same. By substituting nought, one, two, &c: a multiplicity of answers - 
may be obtained. | p 


% 


161.° Example: What numbers, being multiplied respectively by five, 
seven, and nine, and divided by twenty, have remainders increasing in pro- 
gression by the common difference one, and quoticnts equal to the re- 
mainders. 

In this case put the residues yal, yal ruil, yal rua. They are the 
quotients also. Let the first number be ca 1. From this multiplied by five; 
subtracting the divisor taken into the quotient, the remainder is ca5 ya 20. 
Making this equal to ya 1, a value of yavat-tdvat is obtained ca 5. Let 

ya a) 
the second number be put 221. From this cele by seven, subtracting, 
the divisor taken into ya added to one, the result is 777 ya 20 ru 20; and 
making this equal to ya 1 rul, a value of yávat-táoat is had ni7, ru 21, 

ya 21 
Let the third number be pi 1.' From this multiplied by nine, subtracting the . 
divisor, taken into;ya added to two, the residue is pi 9 ya 20 ru 40; and i 
making this equal to ya1 ru@, a value of ydvat-técat is found pi 9 ru 4g. 

ya al 
From dei equation of the first and second of as the value of cédaca is 
ni7 ru2l; aud from, that of the second and third, the value of 2tlaca is 
en ees a | y 
pty 21... This being “last” valuc, the investigation of the pulverizer 

ni 7 
takes place: and quotient and multiplier, with additives [derived from. their 
divisors], are by shri mahas found, lo 9, ru 6 value ah ni Here the additive 

lo 7 ru7 — of pi y 
is designated Iohitaca; 1 and the® expressions, in their order, a are values of 
nilaca -> pitaca. Substituting for 2% by this,value, in that of ca, and di- 
viding by its denominator, the value of ca comes out fractional lo € 63 ru2l. 
- ca 5, 
To make it integer by investigation of the a Mate ‘the divi- 





! The commentator SURYADASA pursues the operation, without introduction of this symbol 
ofan unknown: remarking, that it would serve to embarrass and mislead the student. 
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dend and additive to their least terms by the common measure twenty-onc 


£$58], and the values célaca and léhitaca are found ha 63 ru 42 value of ca 
ha 5 ru 3 — of lo 
Substituting for léhitaca by its valuc, in the values of nilaca and pitaca, 


these are oa; out ha45 ru33 valuc of ni Again, with thesc values, 
ha3s5 ru28 — of pi 


ha63 ru 42 for ca substituting for cdaca and the rest in the yates of ydvat- 
haas ru 33 for ni 
ha 35 ru28 for pi 


távat, and dividing by the appertinent denominators, the value of ya is ob- 
tained ka 15 rui0. Here, as the quotient is equal to the residuc, and the 
residue cannot exceed the divisor, substitute nought only? for haritaca, and 
the quotients are found 10, 11, 12. Deducing célaca and the rest from 
their values, the quantitics are brought out in distinct numbers, 42, 33, 28. 


162. Example: What number, being divided by two, has one for re- 
mainder ; and, divided by three, has two; and, divided by five, has three: 
and the quotients also, like itself? 

Let the number be put ya 1. ‘This, divided by two, leaves one; and the 
quotient also, divided by two, has a remainder of one. Let the-quotient be 
ca2 rul. The divisor multiplied by this, with addition of the residue, 
being equal to ya1, the value of yavat-tdvat is obtained, ca4 ru3. It 
answers one of the conditions. Again, the number, being —— by three, 
hasa residue of two: and so has the quotient. Put i3 ru@. This, mul- 
tiplied by the divisor, and added to the residue, is nî 9 ru8; which’ is equal 
to ca ‘3; whence the value of ca is fractional. Cleared ofthe fraction 
by means of the pulverizer, it becomes pi 9 ru 8; with which, substituting 
for ca, the number is found pi 36 ru 35. This answers two of the condi- 
tions. Again, the same number, divided by five, has a remainder of three ; 
and so has the quotient. Put /o5 ru3. This, multiplied by the divisor, 
and added to the residue, is 1025 vu18. Making it equal to pi 36 ru 35, 
the value of pi is fractional. Clearing it of the fraction by the pulverizcr, 
the result is ha35 ru3. Substituting with this for p?, the number is found 
ha 900 ru 143. Substituting for ka with nought, the number comes out 


« Supposing unity, the quotients would come out 25, 26 and 27.—Ram. And would exceed 
the divisor 20, i 
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143.1. Division being made conformably with the conditions of the problem, 
the quotients are 71, 47 and 28; and by these the conditions are fulfilled. 


163. Example: Say what are the numbers, except six and eight,* 
which, being divided by five and six respectively, have one and two for re- 
mainder ; wid the difference of which, divided by three, has a residue of two; 
and their sum, divided by nine, leaves a remainder of five; and their. pro- 
duct, divided by seven, leaves six? if thou can overcome conceited proficients 
in the investigation of the pulverizer, as a lion fastens on the.frontal globes 
of an Semen. 

In this case, the two numbers, which being divided by five and six, leave 
one and two respectively, are put ya ru l Me ya ru2. The difference 
of these, divided by three, gives a residue of two. Put ca for the ‘quotient ; 
and let the divisor multiplied by that added to the residue (ca3 ru 1) be 
equated with the difference ya1 rul. The value of ya is obtained ca 3 
ru i. The two numbers deduced from substitution of this value are ca 15 
ru6 andca18 rus. Again, the sum of these, divided by nine, leaves five. 


Put xé for the quotient; and let tlie divisor, multiplied by that and added. 


to the remainder (729 ru9) be equated with the sum .ca33 ru14. The 

value of ca is had ni9 ru9; and is a fraction. Rendering it integer by 
ca 33 ) 

the pulverizer, it becomes pé 3 ruo. From which the two quantities, de- 


duced by substitution, are p45 ru6 and pi 54 ru8. Again, proceeding. 


to the product of these, as it rises to a quadratic; the operation is a grand 
one.» Wherefore, substituting with unity for pi, the first quantity is made 
an absolute number, 51. Again, the product of these, abraded* by seven, 
yields pi 3 ru2. Put do for the quotient of this dividend by seven to leave 
six. The divisor multiplied by that quotient and added to the residue 
(lo 7 ru6] is.equal to the abraded product (pi 3 ru 2). Thence, by inves- 


! This sentence, which is wanting in two of the collated copies, is found in the margin of one, 
and in the text of that which is accompanied by the gloss of Rama-Crisuna; where alone the 
ere sentence occurs. Both are repeated in his commentary. 

+ These, furnishing too obvious an answer to the question, (for they fulfil all its conditions,) are 
excepted. r Crisin. 


7 It is vain; for the equation rises to cubic and biquadratic. Sun. 
* Sec § 56. 


a * 
Aa 
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tigation of a pulverizer as before, the valuc of pt is found ka7 ru6' The 
number deduced by substitution of this comes out ha 378 ru 332. The 
additive of the former number (pi45) multiplied by this (ha 7) is its present 
additive (ha 315): and thus the first number or quantity with its additive is 
brought out ha 315 ru 51. 

Or else putting an absolute number for the first, the second is to be 
sought. - 


~ 


164. Example: What number is it which multiplied severally by nine 
and seven, and divided by thirty, yields remainders, the sum of which, added 
to the sum of the quotients, is twenty-six? 

As the divisor is the same, and the sum of the remainders and quotients 
Is given, the sum of the multiplicators is for shortness made the .multiplier; 
and the number is put ya 1. This, multiplied by the sum of the multipli- 
cators, is ya 16. Put ca for the sum of the quotients of the division by 
thirty. Subtracting the divisor taken into that (ca 30) from the number 
multiplied by the [sum of the] multiplicators (ya 16); and equating the dif- 
ference added to the quotient, with twenty-six, the value of ya found by 
the pulverizer is 27229 ru27. As the sum of the remainders and quotients 
is restricted, the additive is not to be applied. - Substituting therefore with 
nought for né, the value of ya is 27: and this is the number sought. 


165. Example: What number being severally multiplied by three, seven, 
and nine, and divided by thirty, the sum of the remainders too being divided 
by thirty, the residue is eleven? . 

In this case also, the sum of the multiplicators is made the multiplier, as 
before (§ 164): viz. 19. The number is put ya 1. The quotient ca 1. 
Subtracting the divisor multiplied by this from the number taken into the 


* Equation p23 fo0 ru2 Whence, by subtraction, lo7 ruv4: and, clearing the fraction by 
: m3 lo7 ru6 s 
means of the pulverizer, the quotient and multiplier are 6 and 2. Whence the values 


ka7 ru6 of pt 
haS ru2 of lo Sur. and Ram. 


* Putting 6, itis a 126 rus. Or putting 36, it is ha126 ru 104, Ran. 


3 ya16 ca29 ru O 
ya O ce O ru26 Sur. and Ram. 
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multiplicator, the remainder is ya 19 ca 30. Thé sum of the remainders, 
abraded by thirty, leaves a residue of eleven. The second condition there- 
fore being comprehended in the first, this is equal to eleven; and from such 
equation, proceeding as before,’ the number comes out né 30 ru 29. 
t 

166. Example: What number being multiplied by twenty-three, arid 
severally divided by sixty and eighty, the sum of the remainders is a hun- 
dred? Say quickly, algebraist. J 


167. Maxim: If more than ‘one colour represent, in a dividend, quo- 
tients of a numerator, an arbitrary value is not to be assumed, lest the solution 
fail.” | , 

Therefore it must be treated otherwise. In this instance the solution is to 
be managed by distributing the sum of the residues, so as these may be less 
than their divisors and nothing be imperfect. Accordingly the remainders 
are assumed 40 and 60. The number is put ya 1. This, multiplied by 
twenty-three and divided by sixty, gives a quotient: for which put ca. The 
divisor taken into that and added to the remainder being equated with this 
term ya 23, a value of ya is obtained, ca 60 ru 40. In like manner, ano- 

yaa 
tler value is had 2ź 80 ru 60. From the equation of these, the values of ca 
Ya 23 


‘and vt are found by the pulverizer, pi 4 ru3 value of ca Substituting 
pis rue of ni 





* Equation ya19 ca 30 ru © Whence value of ya, ca30 rall By the pulverizer, the 
ya Ò ca O ruli ya 19 
multiplier and quotient are 18 and 13. Making these the values, and changing the letter, the 
number is found nz? 30 ru 29. Sur. 

2 Putting ya 1 for the number, and ca 1 and nz 1 for the quotients, the value of ya is 
ca60 7280 ru 100, or reduced to least terms ca 30 ni 40 ru 50 This is to be cleared of 
a See 
the fraction: and, by the rule (§ 155), as there is more than one colour, either ca or nt may be put. 
arbitrarily any number. “But they are quotients of the same dividend or numerator by the divisors 
60 and 80. If an absolute number be put for ca the quotient of 60, then n4, the quotient of 80, is 
absolute too; being a quarter less. So likewise, if any number be put for nz, the quotient of 80, 
then ca, the quotient of 60, is absolute also, being a third more. Such being the case, the solution 
would not conform to the sum of the remainders given ata hundred. Nor would the answer agree 


with the question; if the assumption be arbitrarily made. Crisun. and Ram. 
IJ 
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with these, the value of ca is brought out,:a fraction, pi 240 ru 220. Clear- 
ya 23 

ing it of the fraction by the pulverizer, it becomes lo 240 ru 20.‘ Or let 

the remainders be put 80 and 70. From these the number is deduced Jo 240 

ru 90.2 In like manner, a multiplicity of answers may be found. 


168. Example: Say quickly what is the number, which, added to the 
quotient by thirteen of its multiple by five, becomes thirty? 

Put ya 1 forthe number. This, multiplied by five and divided by thir- 
teen, gives a quotient: for which,put ca. The quotient and original num- 
ber, added together, ya 1 ca 1, are equal to thirty. But this equation does, 
‘not answer. For there is no ground of operation, since neither multiplier, 
nor divisor, is apprehended. Accordingly, it 1s said 


_ 169. Ina case in which operation is without ground or in which it is 
restricted, do not apply the operation: for how should it take effect?’ 

The solution therefore is to be managed otherwise in this case. If then 
the number be put equal to the divisor in the instance, viz. 13, the propor- 
tion “as this sum of number and av 18, is to the quotient 5, so. is 30 
to what?” brings out the quotient *$; and subtracting this from thirty, the 
remainder is the number sought, which thus is found 6 


170. ° Example mstanced by ancient authors: a stanza and a half. Three 
traders, having six, cight, and ʻa hundred, for their capitals respectively, 
bought leaves of betle* at an uniform rate; and resold [a part] so; and dis- 
posed of the remainder at one for five panas; and thus became equally rich. 
What was [the rate of] their purchaser and what was [that of] their sale? 


* Substituting nought for ló, the conditions are answered. Sur. 
2 Put ya 1 for the number; and ca 4 and ca 3 for the quotients. Subtract the quotient taken 
into its divisor, from the dividend, the remainders are found ya 23 ca 240 They are alike; and, 
ya23 ca 240 
as their sum is a hundred, each is equal to fifty. From this equation, the values of ya and ca are 


brought out, by means of the pulv erizer, ni 240 ru190 valne of ya. 
ni 22 ru 18 value of ca. Crisny, 


‘3 Very obscure: but not rendered more intelligible by the commentators. 
+ RAmacnisnna reads and interprets dala leaves of (Négacalli) piper betle. Another reading 
is phala, fruit. i 
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Put ya 1 for the [rate of] purchase; and let the [rate of] sale be assumed a: 
hundred and ten. ‘The purchase, multiplied by six and divided by the sale, 
gives a quotient; for which put ca 1. Subtracting the divisor multiplied by 
elie from the quantity multiplied by six, the resettle is ya@6 ca 110. 
This, multiplied by five, and added to the quotient, gives the nuithber of 
panas belonging to the first trader. In like manner the: money of the second’ 
and of the ethical is to be found. Here the quotient is deduced by the pro- 
portion ‘as six is to ca, so is eight (or a hundred) to what?’ The quotient of 
eight comes out ca 4; and that of a hundred, ca 49. Subtracting the divi- 
‘sor taken into the quotient, from the dividend, the remainder, multiplied by 
five and added to the quotient, gives the pavias appertaining to the second, 
ya*22 ca 2426, In like manner i thirds money is found, ya +#2° ca =% pie 
These are all equal. Reducing them to a common denomination, and For 
ping the denominator, and taking the equation of the first and second, and 
that of the second and third, the value of ya comes out, alike [both ways], 
ca 549: And, by the pulverizer, it is found ni 549 ru0. Substituting 
ya , 30 
with unity for 2, the rate of purchase is brought out, 549.’ 

This, which is instanced by ancient writers as an example of a solution 
resting on unconfined ground, has been by some means reduced to equation ; 


* Equation of the Istand 2d ya30 ca 549, reduced to a common denomination ya 90 ca 1647 





ya 122 ¢q 2196 ya 120 ca 2196 
3 3 
Whence value of ya ca 549. 
7230 
Equation of 2d and 3d, ya 120 ca 2196 Whence value of ya ca 23254 and, abridging by 
ya 1500 ca 27450 ya 1380 
46, ca 549. 
ya 30 
Equation of tst and 3d, ya 90 ca 1647 Whence value of ya ca 25803 and, abridging by 
ya1500 ca 27450 ya 1410 - 
47, ca 549 Proceeding by the pulverizer, the quotient and multiplier, briefly found under the 
ya 30 
rule (§ 63), are nz 549 And the value of ya the colour of the divisor, comes out ni 549 ruO; 


nî O ruo 
and that of ca, the colour of the dividend, ni 30 ru 0. At 549 betle leaves for a pana, six bring 
5294; eight, 4392; and a hundred, 54900: which sold at the rate of 110, fetch 29, 39 and 499; ` 
leaving remainders 104, 102 and 10; and these at the rate of one for five, bring 520, 510 and 50. 
Added together, in their order, they make the amount of the sale 549, Ram. 
112 
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and such a supposition introduced, as has brought out a result in an unre- 
stricted case as inarestrictedone. In the like suppositions, when the opera- 
tion, owing to restriction, disappoints; the answer must by the intelligent 
be elicited by the exercise of ingenuity. Accordingly it is said, 

‘The conditions, a clear intellect, assumption of unknown quantitics, 
equation, and the rule of three, are means of operation in all analysis.’ 





CHAPTER VII. 





VARIETIES OF QUADRATICS.’ 


NExT, varieties of the solution. involving extermination of the middle 
term are propounded.. ‘ ) 


171—174. Rule beginning with the latter half of the concluding stanza 
{in the preceding rule, § 156]: three anda half stanzas. Equal subtraction? ` 
having been made, when the square and other terms of the unknown re- 
main, let the square-root of the one side be extracted in the manner before 
directed ;> and the root of the other, by the method of the affected square,‘ 
and then, by the equation of the two roots, the solution is to be completed. . 


173. If the case be not adapted to the rule of the affected square, make 
` the second side of equation equal to the square of another colour, and find’ 
the value of the colour, and so the value of the first, through the affected’ 
square. By ingenious algebraists many different ways are to be devised: so 
as to render the case fit for the application of that method. . 


174. For their own clemental sagacity (assisted by various literal sym- 
bols) which has been set forth by ingenious ancient authors,’ for the in-- 


* Madhyaméharana-bhéda: varieties of quadratic, &c. equations. See Ch. 5. 

* Sama-sé@hana, tulya-sudd’hi, equal subtraction ; or transposition, with other preparations of. 
the equation. See§ 10%. Ch. 4. 

3 See Ch. 5. § 128 and 131. 

+.Ch: 3, 

> Branmecurta and Craturvena, and the rest,—SuR,. meaning CHATURVEDA PRit’HUDACA. 
swam the scholiast of BRAHMEGUPTA, 
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struction of men of duller intellect, irradiating the darkness of mathematics, 
has obtained the name of elemental anthmetic.’ 

After equal subtraction has been made, ifa square of the unknown with 
other terms remain, then the square-root of the one side of the equation is to 
be extracted in the manner before taught (§ 128). If the square of an un- 
known with unity stand on the other side, two roots are to be found for this 
side of the equation by the method of the affected square (Ch. 3)... Here the 
number, which stands with the squareof the colour, is (pracriti) the coeffi- 
cient affecting it? And the absolute number is to be made the additive. 
In this manner, the “least” root is the value of the colour standing with the 
coefficient, and the “greatest” is that of the root of the ‘Whole square. 
Making, therefore, an equation to the root of the first side, the value of the 
preceding colour is to be thence brought out. 

But, if there be on one side of the equation, the square of the unknown 
with the [simple] unknown, or only the [simple] unknown with absolute 
number, or without it; such is not a case adapted for the method of the af- 
fected square: and how then is the root to be found? The text proceeds 
to answer ‘If the case be not adapted, &e.’ (§ 173). Making it equal to the 
square of another colour, the root of one side of the equation is to be ex-. 
tracted as before; and two roots, by thé rule of the affected square, to be 
investigated, of the other side: and here also, the “least” is the value of the 
colour belonging to the coefficient, and the “greatest” is square-root of the 
side of the equation. Then duly making an equation of the roots, the values 
of the colours are to be thence found. 

If nevertheless, though the second side be so treated, the case be still not 
adapted to the rule, the intelligent, devising by their own sagacity, means 
of bringing it to the form to which the rule is applicable, must discover 
values of the unknown. 

_If they are to be discovered by the mere exercise of sagacity, what occa- 
sion is there for algebra? To this doubt, the text replies (§ 174). Because 
sagacity alone is the paramount elemental analysis: but colours (or symbols) 


* Vija-mati, causal sagacity : for nothing can be discovered, unless by ingenuity and pencetratian, 

Vija-gamita, causal calculus: from vija, primary cause, and ganita, computation. Sur. 

* The number (anca) or coefficient is the pracriti, or subject affecting the — or symbol 
that issquared. See Ch. 3. under § 75. 
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are its associates ; and therefore ancient teachers, enlightening mathemati- 
cians as the sun irradiates the lotus, have largely displayed their own saga- 
city, associating with it various symbols: and that has now obtained the 
name of (Vija-ganita) elemental arithmetic. This indeed has been suc- 
cinctly expresssed by a fundamental- aphorism in the Siddhanta;' but has 
been here set forth at somewhat greater length for the instruction of youth. 


* 175—176. Rule: When the square-root of one side of the equation has 
heen extracted, if the second side of it contain the square of an unknown 
quantity together with unity (or absolute number); in such case “ greatest” 
and “least” roots are then to be investigated by the method of the affected 
square. Making the “ greatest” of these two equal to the square-root of the 
first side of the equation, the value of the first colour is thence to be found, 
in the manner which has been taught... The “least” will be the value of the 
colour that stands with the coefficient. Thus is the rule of affected square 
to be here applied by the intelligent. 
The meaning has been already explained.. 9 


177. Example: What number, being doubled and added to six times its 
square, becomes capable of yielding a square-root? tell it quickly, alge- 
braist ! 

Put ya for the number. Doubled, and added to six times its square, it 
becomes yav6 yag. Itisasquare. Put it equal to the square of ca; and 


the statement of equation is yao 6 ya2 cav0 Equal eee being 
yacoO ya cawl 


made and the two sides being' multiplied by six, and superadding unity, the 
square-root of the first side found as before is ya6 ruil. The roots of the 
second side, investigated by the rule of the affected square, are L2 G5. 
or £20 G49.’ Here the “ greatest” of two roots is the square-root of the 
second side of the equation. From the equation of that value (5 or 49) 
with the root of the first side ya6 ru, the value of ya is found $ or 8: 


* Sec quotation from Chapter on Spherics under § 110. 
* Assume the least root 2. Its square 4, multiplied by the coefficient 6, is 24. Added to D it 
aifords the root 5. Statement: CG L2 G5 A1 Whence, by composition (§ 77), 120 g49. 
L? G5 Al , | Sur. and RAm. 
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oe 


The “least” of the pair of roots (either 2 or 20) is the value of ca, the sym- 
bol standing with the coefficient. The number sought then is the integer 8, 
or the fraction 2; and, in like manner, by the variety of “least” and 
“ oreatest” roots, a multiplicity of answers may be obtained. 


178. Example from ancient authors: The square of the sum of two 
numbers, added to the cube of their sum, is equal to twice the sum of their 
cubes. Tell the numbers, mathematician ! 

The quantities are to be so put by the intelligent algebraist, as that the 
solution may not run into length. They are accordingly put yal cal 
and ya! cai.‘ Theirsum is ya2. Its square yao 4. Its cube ya gh8. 
The square of the sum added to the cube is yagh8 yau4. The cubes of 
the two quantities respectively are yagh1 yav.cabh3 cav.yabh3 
ca gh 1 cube of the first; and yagh1 yav.cabh3 cav.yabh3 cagh 1 
cube of the second; and the sum of these is yagh2 cav.yabh6; 
and doubled, yagh4 cav.yabh 12. Statement for equal subtraction : 


yagh8 yav4 cav.yabh 0 After equal subtraction made, depressing 
ya g oh 4 yavO cav. yabh 12 


both sides by the common divisor ya, and superadding unity, the root of the 
first side of equation is ya2 rui. Roots of the other side (cavi@ ru 1) 
are investigated by the rule of the affected square, and are L2 G7 or 
L28 G97. “ Least” root is a value of ca. Making an equation of a 
“« greatest” root with ya2 ru, the value of ya is obtained: viz. 3 or 48. 
Sate Gian being made with the respective values, the two quantities come 
out 1 and 5, or 20 and 76, and so forth. 


179—180. Rule: a stanza anda half. Depressing the second side of 
the equation by the square, if practicable; let both roots be investigated : 
and then multiply “ greatest” by “least.” Or, if it were depressed by the 
biquadrate, multiply “greatest” by the square’ of “least.” The rest of the 
process is as before. 


™ They are so put, as that one condition of the problem be fulfilled. Sur. and Ram. 
_? Pat 2 for “least” root. Its square 4, multiplied by the coefficient 12, is 48: which, added 


to 1, yields a square-root 7. Statement: C12 L2 G7 A1 Whence, by composilion 
. ea ey Al : 


($77), 128 g97. : t ~ Sur. and Ram. 
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The rule is clear in its import. i " ; HP At 


181. Example: Tell me quickly, mathematician, the number, of whit 
the : square’s square, multiplied by five and jones by a hundred times the 
square, is capable of yielding a-square- -root. s 

Here the number is put yal. Its saint», multiplied by anap and 
lessened by a hundred times the square of the number, is yavv 5° yav 100. 
It is a square... Put it equal to the square of ca, and the root of the square 
of cais ca 1. Depressing the second side of the equation, namely yav v5" 
ya100, by the common divisor, square of ya, the roots, investigated by 
the rule of the affected square," come out L10 G20:or £170 G 380. 
Depression by the square having taken place, multiply “ greatest” root by. 
“least” (§ 179); and thus “ greatest” is brought out 200 or 64600. This is 
the value of ca.“ Least” root is the value of the colour joined with the co- 
efficient: and that is the number sought: viz. 10 or 170. `° . pi. 


182. Example: Most learned algebraist! tell various pairs of integer 
numbers, the differes ence of. which is a square, and the sum of their squares 
a cube. : : : SPOON y 

Put the two numbers ae and ca 1.- Piei eliegcuwes is yal ca}. 
Making it equal to the square of. ni, the value of ya is had, ca 1 niv l: 
Substituting with this for ya, the two quantities become ca 1 név 1 and ca}. 
The sum of their squares is:cav2 niv.cabh2 nivvi. It is a cube. 
Make it then equal to the cube of the square of 27;?.and, subtraction 
taking place, there results, in the first side of equation, mivgh1 nivol; 
and, in the second, cav2-niv.cabh2. Multiplying. both sides by two 
and superadding the biquadrate of 7, the square-root of the second side of 


t Assume the “least” root 10. Its square 100, multiplied by the coefficient 5, is 500. This, 
added to the number 100 with the negative sign, makes 400. Its root-20 is ‘“ greatest” root. 
Slatement C5 L10 G (20, or, depression by the sire having previously taken place,) 
200 A 100. Sur. and Ram. 

So from the above (C5 L10 G20 A 100), by § 77, ‘there results c5 11 g2 al: 
whence, by composition of like (§ 77), L4 G9 A1; and, by composition of unalike (ib.) 


C5 L10 G20 A100 roots are deduced 1170 g 380 a 100. 
- fy Gea SG 


* This is a limitation more than is contained in the problem. 
KK 
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the equation is ca2 niv 1. Depressing the first side by the biquadrate of 
nt as common divisor, to mio 2 ru, the roots investigated by the rule of 
affected square, are L5 G7; or Z29 G41. Then multiplying “ greatest” 
by square of “Icast,”, conformably to the rule (§ 180), it comes out G 175, 
or 34481. “Least” root is the value of mi. Substituting with that, the 
former root bécomes ca2 ru25; orcaQ ru S41. Making an equation of 
this with “ greatest” root, the value of ca is obtained 100 or 17661. Sub- 
stituting these values respectively, the pair of numbers is brought out 75 
and 100; or 16821 and 17661; and so forth. -3 


183. Rule: comprised in a stanza and å half. If there be the square of 

a colour together with the simple unknown quantity and absolute number,’ 
making it equal to the square of another colour, find the root; and, on the 
other side, investigate ‘two roots, by the method of affected square, as has 
been taught. Consider the “ least’:as equal to the first root ; and “ greatest” 
as equal to the second. 
1 The root of the first side of the equation having been taken, if there be 
on the other side the square of the unknown with the simple unknown, and 
with or without absolute number, make an equation of that remaining side 
with tlic square of another colour and take the root. ‘Then let the roots of 
this other be investigated by the rule of affected square. Ofthe two roots 
sò investigated, making “least” equal to the root of the first side of equa- 
tion, and “ greatest” equal ‘to the root of the second, let the values of the 
colours be sought. _ 

* Put 5 for “least” root. Its square 25, multiplied by tho coefficient 2, makes 50. Subtract- 
ing one (for the negative additive) the remainder 49 yields a square-root 7; and the two roots are 
5 and 7.—Sur. Ram. By §88—89, the roots are 1 and 1. By composition with the above 
C2 L1 G1 A1 They are 112 g17 91; and by further composition C2 L1 Gi Al 

L5 G7 41 112 g17 al 
they are 129 g4l a te . 

2 A variation in the reading of this passage is noticed by SURYADASA: viz. avyacta-ripah in- 
stead of sécyacta- ripak. The meaning, as this is interpreted by him and by RAmacrisnw, is, if 
there be both a term of the unknown ‘and absolute number besides the square of the unknown. 
The other reading may be explained as confined to one term (the unknown) besides the square. 
See Sun. and Rån. The author himself in his comment dispenses with the third term, or abso- 
lute number, which is indced not necessary to bring the form within the operation of the rule. 
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184. “Example: Say in what period (or number of terms) is the sum of 
a progression continued to a certain period triplet ; Its first term being three 
= the common difference two ? . 


In this case the statement of the two progressions is IS D2 Pya1*- The 


I3 D2 P cal 
sums of these progressions are yao1 ya of Making three times the first 
cawl cag 
equal to the second, the two sides of. equation are yao 3 ya6 Tripling 
cavl ca2 


both, and superadding nine, the root of the first is found ya3 ru3. Making 
the second side, namely cav3 ca6 ru9, equal to the square of wi, . the 
two sides of equation become cav3 ca6  Tripling these and superadding 
Š nivl rug 
nine, the root of the first of them is found ca3 ru3.: Roots of the second 
(niv 3 ru 18) investigated by the rule of affected square, are L9 G 15 or 
L33 G 574 Making equations of “least” with the first root, namely . 
ya2 ru3; and of “greatest” with the second, ca3 ru 3; the values of ya 
and ca are brought out 2 and 4; or 10 and 18. So in every [like] instance. 
185—186. Rules: two stanzas. But, if there be two squares of colours, 
with (or without’) absolute number, assume one of them at choice as (pra- 
criti) the affected square,’ and let the residue be additive: and then pro- 
ceed to investigate the root in the manner taught, provided there be more 
than one equation. 


186. Or, if there be two squares of colours together with a factum 


* The author employs the initials á, u and ga of the words ádya, uttara and gachcha, siguifying. 
Initial term, Difference and Period (or number of terms) of a progression. See Lil. Ch. 4. 

+ By the rule in the Lilécati, for the sum of a progression. Lil. § 119. 

3 One copy here inserts, ‘L3 G5 A2 and, making the additive ninefold, L9 G15 A187 
‘This indication of the manner of finding the roots is, “sae w anting in other collated copies of 
the text. 

* Assume 9 for “ least” root : its square 81, multiplied by the coefficient 3, is 243: from Tii 
subtract 18 for the negative additive; and the remainder 225 gives the square-root ‘15. _ Sur. 

* Collated copies exhibit “with:” but the commentator reads aud interprets ‘ without ;” 
(aripacé instead of saripacé). The author's own comment may countenance either reading. 

* See note at the heginning of Ch. 3. 
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(bhévita) ; taking the square-root [of so much of it as constitutes a square] 
let the root be made equal to half the difference between the residue, divided 
by an assumed quantity, and the quantity assumed. - 

The root of the first side.of equation having been taken, if there be on 
the second side two several squares of colours with or without unity (or any 
absolute number), make one square of a colour the subject (pracriti),’ and let 
the rest be the additive. Then, procecding by the rule (§ 75) let a muitiple 
(by one, or some other factor,) of the same colour which occurs in the addi- 
tive, or such colour with a number (one, or another,) added to it, be put 
for the “least” root, selected by the calculator’s own sagacity ; and thence 
find the “greatest” root (§ 75). If the coefficient be an exact square, the 
roots are to be sought by the rule (§ 95) ‘T he additive divided by an assumed 
quantity, &c.’ 

If there be a (bAdvita) product of colours, then by the above rule (§ 186) 
the root of so much of the expression as affords a root is to be taken ;? and 
that root is to be made equal to the half of the difference between the quo- 
tient of the residue divided by an assumed quantity and that assumed quan- 
= 

But, if there be three or more squares or other terms of colours, then re- 
scrving two colours selected at pleasure, and putting arbitrary values for the 
rest, let the root [of the reserved] be investigated. 

_ This is to be practised when there is more than one equation. But, if 
there be only one; then reserving a single colour, and putting arbitrary 
` values for the rest, let the root be ‘daghit as before. 


187. ‘Example : Tell two numbers, the sum of whose ‘squares multi- 
plied by seven and eight respec tgely. yields a square-root, and the difference 
does so being added to one. 

Let the nomba be put ya 1, ca 1. The sum of these squares multiplied 
respectively by seven and eight, is yao7 cav8. Itis a square. Making 


a 


* See note at the beginning of Ch. 3. 

* The term consisting of the product of two factors may be thus exterminated, taking with it 
squares of both colours with proper coefficients to complete the square-—See SUR. 
_ 3 This is grounded on the rule of § 95. The compound square has unity for coefficient; and 
the residue is the additive; the “least” root, which is the root of that square, is deduced from the 
additive by the rule cited; and needs no division, the square-root of the coefficient being unity. 
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it equal to square of ní, and subtracting; the two sides of equation are 
yaoT7 Adding eight times the square of ca, the root of the second 
cav8 niol 

side of equation is 2 1; and roots of the first side, viz. yav7 cav8, are to 
be investigated by the.method of the affected square. Here the number 
(anca), which is joined with the square of ya, is (pracriti) the subject af- 
fecting it: the residue is additive: C7, Acav8.* Roots found by the 
rule (§ 75), assuming ca@, are L, ca2; and G, ca6.  “ Greatest” root is a 
value of mi; “least” is so of ya. Substituting with it for ya, the two num- 
bers become ca2, ca1. Again the difference of the squares of these multi- 
plied respectively by seven and eight, together with one added to it, 1s 
ca020 rul. It is a square. Proceeding then as before, “ least” root 
comes out 2 or 36. This is a value of ca. Substituting Fi it, the two 
numbers are obtained: viz. 4 and 2; or 72 and 36. 


188. Example: Bring out quickly two numbers such, that the sum of 
the cube [of the one] and square [of the other] may be a square; and the 
sum of the numbers themsclves be likewise a square. 

Put the numbers ya1 ca1. The sum of the square and cube of these is . 
yavl cagh1. It is a square. Making it equal to the square of ni and 
adding cube of ca, the root of one side is mi 1; and, of the other (viz. yao 1 
ca gh1) roots are to be sought by the method of the affected square. The 


` Bomber, which is joined #ith the square of ya; 1s the coefficient ; the rest 


is the additive: C, yav1 A,caghi. Then, by the rule (§ 95), taking ca 
for the assumed quantity under that rule, the two roots come out cavi. ca + 

and cav4 ca4. “ Least” root is value of ya. Substituting with it for a 
the two numbers are cav+ ca 1 and ca1. ‘The sum of these is cav4 cat 
Itisasquare. Making it then ae to pi; and multiplying both sides by 


_ * Ifthe “least” root be put ca2; the “greatest,” as inferred from it, (§ 75) is ca6.—SuR. 

Square of 2 multiplied by pracriti 7, is 28; and, with the additive, 36; the square-root of which 
is 6. Ram. 

* Put it equal to square of pi; and proceed to investigate the root of cav 20 rv 1. Assume for 

“ least” root 2. Its square 4, multiplied by 20 and added to 1, is 81: the square-root of which is 

9. Then by i of like ($77) C 20 L2 GQ A1 other roots are deduced 1 36 [g 161], 
L2 G9 Ai Sur. and RAN, 
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four,’ and adding unity, the root of the first side is ca2 ru 1; and roots of 
the second (viz. pio8 ru 1) investigated by the method of the affected 
square are 6 and 17,? or 35 and 99. Making “greatest” root equal to the 
root of the foregoing side of equation (ca2 ru 1) the value of ca comes out 
8 or 49. Substituting therewith, the two numbers are found 28 and 8, or 
1176 and 49. 

Or let two numbers be put yav2 yav7. The sum of these is of itself 
obviously a square, yaw 9. The sum of the cube and square of these is 
yavgh 8 yaou4g. Itisasquare. Make it equal to square of ca. De- 
pressing the side of the equation by the biquadrate of ya, and proceeding as 
before taught,’ the value of ya is obtained 2, or 7, or 3. Substituting there- 
with, the two numbers are found 8 and 28; or 98 and 343; or 18 and 63.4 


189. Example: Tell directly two numbers such, that the sum of their 
squares, added to their product, may yield a square-root: and their sum, 
multiplied by that root and added to unity, may also be a square. 

Let the numbers be put yal, cal. The sum of their squares, added to 
their product, is yao1 ya.cabh\i caw. 1. This has not a Square: TOt 
Therefore putting it equal to square of ni, and adding aqua of ca, and 
multiplying by thirty-six, the reot of the side Sala ni is obtained, viz. 
ni 6; and the other side is yaw 36 ya.cabh 36 cav 36: in which the root 
of so much of it as affords a square-root is to be taken by the preceding rule 
(§ 186) viz. ya6 ca 3, and the residue, namely ca v 27, being divided by ca 
as an assumed quantity [§95], and from the quotient the same assumed 


* After reducing to a common denomination and dropping the denominator.—Ram. Multiply- 
ing both sides by eight. l Sur. 

` 2 The commentators (Sur. and Ram.) direct 6 to be put; and proceeding by §75, deduce 
G17. But, if 1 were put tentatively, it would answer; G being in that case 3; and the further 


pair of roots is derived from composition of these sets by §77, viz. C.8 L1 G 3 A1 whence 
L6 G17 Al 


by cross multiplication, &c. 135 g99 a1. The lower numbers seem to have been omitted by 
the author and commentators, because the numbers sought (ca being 1) would come out 0 and 1, 
which they consider to be unsatisfactory for an answer. 

3 See § 180. 

* Put 2, Sor7 for “least” root: the “greatest” is 9,11 or 21; which multiplied by the 
square of “ least” ($ 180) give 36, 99, or 1029. 

$ That is, bringing it back, after subtraction, to the same side on which it first stood. 
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~i 


quantity being subtracted, and the remainder halved [ibid.], gives ca 13; 


which, made equal to that root, brings out the value of ya; viz. ca. Sub- 
stituting with this, the two numbers are found ca 4 and cal. The.sum of 
their squares ca w 34, added to their product cav 5, is cao +2 + the square- 
root of which is cai, The sum of the numbers, ca8, multiplied by this, 
with unity added, is caw 4% ru. Making this equal to the square of, pi, 
“least” root’ found by investigation, is 6 or 180. It is the value of ca. 
Substituting with it, the two numbers come out 10 and 6 ; or 300 and 180. 
In like manner a multiplicity of answers may be obtained. 


190. Example of a certain ancient author Tell me quickly, algcbraist, 
two numbers such, that the cube-root of half the sum of their product and 
least number, and the square-root of the sum of their squares, and those ex- 
tracted from the sum and difference increased by- two, and that extracted 
from the difference of their squares added to eight, being all five added .to- 
gether, may yicld a square-root: excepting, ipto, six and eight. 

The conditions of the problem being numerous, the oeh, unless at 
once, does not succeed. The intelligent algebraist must therefore so put 
the quantities, as that all the cout may be answered ‘by one symbol. 
Accordingly the two quantities are put yao1 rul and ya2. The cube- 
root of half the sum of their product and the least number is ya 1. ‘The 
square-root of the sum of their squares is yavl ru 1. The square-root of 
their sum [increased by two] isya 1 ru1. The square-root of their differ- 
ence [increased by two] is ya1 rul. The square-root of the difference of 
their squares [with eight added] is yav1 ru 3. 

The sum of these [five] is yao2 ya3 ru2. It isasquare. Make it 
equal to square of ca. ` Multiplying both sides of equation by eight, and 
adding the absolute number nine,* the root of the first side is ya4 ru3; 


* By rule § 75, put 6; and proceeding as there indicated, its square 36, multiplied by the co- 
efficient 4f, is 2°18 ; and, with the additive (9), 2°25: of which the root is 4° ; or, abridged, 15. . 





Therefore L6 G15, and by composition (§ 77) L180 G 449. Sur. Ram. 

* Introduced to exhibit facility of solution. n R i Ram. 

3 The two quantities must be such, that the five roots, -which- are. prescribed, may be pos- 
sible. SUR, 


á See § 131» 
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and roots of the other (namely of cav8 ru 25) investigated by the method 
of the affected square are 5 and 15; or 30 and 85; or 175 and 495. 
Making an equation of “greatest” root with the foriner (ya 4 ru 3) the 
value of ya is obtained 3, or 4, or 123. By substituting with the value so 
found, the two numbers come out 8 and 6: or +4% and 41; or 15128 and 
246; and in like manner, many other ways. : 
- Orelse one quantity may be put square of ya added to twice ya; and the 
other twice ya less two absolute: viz. yao1 ya2 and ya? ru2. 

Or one quantity may be put square of ya, less twice ya; and the other 
twice ya less absolute two: viz. yav 1 ya2 and ya2 ru Q, 

Or one quantity may be square of ya with four times ya and three abso- 
lute; and the other twice ya with four absolute: viz. yao! ya4 ru-3 and 
yaz rug. — i 

“ As supposition, which thus is a thousand-fold, is to the dull abstruse, 
the mode of putting suppositions is therefore unfolded in compassion to 


them.” 


191—192. Rule: two stanzas. Let the root of the difference be first 
put, an unknown number, with or without absolute number: that root of 
the difference, added to the square-root of the quotient of the additive of 
the difference of squares divided by the additive of the difference of the 
numbers, will be the root of the sum. The squares of these with their ad- 
ditives subtracted, are the difference and sum: from which the numbers are 
found by the rule of concurrence.’ 


193. Example: Tell me, gentle and ingenuous mathematician, two 
numbers, besides six and seven, such that their sum and their difference, 
with three added to cach, may be squares ; that the sum of their squares less 
four, and the difference of their squares with twelve added, may also be 
squares ; and half the product less the smaller number may be a cube; and 
the sum of all their roots, with two added, may likewise be a square. . 

Put the symbol of the unknown less unity for the root of the differ- 
ence: viz. yal ru i. Then by that analogy (and according to the last 
rule) the two numbers-are put yao. ru% and ya2* ‘The roots are 


© Lil. § 55. 
* Pat for.the root of the difference with three added to render it square, yal ru 1. Add the 
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gal rut; yal ru 1; yaoi; yavl ru 4; yal. The sum of these, with 
two added to it, is yav2 ya3 rug. It is a square. Let it be equal to’ 
square of ca. The two sides of equation become yav2 ya3 Multiplying 
i ca w | paue 
by eight and adding nine, the root of the first side is ya4 ru 3; and the. 
roots of the second (caw 8 ru 25) by the method of the affected square'are 
L5 G15 or L175 G495.* “ Greatest” root being equal to the former. 
root (ya4 ru 3), the value of ya is obtained 3 or 123; and, substituting 
with these values, the two numbers come out 7 and 6 or 15127 and 246.f - 


194.. Example by an ancient author: Calculate and tell, if you know, 
two numbers, the sum and difference of whose squares, with one added to 
each, are squares: or which are so, with the same subtracted. 

In the first example, let the squares of the numbers be put yav 4 and. 
yao rul. The sum and difference of these with unity added, afford 
each a square-root. The square-root of the first assumed quantity is one of 
the numbers, viz. ya2. Roots of the second, namely yav5 ru, investi- 
gated by the method of the affected square,* are 1 and @, or 37 and 38. Of 
these, “greatest” root is the second number, and “least” is a.value of ya ; 
from which the first number is deducible. Substituting then with that value, 
the two numbers are 2 and 2, or 34 and 38. 


square-root of the quotient of the additive of difference of squares by the additive of difference of 
numbers, viz, ru 2, the sum is ya 1 rui; the root of the sum with three added to render it 
square. Their squares are yav 1 ya rul and yavl ya? rul; and, subtracting the addi- 
tives of the sum and difference, there remain the sum and difference of the numbers, yao 1 ya 9 
ru and, yao. ya2 ru. Half the sum and difference of these are the numbers themselves. 

* By §75, the first roots are had by position: the next by combination, under §77. 

+ The same is found by the process of the foregoing rule. Let the root of the difference be put 
122. Divide the additive of the difference of the squares, by the additive of the numbers, 12 by 3;- 
the quotient is 4. Its square-root is 2. Add this to the root of the difference, the result is the 
root of the sum: (2 added to 122; making 124.) The squares of these, less the additives, give the 
sum and difference : 14881 and 15373. Whence, by the rule of concurrence (Lil. §55) the two 
numbers are deduced, 15127 and 246. Sun. and Ram. 

3 It comprises two distinct examples. SUR. 

* Put tentatively I for “ least” root; and the “ greatest” by $75 is found 2. Then combining 
like roots ($77), there result L4 G9. Combining these dissimilar roots (ibid.) others result 
adapted to the second example | 17 ¢ 38; or, combining like, 772 g 161. 

LL 
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In the second example, similarly, the first number is ya 2; and, for the 
second, roots are to be investigated from this yav5 ru 1, by the method of 
the affected square. They are4 and 9; or 72 and 161. With “least” the 
first root (or number,) is raised; and “greatest” is the second. Thus the 
two numbers come out 8 and 9; or 144 and 161. 

Here such number, as, with the least, whether added or subtracted, yields 
a square-root, must be the second coeflicient.1._ The way to find it is as follows. 

Let the least square quantity [that is, the coefficient] be put 4. The se- 
cond, with this added or subtracted, must afford a square-root. Being dou- 
bled, itis 8. This is the difference of the squares of certain two numbers ; 
and it is consequently equal to the product of the sum and difference. ‘The 
difference of the numbers, therefore, is assumed 2: and by the rule (Zid. § 57) 
for finding two numbers from the difference of squares, and difference of the 
numbers, the roots of the difference of squares and of the sum of the squares 
are found 1 and 3. Adding the least square quantity to the square of the 
first, or subtracting it from the square of the second, there results the second 
[viz. 5]. Here the least square quantity must be so devised, as that the se- 
cond may be an integer. n i 

Or, in like manner, another is assumed 36. Doubled, it is 72. 'Fhis is 
the difference of two squares: and six being put for the difference of the 
numbers, the second is brought out 45. Or, with four put, it comes out 85; 
or, with two, 325.” 

Or else another ground of assumption may be shown, as follows. The 
sum of the squares with twice the product of the two quantities added or 
subtracted, must ‘afford a root. That twice the products of two quantities 
may be an exact square, one should be put a square, and the other half a 
square; for the product of squares is square. Thus they are assumed, one a 
square, the other half a square: 1 and 2. Twice their product is 4. This is 
least square number [or coefficient]. The sum of theirsquares is 5. Thisis . 
second quantity. | 

Or let the one square, and the other half square, be 9 and 2. Twice their 
product is 36. This is the least square number. The sum of the squares is 
85. Thisis second quantity. 


~ 


* Tézad-cyacta, the known number annexed to ¢dvat (or ydvat-técat) the unknown quantity. 
See the author’s remark towards the close of his comment, . 
> And similarly a multiplicity may be found. i Sur. 
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These known numbers are multiplied by square of: yévat-ta@vat : and, in 
the first example, the second quantity has unity subtracted from 1; ‘in the 
second example, it must have the same added to it. ‘So doing, those two 
square quantities are so contrived as to fulfil both conditions of the. problem. 
But having extracted the square root of the first, the root of the second is to 
be found by the method of the affected square, as before observed. 

Thus [the problem is solved] many ways. 


195—196. Rule: two stanzas. In such instances, if there: remain the 
[simple] unknown with absolute number, find its value by making it equal 
to the square or [other power] of another symbol with unity:’ and substi- 
tuting with this value in [the expression of] the quantity, proceed to the 
further operation, making the root of the former equal to the other symbol 
and unity. 

After the root of the first side of the equation has been taken, if there be, 
on the other side, the simple unknown with absolute number, or without it; 
in such case, making an cquation with the square of another colour with 
unity, and thence bringing out the value of that unknown, and substituting 
with this value in the expression of the quantity, proceed again to the fur- 
ther operation; and, in so doing, make an equation of the root of the first 
side with the other symbol and unity. But, if there be no further operation, 
then the equation is to be made with a known square and so forth. r 


197. Example: If thou be expert in the extirpation of the middle term 
m analysis, tell the number, which being severally multiplied by three and 
five, and having one added to the product, is a square. 

In this case put the number ya 1. This, tripled, with one added, is ya 3 - 
ru l. Itisasquare. Making it equal to square of ca, and adding unity on 
both sides, [to replace it on its original side,] the root of the side of equation 
containing ca is ca 1. Making the other side, namely ya 3 ru 1, equal to 


_* Since the root cannot in such case be sought by the rule of Chapter 3, as there is not an af- 
fected square: for the simple unknown only remains: but (pracritz) an affected square consists in 
a square of the unknown. Its root therefore can only be possible by eqnating it with the square 


of some quantity whatsoever. SUR. 
* Not, ifno further operation depend: for the value would be an unknown, But make it equal 
to a known square, &c. and thus the yalue is absolute. Ram. 


LLQ 
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the square of thrice né joined with unity, viz. 2i09 ni6 ru}, the value 
of ya is obtained; substituting with which the number comes out ni v 3 
ni 2. Again, this multiplied by five, with one added to the product, is 
niol5 ntilO’ ruil. Itisa square. Making it equal to square of pi, the 


equation after like subtraction is wiv 15 nilo Multiplying both sides by 
piw li nw a 


fifteen and adding twenty-five, the root of the first side is n4 15 ru5. Roots 
of the second, viz. piv 15 ru 10, investigated by the method of the affected 
square,’ are 9 and 35, or 71 and 275. “ Least” is the value of pi. “ Greatest” 
being equal to the root of the first side of the equation ni 15 ru 5, the value 
of zi comes out 2 or 18. Substituting with its value for it, the number is 
found, 16 or 1008. 

Or let the number be ya 1; and, as this tripled, with one added, 1s a square, 
make it equal to square of ca; and, after equal subtraction, find the value of 
_ ya; which, substituted accordingly, gives for the number ca v4 ru 1, Or 
let its value be so put at the first, that one of the conditions may be gf itself 
fulfilled, cavt ru4. This multiplied by five, with one added to the pro- 
duct, cav& ru, yields a square root. Making it equal to square of ní, 
the root of the side involving ni being extracted is xi 1; and the roots of the 
other side caw% rus, being investigated by the method of the affected 
square, are 7 and 9. “ Least” is value of ca, and substituting with it (in 
cav+4 ru4) the number is found 16; the same as before. 


198. Example by an ancient author: What number, multiplied by three, 
and having one added to the product, becomes a cube; and the cube-root, 
squared and multiplied by three, and having one added, becomes a square? 

Let the number be put ya 1, This tripled, with one added, is ya 3 ru 1. 
It is a cube. Making it equal to cube of ca, the value of ya is found 


* Put 1 for “ Jeast” root: the “ greatest” by rule § 75 is 5. Then by composition 
C15 L1 G5 A 10 other roots are found, L10 G40 4 100; whence, by §79, l1 g4 al; 


Lı G5 A10 
and by composition C15 L1 G5 A 10 like roots are l9 g35 a10; and by further combina- 
l1 g4 a 1 
tion C15 19 g35 a10 they come out A71 y275 a10. That is, 1 aud 5; or 9 and 35; or 
11 g4 am 


= 71 and 275. The first pair is not noticed, apparently because the number thence deduced would 
be cipher. j 
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caghi rui The cube-root of three times that, with unity. added to the 


3 l 
product, being squared and tripled, and having one added to it, iscav3 ru 1. 


It is a square. Put it equal to square of 7i3 rul: and the equation is 
ca'0 3 Adding unity to both sides, the root of the second side is 
né v9 ni6 

ni3 ru1; and those of the other, investigated by the method of the af- 
fected square,‘ are L4- G7. Substituting as before with the value of ca,’ 
the number comes out 21 (or #32). - 


199. Example: Say quickly what are two numbers, of which, as of six 
and five, the difference of the squares being severally multiplied by two and 
by three, and having three added to the products, shall in both instances be 
square? l 


200. Maxim: Intelligent calculators commence the work sometimes from 
the beginning [of the conditions], sometimes from the middle, sometimes 
from the end; so as the solution may be best effected.’ 

j In this instance, let the difference of squares be put ya 1. This doubled, 
with three added, (ya 2 ru 3) isa square. Make it equal to square of ca; 
and witl the value of ya thence deduced, substitute for the quantity, which 
thus becomes caw 1 ru3. This again tripled, with three added, is a square. 

2 
Make it equal to square of né; and, like subtraction taking place, the sides 
of equation are cav3 ruO Multiplying them by three, the root of the 
niv2 rus 
first is ca 3; and the roots of the second (wi'06 ru 9) investigated by the 


* Put 1 for “ least” root, the greatest is 2 by § 75. Then by composition of like, another pair 
of roots is thence found ($77) L4 G7; and by combination of unalike, another pair 115 g 26.— 
Sur. The first pair is unnoticed as it would here also bring out the number required, a cipher. 

* Ini the expression ca gh 1 ru 1.. Cube of 4 is 64; less one, is 63; divided by 3, is 21.—Sunr. 


€ 
a e a 


So cube of 15 is 3375; less one, is 3374; divided by 3, is a. 

+ Sometimes assumption is commenced by intelligent persons from the beginning of the condi- 
tions as enunciated ; sometimes from the middle; sometimes from the end, by inversion: so as the 
work of solution be accomplished. That is, in the instance, the difference only is put as unknown; 
without putting the numbers themselves so, Sor. Ram. 
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method of the affected square,’ are 6 and 15, or 60 and 147. “ Greatest” 
being equalled to the [root of the] first side, the value of ca is obtained 5, or 
49. And substituting with this value, the difference of squares comes out 
11, or 1199.2 Then by the rule (Zil. § 57) for finding two numbers from 
difference of squares and difference of the simple quantities, putting unity 
for their difference, the two numbers are found, 5 and 6, or 599 and 600: 
or, putting eleven for their difference, the two numbers are 49 and 60. 


201. Rule: a stanza anda half. If the simple unknown be multiplied 
by the quantity which was divisor of the square, &e. [on the other side]; then, 
that its value may in such case be an integer, a square or like [term] of ano- 
ther symbol must be put equal to it: and the rest [of the operations] will be 
as before taught. 

In the case of a square, &e. and in that of a pulverizer or the like, after the 
root of one side of the equation has been taken, if there be on the other side 
an unknown multiplied by the quantity which was divisor of the square, &c. 
the square and other term of another symbol together with absolute number 
added or subtracted, must be put equal to it; that so its value may come 
out integer. The rest [of the steps] are as taught in the preceeding rules. 


202. Example: What square, being lessened by four and divided by 
seven, yields no remainder? or what other square, lessened by thirty? If 
thou know, tell promptly. 

Put the number ya 1. Its square, less four, and divided by seven, is ex- 
hausted. Let the quotient be ca. Making an equation of the divisor mul- 
tiplicd by that, with this yaw1 ru 4, the root of the first side is ya 1. 
Since the other side, ca7 ru4, yields no root, put it equal to square of 
seven 7? and two absolute. The value of ca is had without a fraction 2? v7 
ni 4: and the quantity put is the root of the second side of equation, or 
ni7 rul. This being equal to the root of the first side, or ya 1, the value 


w 


* The lowest number, which answers for “ least” root, found by position (§ 75) is 6; and the 
corresponding “greatest” is 15. From which by §79 are deduced L2 G5 A1; and by combi- 


nation of unalike ($77) C6 L6 G15 <A 9, another pair of roots is derived 160 ¢ 147 a9. 
ERG 5“ 


2 Square of 49 is 2401; which, less 3, is 2398; and halved, 1199. 
3 The unfinished stanza is completed at § 208. 
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of ya is ni7 ru2, with the additive. It comes out 9;' and the square of 
this will be the number sought, 81. 

For the instruction of the dull, the way, which is to be be followed in the 
selection of another symbol, is set forth by ancient authors. 


203—205. Rule: three stanzas. Choosing a number such that its square, 
divided by the divisor, may yield no residue, as also the same number, mul- 
tiphed by twice the root of the absolute number; let another colour be put 
multiplied by that [as coeffictent], and with the root of the absolute number 
added to it. | 


204. But, if the absolute number do not yield a square-root, then, after 
abrading the number by the divisor, add [to the residue] so many times the 
divisor as will make a square.* If still it do not answer, [the problem is] im- 


perfect. 


205. If by multiplication’ or addition the first [side of equation], was 
made to afford a square root; in that case also, the divisor [is to be retained], 
as enunciated by the conditions; but the absolute number, as adjusted by 
subtraction and so forth, 1s right.* 

Such a number, as that its square divided by the divisor shall be exhausted ; 
that is, yield no residue ;-and the same number multiplied by two and by 
the square-root of the absolute number, being divided by the divisor, shall be 
in like manner exhausted, yielding no remainder; by such coefficient, let 
another colour be multiplied and so be put with the root of~the absolute 
number. But, if there be not a root of the absolute number, then, the ab- 
solute number having been abraded by the divisor, superadd [to the residue] 
so many times the divisor as will make a square. Let its square-root be 
[used for] the absolute root. Even, with so doing, if a square be not pro- 
duced, tben that example must be deemed imperfect and wrong. If the 
first side of equation multiplied by some number, or with one added to it, 


* Putting unity for ni—Sur. Supposing 2, it comes out 16; or with 3, it is 23. 

* And then proceed according to the foregoing rule, using its root as root of the absolute 
number. , 

* The commentator SUrva pasa reads hitwé and interprets it ‘ subtracting ;’ but collated copies 
of the text exhibit hatwé, multiplying: and this seems the preferable reading, See § 128. 

* For the purpose of the preceding rule § 204). 
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afford a square-root; in such case the divisor should be taken as enunciated, 
and not as either multiplied or divided: but the’absolute number is to be 
taken precisely as it stands when equal subtraction has been made. 

The like is also to be understood in the case of a cube: as follows. Such 
number, as that its cube divided by the divisor may be exhausted, exhibiting 
no residue, and the same number multiplied by three and by the cube-root of 
the absolute number, being divided by the divisor, may also be exhausted ; 
by such coefticient let another colour be multiplied and so be put together 
with the cube-root of the absolute number. If there be not a cube-root of 
the absolute number, then, after abrading the number by the divisor, add (to 
the residue] so many times the divisor, as may make a cube. ‘Then the 
cube-root is treated as root of the absolute number. Even with so doing, if 
there be not a complete cube, the instance is wrong. ‘This is to be applied 
further on.' 

To proceed to the second example (§ 202). Let the number be put ya 1. 
Its square is yaw 1. Doing with it as directed, the root of the first side is 
yal; and treating the second side, ca 7 ru30, as prescribed by the rule 
(§ 204), after abrading the absolute number by the divisor, superadding twice 
the divisor, viz. 14, the root is ru 4. By making an equation of the square 
of seven i with this added (7?7 ru 4) the value of cais obtained niv7 ni 8 
ru 2. Butthe assumed quantity 7/7 ru 4 is the root of the second side of 
equation, and equal to the root of the preceding one ya 1. V'raming an equa- 
tion with them, the number is found by the former process ni7 ru 4, with 
the additive.* It comes out 11.5 


é 


1 See § 206. 
* Putyai. Its square, less thirty, divided by seven, yields no remainder (§ 202). Let the 
quotient be ca. This* multiplied by seven (ca 7) is equal to that (yazv 1 ru 30). (Statement for 


equal subtraction yav 1 ca O ru 30). Aftersubtraction there remains ya v 1 Root of the first 
yavo ca7 ruð cn 7 ru 30 


side is ya 1. In the other side, by rule § 204, gbrading the absolute 30 by the divisor, the residue 
is 2;.to which add a multiple of the divisor (§ 204), viz. twice the divisor, the sam is 16; and its 
square-root, 4.—Sur.and Ram. The square of this added to seven m2 (n? 7 ru 4) isnt v 49 ni 56 
ru 163 equal to ca 7 ru 30. Whence the value of ca is deduced nit v7 ni8 ru 2—Ram. The 
assumed quantity n47 ru 4 is the root of the second side of equation, and is equal to the, root of 
the first ya 1. Whence the value of ya is found ni7 ru 4. Sur. and Ram. 

3. Putting unity for ná. RAN. 


* Both commentaries have ‘ square of this:’ but crroneously. 
i 
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If seven mi were put with a negative absolute number, a different result 
would be obtained. poi i . 


+, 


206. Example: Tell me what is the number, the cube of which, less six, 
being divided by five, yields no residue? if thou be sufficiently versed in the 
algebra? of cubes. , ( i 

Here put the number ya 1. Doing with it as directed,’ the cube-root of 
the first side 1s ya 1; and the other side is ca 5 ru6; from which, by the fore- 
going rule (§ 203—-5) adapted to cubes (choosing a number such that its cube 
may be exactly divisible by the divisor, as well as its multiple into thrice the 
root of the absolute number;) or by analogy, making it equal to the cube of 
five ni with six absolute, and proceeding as before, the number with its addi- 
tive is found i 5 ru 6.* 


207. Example:’ If thou be skilled in computation, tell me the number, 
the square of which being multiplied by five, having three added, and being 
divided by sixteen, 1s exhausted. 

Let the quantity be put yal. Doing with this as said, and multiplying both 
sides of equation by five, the square-root of the first side is ya5. In the 
other side ca 80 ru 15, retaining the divisor as enunciated, and taking the 


* An instance of the rule (§ 203—5) applied to cubes. 

2 Cuttaca. 

3 Put yal. Its cube less six, ya gh 1 ru 6, being divided by five, is exhausted, Let the quo- 
tient be ca. Multiplied by five it* is equal to that. Statement for equal subtraction 


yaghi caQ rvu6 After subtraction, the root of the first side is ya 1.—Sur. and Ram. In the 
yaghO cad ruzo 


other side, ca 5 ru 6, by rule § 204, abrading the absolute number 6 by the divisor 5, the residue 
is 1; to whieh add a multiple of the divisor (§ 204): forty-three times the divisor added to 1 is 
216. Its eube-root is6. Added to five n?, isnt 5 ru6. The cube nt gh 125 ni0450 ni 540 
ru 216 is equal to the second side ofequalion ca 5 ru6. Whence the value of ca is found without 
fraction nigh 25 niv90 nt108 re 42.—Ram. The assumed quantity a? 5 ru6 is cube-root 
of the second side of equation ca5 ru 6; and equal to the rootof the first side, or ya 1. The value 
of ya is hence deduced ni5 rv 6.—Sur. and Ram. 

4 By substitution of 1 for n?, the number comes out 11.—Stcr. Putting nought, it is 6; orsup- 
posing two, it is 16. 

$s An instance of the rule § 205. Sun. 


* Both the commentaries here also exhibit “ cube of this.” Whether by error of the authors or transcribers may be 
doubted. 
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absolute number as it is adjusted by subtraction (§ 205), the result is ca 16 
ru 15. Making an equation of this with cight 2 and unity, the value of ca 
is obtained without fraction, 2204 nél ru 1.1 Equating the assumed root 
nig ru with the root of the first stde ya 5, the value of ya is found by 


means of the pulverizer, pi8 ru5. “If the root were supposed cight 22 with 
negative unity, the result would be p28 ru 3.* 


* It is five times too great. The augmented divisor 80 should be used to find the true valuc of 
the quotient ca. : 

2 Putyal. Its square, niultiplied by five and having three added, is yao5 ru3; and is exactly 
divisible by sixteen. Be the product ¢a. Multiplied by sixteen, it® is equal to that:’ After equal 
‘subtraction; the remainder of equation is yav 5 ‘Multiplying both sides by fiv e, (yat 25 ` 

‘ ca16 ru3 ca 8O ru B 
the root of the first side is ya 5. Of the other side (ca SO ru 15) putting the enunciated divisor 
sixteen for the [coefficient of ] colour by rule § 205, or making the absolute number, asit is altered 
by subtraction and other operations, the correct absolute (§ 205); the statement is ca 16 ru 15. 
Put itequal to thé square of eight nê with unity (ni 8 ru 1} the statement is cdO mécs ni 16 rul 

> cal6 nioO nO ruts 
Hawi made the ee the remainder of equation is nó v S$ ní 16 ru16; and divided by 
ca 10 
the divisor (16) nîv 4 m r rul. Sur. and Ram. 
The assumed root #8 ru1 is equal to the root of the first side ya5. Statement for equal sub- 


traction y@O nt8 ruil, After subtraction, the remainder of equation isni8 ru 1. Proceeding 
ya5 .niO ruO yas 


by the rnte (§ 101) there results Dividend ni 8 Additive ru1. Then, by the rule (§ 55), there 
Divisor ya 5 

arises an uneven series = = == ©. Multiplying by AR and so on (§ 55) the pair of numbers 

deduced is o e. The series being uneven, the quotient and multiplier are subtracted from their 

‘abraders (§ 57), viz. 8 and 5. Whence the quotient and multiplier with their additives are ob- 


‘tained pi 8 ru5. The quotient is the value of ya the colour of the divisor (§ 154), and the muki- 
pid ru3 


plier is the value of ni the colour of the dividend. Statement in their order, pí 8 ru 5 value of ya. 
pts rus of ai 
Or let the assumption be eight ni with unity negative. Statement of the two sides of equation 


‘ya 0 ink 8 ru 1; : and after subtraction ni 8 ru 1; ; whence Dividend ai 8 Additive 1. Then by 
yas ni&S ruo ya 5 Divisor ya5 





* The'same error again occurs in both commentaries, which here put the “ square.” It oceasionally reappears in all 
tbree instances in course of the operations which follow: still however leaving it doubtful whether it be not imputable to 
transcribers. 

t The root ni3 ru is rightly assumed conformally with the rule § 205. For 15, abraded by the original divisor 16, 
gives a residue 15, to which adding a multiple of divisor by one, the sum (the signs being contrary) is 1; and its square- 
root 1 is to'be used as root of the absolute. The coefficient 8 of the new symbol ni is duly selected Nh that its square 
and its multiple by twice that root of tlie absolutc, shall both be divisible by 16. 


But the square of this assumed root is 
not equal tocai6é ru 15, but to ca 80 ru 15 and to ya v 25. 


a 
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The scope of the precept ‘ many different ways are to be devised’ (§ 173) 
has been thus exhibited in a multiplicity of instances. Something too has 
been shown concerning the solution of quadratics by the pulverizer. Other 
devices, as practicable, are to be applied by intelligent algebraists. 


the rule (§ 55) is deduced the uneven series aaa ao, and from this the pair of numbers n a. 
The series being uneven, but the additive being negative (§ 59), they are quotient and multiplier: 


p?8 ru3 value of ya. Substituling with p?8 ru 5 for value of yal (putting unity for pé) itis 
pis ru2 of ni 


13; or substituting with p? 8 ru 3 it is1. Ram. 
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CHAPTER VII. 





EQUATION INVOLVING A FACTUM OF UNKNOWN 
QUANTITIES. 


Next, the product of unknown! is propounded. 


208.- Rule: two half stanzas.’ Reserving one colour selected, let values 
chosen at pleasure be put for the rest by the intelligent algebraist. So will 
the factum be resolved. The required solution may be then completed by 
the first method of analysis.’ 

In an instance where a factum arises from the multiplication of two or 
more colours together, reserving one colour at choice, put arbitrary numeral 
values for the rest, whether there be one, two, or more. Substituting with 
those assumed values for the colours as contained in the sides of equation, 
and adding them to absolute number, and having thus broken the factum, 
find the value of the [reserved] colour by the first method of analytic solution. 


209. Example: Tell me, if thou know, two numbers such, that the sum 
of them, multiplied severally by four and by three, may, when added to two, 
be equal to the product of the same numbers. 

Let the numbers be ya1 cal. Dealing with them as expressed, the two 


sides of equation are ya 4 ca 3 ru2. Thusa factum being raised, let an 
ya.ca bh | 


` 
* Bhivita. See § 21 and comment upon § 100. 
* Completing a stanza begun in a preceding rule (§ 201) and beginning another which is com- 
, pleted in the following (§ 212). 
7 By that taught under the head of simple or uniliteral equation. Ch. 4. 
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arbitrary value be put for ca, under the rule (§ 208): as, for instance, five. 
Substituting with it for ca in the first side of equation, and adding the term 
to the absolute number, it becomes ya 4 ru 17; and the other side becomes 
ya 5: whence by like subtraction, as before, the value of ya is obtained 17. 
Thus the two numbers are 17 and 5. Or substituting six for ca, the two 
numbers come out 10 and 6.. In like manner, by means of various supposi- 
tions, an infinity of answers may be obtained. 
210. Example: What four ‘numbers are such, that the product of them 
all is equal to twenty times their sum? say, learned algebiatst, who art con- 
versant with the topic of product of unknown quantities. 
Here Iect the first number be ya 1; and the rest be arbitrarily put 5, 4 and 9. 
Their sumis ya 1 ru 11. Multiplied by twenty, ya 20 ru 220. Product 


of all the quantities ya 40. Statement for equation ya 40 ru 0' -Hence by 
ya20 ruļ220 i 


the first analysis, the value of yais found 11; and the numbers are 11, 5, 4 
and 2. Or {with a different supposition] they are 55, 6, 4 and 1; or 60, 8, 3 
and 1; or 28, 10,2and1. In hike manner a multiplicity may be found. 


211. Example: Say what is the pair of numbers, of which the sum, the 
product and both squares being added together, the square-root of the aggre- 
gate, together with the pair of numbers, nay amount to twenty-three? or else 
to fifty-three? Tell them severally; and in whole numbers. If thou know 
this, thou hast not thy equal upon earth for a good mathematician. 

In this case, Iet the numbers be put yal ru?. The aggregate of their 
product, sum and squares, is yav 1 ya3 ru6.: It is equal to the square of 
twenty-three less the sum of the numbers (ya | ru 21), viz. ya v 1l ya 42 
ru441. From this equation the value of yais obtained 2; and thus the two 
numbers are %9 and Q, P 

Or else let the numbers be supposed ya 1, ru 3. Proceeding as before, 
the two numbers are thence found 27 and 3. In like manner putting five 
for the assumed quantity: the two come out in whole numbers 7 and 5.- ° 

In the second example, put the quantities ya1 rug. The aggregate of 
their product, sum and squares isyav1 ya3 ru6. Itisequal tothe square 
of fifty-three, less the sum of the numbers (ya 1 ru 51) viz. yav 1 ya 102 

ru 2601. From the equation of these, by the foregoing process, the two 
numbers are H2 and £ Or integers they are 11 and 17. 
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Thus, one quantity being put an absolute number, the other is brought 
out an integer with much trouble. How it may be done with little labour, 
is next shown. 


212—214. Rule: twoand a half stanzas. Removing the factum from one 
side, and the simple colours and absolute number from the other, as optionally 
selected, and dividing both sides of the equation by the coefficient of the 
factum, divide the sum of the product of the coefficients of the colours added 
to the absolute number by any assumed number; the quotient and the num- 
ber assumed must be added to the coefficients of the colours, at choice; or 
be subtracted from them: the sums, or the differences, will be the values of 
the colours: and they must be understood to be so reciprocally.’ 

Removing by subtraction the factum from one of the equal sides, and the 
simple colours and absolute number from the other, and then reducing the 
two sides to the lowest denomination, by the coefficient of the Sees as 
- common measure, and dividing by some arbitrarily assumed number the pro- 
duct of the coefficients of the Ubi on the second side added to the abso- 
lute number, the assumed quantity and the quotient, having the coefficients 
of the two colours added to them respectively, as eT at pleasure, are 
values of the colours; and to be so understood reciprocally: that 1s, the one, 
to which the coefficient of ca is annexed, is the value of ya; and that, to 
which the coefficient of ya is added, is the value of ca. But, if, owing to the 
magnitude, the condition be not answered, when that has been done, the 
coefficients, less the quotient and assumed number, are the values recipro- 
eally. 
First Example: “ Tell two numbers such, that the sum of them, multi- 
plied by four-and three, may, added to two, be equal to the product” (§ 209). 

Here, that which is directed, being donc, the two sides of equation are 
ya4 ca3 ru2.* The sum of the mmm of the coefficients with absolute 

ya. cabh | 
mumber is 14. This, divided by one put as the assumed number, gives 1 and 


14 for assumed number and quotient. These, with the two coefficients re- 


™ Sec BrauMeGurta 18, §36; which appears from a subsequent passage (ibid. § 38) and the 
scholiast’s remark on it, to be a rule borrowed from a still earlier writer. 

2 The subtraction (or transposition) and division by the coefficient (which, in the instance, is 
unity,) leaves the equation unaltered. e SUR. 
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spectively added, taking them at choice, furnish the values of ya and ca, 
either 4. and 18, or 17and$. By the supposition of two, they come out 5 and 
11; or 10 and 6. 

The demonstration follows. Itis twofold in every case: one geometrical, 
the other algebraic.’ The geometric demonstration is here delivered. The 
second side of the equation is equal to the factum of the quantities. But that 
factum is the area of an oblong quadrangular figure.* The two colours are 
its side and upright. _ cat Within that plain figure is contained four times. 


ya with thrice ca and twice unity. Within this figure, then, four times ya 
being taken away, as also ca less four, multiplied by its own coefficient, it 
becomes 4 And the second side of the equation being so treated,’ 
ya 3 - 
ca 
there results ru 14. This is the area of the remaining rectangle at the cor- 
ner, within the rectangle representing the factum of the quantities. It is a 
product arising from the multiplication ofa side and upright. But they are 
here unknown. Therefore an assumed number is put for the side; and if 
the area be divided by that, the quotient is the upright. Either of the two 
(side, or upnght,) with the addition of a number equal to the coefficient of 


- ya, is the upright of the rectangle representing the factum; because that u p- 


right was lessened by it when four times ya was taken from the rectangle 
representing the factum. In like manner, the other, with the addition of a 
number equal to the coefficient of ca, is the side. These precisely are values 
of ya and ca. ' l 

The algebraic demonstration is next set forth. That also is grounded on 
figure. Let other colours, xá 1 and péi 1, be put for the length of the side 
and upright in the smaller rectangle within the larger one, which consists 
of a side and upright represented by ya and ca. Then either of them, added 
to a number equal to the coefficient of ya, is the value of ya the side of that 
rectangle: viz. níl ru4 and pil ru3. -Substituting with these for ca and 
ya in both sides of the equation, the upper side of it becomes pi 4 ni3 ru26: 


è 


I 4 . Ld é . * s r . 
Cshétra-gatd, geometric: Régi-gatd, algebraic or arithmetical. (Varna-gaté, algebraic exclu- 
sively.) 
f 


2 Ayata-chaturasra. See Lil, Ch. 6. 
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and that containing the factum is transformed into wi. ptbh 1 ni pia rw 12. 
Like subtraction being made, the lower side of equation is 2. pi bh 1; and 
the upper side is rz 14. It is the area of that inner rectangle ; and it is 
equal to the product of the coefficient added to the absolutemumber.* How 
values of the colours are thence deduced, has been already shown. 

This very operation has been delivered, in a compendious form, by ancient 
teachers. The algebraic demonstration must be exhibited to those who do 
not comprehend the geometric one. 

‘ Mathematictans have declared algebra to be compntation joined with de- 
monstration: else there would be no difference between arithmetic and 
algebra,’ 

Therefore this explanation of the principle of the resolution has been 
shown in two several ways. : 

It has been said above, that the product of the coefficient, Acd to the 
absolute number, is the arca of another small rectangle within that which 
represents the factum of the unknown, and situated at its corner. Some- 
times, however, it is otherwise. When the coefficients are negative, the 
rectangle representing the factum will be within the other at its corner. 
When the coefficients are greater.than the side and upright of the rectangle 
representing the factum, and are affirmative, the new rectangle will stand 
without that which represents the factum, and at its corner. See 


3 ca 40 
ni 5 ni 42 


pi ga 
ca 
When tt is so, the coefficients, lessened by subtraction of the assumed num- 
ber and quotient, are values of ya and ca. 


215. Example: What two numbers are there, twice the product of 
which is equal to fifty eight less than the sum of their ps ales by ten and 
fourteen? 

Let the two numbers be put yal, ca1. What is directed being done 


x3+2=14. 
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with them, and the equation being divided by the coefficient of the factum, 


the result.is ya5 ca7 ru?9 The sum of the product of coefficients with 
ya. ca bh | 


the absolute number, viz. 6* is divided by two; and the assumed number 
and quotient are 2 and 3. The coefficients with these added are either 10 | 
and 7, or 9 and 8; and, with the same subtracted, are 4 and 3, or 5 and‘2: 
the numbers required. 


216. Example: What two numbers are there, the product of which, 
added to triple and quintuple the numbers themselves, amounts to sixty- 
two? Tell them, if-thou know. 


Here also, what is expressed being done, there results ya 3 ca 5 ru62 
ya. ca bha \ 


The sum of the product of coefficients with absolute number is 77.f The | 
assumed number and quotient, 7 aud 11. The coefficients; with these 
added, make the numbers 6 and 4, or 2 and 8. They should be added orily, 
as the numbers come out negative, if they be subtracted.’ 

The foregoing third and fourth examples: “ What is the pair af numbers, 
&e.” § 211.) 

Put the two numbers yal, cal. The aggregate of their product, sum 
and squares, is ya wl cawl ya.cabh1 yal cal. Since this does not 
afford a square-root, equal it with the square of twenty-three less the two 
quantities (yal cal ru23) viz. yao! caol ya.cabh2 ya46 ca46 ru529. 
Dropping the equal squares, and subtraction being made, the remaining 
equation divided by the coefficient of the factum of the unknown (viz. 
unity*) gives ya47 ca47 ru529- The product of the coefficients added to 
the absolute number is 1680 ;' and this, being divided by forty as assumed 
number, gives quotient and arbitrary number 42 and 40. Here the quotient 
and arbitrary assumed number must only be subtracted from the coefficients; 


* (5x7)—29=6. 


+ (--3 x —5) +62=77. i 
* The coefficients, with the arbitrary assumed number and quotient subtracted, make 12 and 14, 
or 16 and 20. RAM. 


* The equal squares being dropped, the statement feito e is ya.ca bh 1 ya 1 ca 1 
i ya.ca bh 2. ya 46 ca 4b ru 529 
After subtraction ya47 ca47 ru 529 


ya.cabh ıl Ran. 
5 2209—529. 
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and the numbers will thus come out 7 and 5. If they were added, the con- 
dition, that they shall amount to.twenty-three ($211), would not be ful- 
filled. : 

“ Or else amount to fifty-three” (§211). In this cxample, that which has 
been directed being done, there arises ya 107 ca 107 ru 2809. Here the 
sum of the product of coefficients with the absolute number is 8640. The 
arbitrary number and quotient 90 and 96. The coefficients less these quan- 
tities are the numbers required, 11 and 17. 

So, likewise, in other instances. 

In some cases, where the equations are numerous, finding various values 
of the factum of unknown quantities, and with those values equated and 
reduced to.a common denomination, the two quantities may be discovered 
from the equation, by the former process of analytic solution. . 

From the mention of quantities in the dual number, it is evident of course, 
that arbitrary values are to be put for the rest of the colours, in the cases of 
three or more. 


* By addition, the numbers are 87 and 89. The square-root of the aggregate (23402) is 153. 
The pair of numbers added together, 176. Ifthe root be taken negative, the amount is 23. Sur. 


CHAPTER IX. 





CONCLUSION. 


217. Ow earth was one named Mauk¥swara, who followed the eminent 
path of a holy teacher among the learned. His son, Buascara, having 
from him derived the bud of knowledge, has composed this brief treatise of 
elemental computation.’ 


218. As the treatises of algebra by Branmucupra,® Srip'Hara and 
PADMANABHA are too diffusive, he has compressed the substance of them in 
a well reasoned compendium, for the gratification of learners. 


219—223. For the volume contains a thousand lines* including precept 
and example. Sometimes exemplified to explain the sense and bearing of a 
rule; sometimes to illustrate its scope and adaptation: one while to show 
variety of inferences ; another while to manifest the principle. For there 


* Laghu Vija-ganita. 

2 The text expresses Brahméhwaya-vija, algebra named from Brahma ; alluding to the name of 
BRAINMEGUPTA, or to the title of his work Brahmesidd’hénta, of which the 18th chapter treats of 
algebra. The commentator accordingly premises ‘ Since there are treatises on algebra by BRAH- 
MEGUPTA and the rest, what occasion is there for this? The author replies “ As the treatises, 
&c.” `~ Ram. 

3 Anushtubh. Lines of thirty-two syllables, like the metre termed anushtubf. This intimation of 
the size of the volume regards both the prose and metrical part. The number of stanzas ineluding 
rules and examples is 210; or, with the peroration, 219. Some of the rules, being divided by in- 
tervening examples in a different metre, have in the translation separate numbers affixed to the 
divisions. On the other hand a few maxims, and some quotations in verse, have been left un- 
numbered. 
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is no end of instances: and therefore a few only are exhibited. Since the 
wide ocean of science is difficultly traversed by meu of little understanding : 
and, on the other hand, the mtelligent have no occasion for copious instruc- 
tion. <A particle of tuition conveys science to a comprehensive mind ; and 
having reached it, expands of its own impulse. As oil poured upon water, 
as a secret entrusted to the vile, as alms bestowed upon the worthy, how- 
ever little, so does science infused into a wise mind spread by intrinsic 
force. 

` Itis apparent to men of clear understanding, that the rule of three terms 


constitutes arithmetic; and sagacity, algebra. Accordingly I have said in 
the chapter on Spherics :* 


294. ‘The rule of three terms is arithmetic; spotless understanding is 
algebra. What is there unknown to the intelligent? Therefore, for the 
dull alone, it® is set fortl1.’ 


225. To augment wisdom and strengthen confidence, read, do read, ma- 
thematician, this abridgment elegant in stile, easily understood by youth, 
comprising the whole essence of computation, and containing the demon- 
stration of its principles, replete with excellence and void of defect. 


* Géldd@hydya. Sect. Il. § 3. 
. 2 Vija. , i : 

3 The solution of certain problems set forth in the section. The preceding stanza, a part of 
which is cited by the scholiast of the Lilévat?, (Ch. 12), premises, ‘1 deliver for the instruction of 
youth a few answers of problems found by arithmetic, algebra, the pulverizer, the affected square, 
the sphere, and [astronomical] instruments.’ Gól. Sect. II. §2. 
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GANITADHYAYA, ON ARITHMETIC. 
THE TWELFTH CHAPTER OF THE 
BRAHME-SPHUTA-SIDD HANTA, 

BY BRAHMEGUPTA; 

WITH SELECTIONS FROM THE COMMENTARY ENTITLED 

| VASANA-BHASHYA, 
BY CHATURVEDA-PRITHUDACA-SWAMI. 





CHAPTER XII. 


ARITHMETIC. 





SECTION I. 


1. He, who distinctly and severally knows addition and the rest of the 
twenty logistics, and the eight determinations including measurement by 
shadow,’ is a mathematician.? 


+ 


2. Quantities, as well numerators as denominators, being multiplied by 


» * Addition, subtraction, multiplication, division, square, square-root, cube,.cube-root, five | 
{should be, six] rules of reduction of fractions, rule of three terms [direct and inverse,] of five 
terms, seven terms, nine terms, eleven terms, and barter, are twenty (paricarman) arithmetical 
operations. Mixture, progression, plane figure, excavation, stack, saw, mound, and shadow, are 
eight determinations ( oyavahiéra). Cnr. 
For topics of Algebra, see note on § 66. 
* Ganaca, a calculator ; a proficient competent to the study of the sphere. Cır. 
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the opposite.denominator, are reduced to a common denomination. In 
addition, the numerators are to be united." In subtraction, their difference 
is to be taken.’ 


3. Integers are multiplied by the denominators and have the numerators 
added. The product of the numerators, divided by the product of the deno- 
minators, 1s multiplication’ of two or of many terms.* 


4. Both terms being rendered homogeneous,’ the denominator and nu- 


! SCAN DA-SEN-ACHARYA, ,Who has exhibited addition by a rule for the summation of series of 
the arithmeticals, has done so to show the figure of sums; and he has separately treated of figu- 
rate quantity (cshétra-rési), to show the area of such figure in an oblong. But, in this work, 
addition being the subject, sum is taught; and the author will teach its figure by a rule for the 
summation of series (§ 19). In this place, however, sum and difference of quantities haying like 
denominators are shown: and that is fit. Cu. 

? Example of addition :* What is the sum of one and a third, one and a half, one and a sixth 
part, and the integer three, added together? 

Statement: 14 14 14 3. Orrednced ¢ 3 7 4. 

The numerator and denominator of the first term being multiplied by the denominator of the 
second, 2, and those of the second by that of the first, 3, they are reduced to the same denominator 
(8 2; and, uniting the numerators, 17). With the third term no such operation can be, since the 
denominator is the same: union of the numerators is alone to be made; %4, which abridged is) 4. 
So with the fourth term: and the addition being completed, the sum is 7. 

Subtraction is to bs performed i in a similar manner; and the converse of the same example may 
serve. - Cr. 


3 Pratyutpanna, product of two proposed quantities.—C. See a rule of long multiplication, 
§ 55. 


* Example: Say quickly what is the area of an oblong, in which the side is ten and a half, and 
the upright seventy sixths. ] 


¢ 


Statement: 10} 114. Multiplying the integers by the Romina adding the numerators, 
and abridging, the two-quantities become % and 35, From the product of the numerators 735, 
divided by the product of the denominators 6, the quotient obtained is 122%. It is the area of 
the oblong. 

Others here exhibit an example of the rule of three terms, making unity stand for the argument 
or first term. For instance, if one pala of pepper be bought for six and a half panas, what is the 
price of twenty-six palas? Answer: 169 panas.] | A Cu. 

5 The method of réndering homogeneous has been delivered in the foregoing rule (§ 3) “ Integers 


are multiplied by the Pg bey &e.—Cu, “It is reduction to the form of an improper 
fraction. 


* It is not quite clear whether the examples are the author’s or the commentator’s. The metre of them is different from 
that of the rules; and they are not comprehended, either in this or in the chapter on Algebra, in the summed contents al 
the close of each. . They are probably the commentator’s ; and consigned therefore to the notes. 
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merator of the divisor are transposed: and then the denominator of the di- 
vidend is multiplied by the [new] denominator; and its numerator, by the 
[new] numerator. Thus division’ [is performed. | 

5. The quantity being made homogeneous,’ the square of the nume- 
rator, divided by the square of the denominator, is the squares The root 
of the homogeneous numerator, divided by the root of the denominator, 1S 
the square-root.* 


6. The cube of the last term is to be set down; and, at the first remove 
from it, thrice the square of the last multiplied by the preceding; then 
thrice the square of this preceding term taken into that last one; and finally 
the cube of the preceding term. The sum is the cube.’ 


* Example: Ina rectangle, the area of which is given, a hundred and twenty-two and a half; 
and the side, ten and a half; tell the upright. 

Statement: 1223 104. Reduced to homogeneous form #45 %4, 

Here the side is divisor. Its denominator and numerator are transposed y. The numerator of 
the dividend, multiplied by this numerator, becomes 490; and the denominator of the dividend, _ 
taken into the denominator, makes 42. The one, divided by the other, gives the quotient 11 3. 
It is the upright. s 

Some in this place also introduce an example of the rule of three terms. Thus “ A king gave 
to ten principal priests a hundred thousand pieces of money, together with a third of one piece. 


What was the wealth that acerued to one?” Cn. 

* As before.—Cn. [That is, reduced to fractional form.] 

Put unity as the denominator of an integer; and proceed as directed. CH. 

3 A square is the product of two like quantities multiplied together. §62. The present rule is- 
introduced to show how the square of a fraction is found. Cu. 


Example: Tell the area of an equilateral tetragon, the side and upright of which are alike 
seven halves. 

Statement: Side Upright 4. Product of the numerators 49. Product of the denomina- 
tors 4. These products are squares, since the side and upright are equal. 

The square of the numerator 49 being divided by the square of the denominator 4, the quotient: 
12 4 is the area of the tetragon. 1b. 

* Example: Tell the equal side and upright of an equilateral tetragon, the area of which is 
determined to be twelve and a quarter. 

Statement, after rendering homogeneous: #9. The root of the homogencous numerator 49, is 
7: that of the denominator 4, is 2. Dividing by this the root of the numerator, the quotient is 
the square-root $. It is the length of the upright and of the side. Cu. 

> Continued multiplication of three like quantities is a cube. §62. As 1, 8, 27, 64, 125, 216, 
343, 512, 729, cubes of numbers from 1. to 9. The rule is introduced for finding the cube of ten 
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7. The divisor for the second non-cubic [digit] is thrice the square of the 
cubic-root. The square of the quotient, multiplied by three and by the pre- 
ceding, must be subtracted from the next [non-cubic]; and the cube from 
the cubic [digit]: the root [is found]." 


and so forth. The cube of any given quantity comprising two or more digits or terms is required. 
The cube of the last digit, found by continued multiplication, is to be set down. Then the square 
of that last digit, tripled and multiplied by the term next before the last, is to be set down, at one 
remove or place of figures from that of the cube previously noted ; and to be added toit. [So the 
square of this term tripled and taken into the last digit.] Then the cube of the term so preceding 
is set down in the next place of figures; and added. Thus the cube of two terms or digits is found. 

For a number comprising three or more terms, put two of them [previously finding the cube of this 
binomial by the rule} for last term; and proceed in every other respect conformably with the di- 
rections; and then, in like manner, put the trinomial* for last term; and so on, to find the cube of 
a quantity containing any number of terms. Cir. 

Example: Tell the cubic content of a quadrangular equilateral well (or cistern) measured by 
three cubits cubed and the same in depth. 

Statement: 27, 27,27. The product of these three equal quantities is 19683. It is the con- 
tent in cubits of a solid having twelve corners :} for “the multiplication of three like quantities is 
a twelve-angled solid.” 

The rule furnishes another method. The cube of twenty-seven is ariaa The cube of the 
last digit 2 is set down 8. _The square of the last 8, tripled, is 12, and multiplied by the preceding 
is 84: set down atthe first remove, and added to the cube previously noted, it makes 164, [Thrice 
the square of.7 multiplied by 2 is 294; put at the next place of digits and added, makes 1934.] 
Cube of the preceding digit 7 is 343. Added as before,’ it gives 19683. It is the solid content in 
cubits; that is, it contains so many twelve-angled excavations measured by a ‘cubit. 

The same is to be understood of a pile or stack ; putting height instead of depth. Ci. 

* The first digit of the proposed cube is termed cubic; and proceeding inversely, the two next 
places of figures are denominated non-cubic; then one cubic, and two non-cubic; and so on alter- 
nately, until the end of the number. With this preparation, the rule takes effect. ..... The 
meaning is as follows: In the first place, the cube of some number is to be subtracted from the 
last of all the digits termed cubic; and that number is reserved, and set down apart with the designa- 
tion of cube-root. Take its square and multiply this by three; and with the tripled square 
divide the digit standing next before that of which the cube-root was taken; and note the quotient 
in the second place contiguous in direct order to the reserved cube-root. Square the quotient, 
and multiply by three and by the cube-root first found; and subtract the product from the first 
non-cubic standing before that of which the division was made. Then taking the.cube of the 
quotient subtract it from the next preceding cubic digit. Thus a binomial root is found. 1f more 
be requisite, put the binomial root for first term; and proceed in every respect according to the 
rule, using it as first cube-root: and then put the trinomial, and afterwards the tetranomial, for 
first radical term; until the proposed number be exhausted. 


* Dwipada, binomial; tripada, trinomial; chatushpada, tetranomial. 
_ + Dwédasésri, lit. dodecagon ; but intending a cube or a parallelopipedon. See mein, $7. 


A 
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8. The sum of numerators which have like denominators, being divided 
by the [common] denominator, is the result in the first reduction to homo- 
gencousness : in the second, multiply numerators by numerators, and deno- 
minators by denomimators.? 


Example: Tell the cubic-root of a stack, of which the flanks* and elevation are alike, and the 
solid content is equal to twelve thousand, one hundred and sixty-seven. 

Statement: 12167. Here the digit 7 is named cubic; 6 and 1 non-cubic; 2cubic. From that 
subtract the cube of two, the remainder is 4167. Cube-root 2; its square 4; tripled 12; this is 
the divisor. Dividing by that the second non-cubic digit, the quotient is 3 and remainder 567. 
The square of the quotient 9; multiplied by three, 27, and by the preceding, 54. Subtracted 
from the first non-cubic, the residue is 27. Cube of the quotient, 27, subtracted from the cubic 
place of figures, leaves no remainder. Thus the root is this binomial 23. So much is the height; 
as much the length; and as much the breadth of the pile. 

For trinomials and the rest, proceed as directed. A } 

Such is the method of finding the cube and cube-root of integers. For the cube of fractions, let 
the cube of the numerator, after the quantity has been rendered homogeneous [§ 3}, and the cube 
of the denominator, be separately computed: and divide the one by the other, the quotient is the 
cube sought. For the cube-root, let the roots be separately extracted, and then divide the cube- 
root of the numerator by that of the denominator, the quotient is the cube-root of the fraction. Cu. 

* The author here teaches the method of finding the result of the first assimilation (jéti) con- 
sisting in addition. The sum of numerators which have dissimilar denominators is never taken: 
All the quantities must be reduced to like denominators; and then the addition of numerators is 
made; and the sum is divided by a single common denominator. 

Example: Half of unity, a sixth part of the same, a twelfth part of it, and a quarter, being added 
together, what is the amount? 

Statement: 4 4 +; 4. Reduced to like denominators the numerators become +6 3%, +! +5. 
Added together and divided by the numerator, the result is unity. , 

Example: Twenty-two, sixty-six, thirty-eight, thirty-nine, thirteen, a hundred and fourteen are 
put in the denominator’s place, and five, seven, nine, one, four and eleven are their numerators. 
When they are added together what is the whole sum? 

Statement: Æ gy 3% 25 Í I Answer: one. f 
But when the similar denomination is not obvious, the denominators being very large, divide both 
denominators by the remainder [or last result] of the reciprocal division of the two, and multiply 
by the two quotients the reversed denominators together with their quotients. Other methods 
. may be similarly devised by one’s own ingenuity. 

Subtraction also takes place between like quantities: and the rule must be therefore applied to 
difference. Cn. 

* The author now teaches the method of finding the result of the second assimilation consisting 
in multiplication. ‘ 

First multiply separately numerators by numerators, and denominators by denominators. Then 
proceed with the former part of the rule. 

* Pdréwa, flank or side. 


0 0 
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9. Inthe third, the upper numerator is multiplied by the denominator.' 
, In the two next, severally, the denominators are multiplied by the denomi- 
nators; and the upper numerators by the same increased or diminished by 
their own numerators.? 


Example: Half a quarter, a sixth part of a quarter, a twelfth part of a quarter, an eighth part 
of ten quarters, a fifth part of seven quarters: summing these and adding three twentieths, let us 
quickly declare the amount. It is a sum, which we must constantly pay to a learned astronomer. 


Statement: $4 42 tor 4 Et A: 
Or, 4 ty ts 43 3y Ps Answer: the sum js one, 


* The author next shows the method of finding the result of the third assimilation consisting in 
division. 

The dividend is intended by the term upper numerator: and the middle quantity together with 
its denominator is the divisor. Then the rule for transposition of numerator and denominator (§ 4) 
takes effect. 

Example: In what time will [four] fountains, being let loose together, fill a cistern, which they 
would severally fll in a day; in half a one; in a quarter; and in a fifth part?* 

Statement : e 3 y | The rule being observed; 4 4 ¢ 4. The sum is 12. 
So many are the measures in a day with all the fountains. Then by the rule of three, if so many 
fillings take place in one day, in what time will one? Statement: 4? | 4]4. Answer: +5. In this 
portion of a day, all the fountains, loose together, fill the cistern. 

Example: One bestows an unit on holy men, in the third part of a day; another gives the same 
alins in half a day; and a third distributes three in five days. In what time, persevering in those 
rates, will they have given a hundred? 

Statement: ; i $ And, the rule being observed, 4 4 3%. Reducing these to a com- 
mon denominator, and summing them, the result is 238; the total amount, which all bestow in alms 
ina day. Then by the rule of three, if so many fifths of au unit be given in one day, in how 
many will a hundred units be given? ; 

Statement: %8 | 4} | 122. Answer: 17 4. Cir. 

2 The author adds this rule to exhibit reduction of fractional increase and decrease (bhágánu- 
band'ha and bhágápaváha-játi) ; the two assimilations (Játi) which follow next after the first, se- 
_cond and third; that is, the fourth and fifth. 

: In fractional increase the numerators standing above are multiplied by the denominators aug- 
mented by their own numerators; in fractional decrease by the same diminished by their own 
numerators. The remainder of the process consists in reduction to homogeneous form as before. 

Example of fractional increase: A little boy, receiving from a merchant a quarter of an unit, 
dealt with commodities for gain, during six days, and obtained for his goods, on the respective days, 
a price with both profit and principal equal to the original mouey added to its half, its third, its 
quarter, its fifth part, its sixth, and its seventh: what was the amount? Another did the same with 


* Lilévatl, §94—95. 
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10. In the rule of three, argument, fruit and requisition [are names of 
the terms]: the first and last terms must be similar. Requisition, multiplied 
by the fruit, and divided by the argument, is the produce.* 


an unit: and a third did so, with six. Tell the amount of their dealings also, if thou be conversant 


with fractional increase. 
Statement: 


4 
4 
4 
4 
f 
3 
4 


aH ok o be ch toe mje 
aH oom o RH Gb oH 


The denominator four, multiplied by the denominator two, makes §. The upper numerator 1, 
multiplied by the denominator 2 added to its own numerator 1, viz. 3, gives 3; and the result is 3. 
Proceeding in like manner with three and the rest of the denominators, the amount for the first boy 
is 1; for the second, 4; for the third, 24. . 

Example of fractional decrease: Eight palas of white sandal wood were carried by a merchant 
from Canyacubja 1o the northern mountain; and at five places offerings were made by him of a 
moiety, a third part, a fifth, a ninth, and an eighth part of his stock. What was the residue ?* 


Statement: 8 Multiply denominators by denominators; and the 
4 upper numerators by denominators lessened by 
4 their own numerators. This being done, the 
4 answer is 1-8% [should be 142]. 
4 1 


cops 


The author has delivered but five rules of reduction or assimilation (Játi); and has omitted the 
sixth, as it consists of the rest and is therefore virtually taught. It has been given by SCANDA- 


SENA and others under the name of Bhdga-mété. Cu. 
See Bhéga-métri-jati in Srip’nara’s abridgment : § 56—57. 
* The middle term is dissimilar. Cu. 
* The rule concerns integers. If there be fractions among the terms, reduce all to the same 
denominator. Cu. 


Example: A person gives away a hundred and eight cows in three days; how many kine does 
he bestow in a year and a month? 

Statement: Days 3. Cows 108. Days 390. 

Answer: 14040. 

Example: A white ant advances eight barley corns less one fifth part of that amount in a day; 
and returns the twentieth part of a finger in three days. In what space of time will one, whose - 
progress is governed by these rates of advancing and receding, proceed one hundred ydjanas? 

Statement: Daily advance 8 less 4}. Triduan retrogradation zy fing. Distance 100 y. 


* The text of this example, its statement and the answer are very corrupt. 
002% 


= 
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11. In the inverse rule of three terms, the product of argument and fruit, 


being divided by the demand, is the answer.’ 
11—12. In the case of three or more? uneven terms, up to eleven,” transi- 


tion of the fruit takes place on both sides. 

The product of the numerous terms on one side, divided by that of the 
fewer on the other, must be taken as the answer. In all the fractions, transi- 
tion of the denominators, in hke manner, takes place on both sides.* 


Here this maxim applies “ eight breadths of a barley corn are one finger; twenty-four fingers, 
one cubit; four cubits, one staff; eight thousand staves, one yéjana.” 

The daily advance, in a homogeneous form, is 42 of a barley-corn. Retrogradation in three 
days, zy of a finger; in one day, by the proportion, ‘ as three to that, so is one to how much?’ 45. 
The daily advance, divided by eight, is reduced to fingers, viz. 32 or #4. Reduced to the same de- 
nominator as the retrogradation, $8. Subtracting the retrogradation, the neat progress is $f. A 
hundred yéjanas, turned into sixtieths of fingers, are 4608000000. Then 3j | 4 | +2°#000000 | 
Answer: Days 98042553. 2 Ci. 

* Example: The load (bhéra) was before weighed with a ¢ulé of six suverzas, tell me, promptly, 
how much will it be, if weighed out with one of five? 

Statement: su.6; bhá l; su 5. 

Answer: 24 hundred palas. 

Here this maxim serves “ sixteen grains of barley are one mdsha; sixteen of these, a suverna ; 
four of which, make one pala; and two thousand palas, a bhdra.” 

Example: Tell me, quickly, how many ten c’héris, which were meted with a measure of three 
and a half to the prast’ha, will be when meted with one of five and a half? 

Statement: cud; chd10; cu}. 

» Answer: c'h46, mé1, dré1, 43, pral, cu-fr. 

Maxim applicable to the instance. ‘ Four cudabas make one prast’ha; four of these, one @d'haca; 
four éd’hacas, a hollow purdtana;* four of these, a ménicd; four mdnicds, one chdri, a measure 
familiar to the people of Magad’ha.”’ Cn. 

* The case of three terms must be excluded, being already provided for (§ 10); and the rule 
concerns five, seven, nine and eleven terms. CH: 

3 Uneven; not even, as four, &c. would be. Cn. 

* Example: The interest is settled at ten in the hundred for three months: let the interest of 
sixty lent for five months be told. 


Statement: 3 5 Answer: 10. 
100 60 
10 


Transferring the term ten to the second side, the product of this becomes the more numerous 
one, viz. 3000 ; which, divided by the product of the fewer, three and a hundred, viz. 300, gives 


10; the interest for five months. 
Example: If the interest of thirty and a half, for a month and one third, be one and a half: be 


it here told what is the interest of sixty and a half for a year? 
* Chéta purdtana, Itis tħe dróna of Sayp'’nana and Bnascana. See Lil, §8, and Gan. sár. $ 5. 
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13. In the barter of commodities,. transposition of prices being first 


Statement of homogeneous terms: 4 4% =- 
y ip = 
Transposition of the fruit and of the denominators having been made, the statement is 4 12 
. i I 3 
K 6i 121 
2 = 
= 3 


Whence the answer is found as before 26 525. 
Example: Forty is the interest of a hundred for ten months. A hundred has been gained iu 
eight months. Of what sum is it the interest? 


Statement: 10 § 
100 
40 100 


Mutually transferring the fruits, forty on one side and a hundred on the other, the statement 


is 10 8 Whence proceeding as above, the answer comes out $25, 
100 3 
100 40 


The same answer may be found by two proportions or sets of three terms. 

Example of seven terms: If three eloths, five [cubits] long and two wide, cost six panas, and ten 
have been purehased three wide and six long, tell the price. 

Statement : e 3 Transposing, and proceeding as in the rule of five, the answer is 36.~ 


3 10 
6 


Example: If three cloths, two wide and five long, cost six paras; tell me how many cloths, 
three wide and six long, should be had for six times six? ' 
Statement: 2 3 Making a mutual transfer, and in other respects proceeding as above, 


$ 6 the answer is 10, 
6 36 


The answer may be proved by three proportions or sets of three terms. 

Example of nine terms: The price of a hundred bricks, of which the length, thickness and 
breadth, respectively, are sixteen, eight and ten, is settled at six dindras: we have received a hun- 
dred thousand of other bricks a quarter less in every dimension: say what we ought to pay. 

Statement : 3 12 Transposition of fruit and of denominator being made, the answer 


ie comes out 2531 3. 


“= 100000 


The answer may be proved by four proportions or sets of three terms. 

Example of eleven terms: Two elephants, which are ten in length, nine in breadth, thirty-six in 
girt, and seven in height, consume one dréna of grain. How much will be the rations of ten other 
elephants, which are a quarter more in height and other dimensions? 
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terms takes place; and the rest of the process is the same as above direct- 


eq." 
Operations,’ subservient to the eight investigations,’ have been thus ex- 


plained. 


Statement: 2 10 The fruit and denominators being transposed, and proceeding as above, the 
10 $9 answer comes out 12 drénas, 3 prast’has, 1} cudaba. 


li 
36 45 
T i 
1 


! Example: Ifa hundred of mangoes be purchased for ten panas; and of pomegranates for 
eight; how many pomegranates [should be exchanged] for twenty mangoes? 


Statement: 10 8 8 10 
100 100 >and after transposition of prices and transition of fruit; < 100 100 
20 20 


Answer: 25 pomegranates. 

* Paricarman : algorithm, or logistics. See §1. 

These operations, us affecting surd roots, unknown quantities, affirmative and negative terms, 
and cipher, the author will teach in the chapter on ( cutaca ) the pulverizer; and we shall there 
explain them under the relative rules. ; Cu. 

3 Vyacahéra, ascertainment, or determination. § 1. 
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MIXTURE. 


14. Tux argument taken into its time and divided by the fruit, being 
multiplied by the factor less one, is the time. The sum of principal and 
interest, being divided by unity added to its fruit, 1s the principal.’ 


15. The product of the time and principal, divided by the further ttme, 
is twice set down.* From the product of the one by the mixt amount, 


* The principal sum, multiplied by the time, reekoned in months, which regulates the interest, 
is divided by the interest : and the quotient is multiplied by one Jess than the factor; (if the double 
be inquired, by one; if the triple, by two; if the sesquialteral, by half;) the result is the number 
of months, in whieh the sum lent is raised to that multiple. Cu. 

Example: If the interest of two hundred for a month be six drammas, in what time will the 
same sum lent be tripled? 

Answer: 66% months. 

Example: If the interest of twenty paras for two months be five, say in what time will my 
principal be raised to the sesquialterate amount? 

Answer: 4 months. | Ib. 

* Subtracting this from the amount given, the remainder is the interest. Or multiply the 
amount of principal and interest by the interest of unity and divide by unity added to its interest, 
the quotient is the interest. Cu. 

Example: A sum lent at five in the hundred by the month amounted to six times six in ten 
months ; what was the sum in this ease lent? 

Answer: Principal 24. Interest 12. 

Example: Eight hundred swcernas were delivered to a goldsmith with these directions : “‘ make 
vessels for the priests, and take five in the hundred for the making.” He did as directed. Tell 
me the amount of wrought gold. 

Answer: Wrought gold 76119. Fashion 38 5;. 

The rule is applicable to analogous instances. Ib. 

* The rate of interest by the hundred, at which the money was lent by the creditor, is not 
known, All that is known is, that the interest for a given number of months has been received 
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added to the square of half the other, extract the square-root: that root, 
less half the second, is the interest of principal.’ 


16. The contributions, taken into the profit divided by the sum of the 
contributions, are the several gains :* or, if there be subtractive or additive 
differences, into the profit increased or diminished by the differences; and 
the product has the corresponding difference subtracted or added.? 


and lent out again at the same rate, and has amounted ina given number of months to a certain 
sum, principal and interest. The rate of interest is required; and the rule is propounded to find 
it. Cn. 

t Example: Five hundred drammas were a loan at a rate of interest not known. The interest 
of that money for four months was lent to another person at the same rate; and it accumulated in 
ten months to seventy-eight.. Tell the rate of interest on the principal. 

Auswer: 60. : 

Here the demonstration is,to be shown algebraically by solution of a quadratic equation, as 
follows. Ifthe interest of five hundred for four-months be ydvaca; what is the interest of ydvaca 
for ten months. Here, transition of the fruit taking place (§ 12), the principal taken into the 
time is the product of the fewer terms; and the product of the numerous terms is the square of 
yávaca multiplied by the further time. Those products are reduced to least terms by a common 
divisor equal to the further time: as is directed 6 15). ‘Thus, by the rule of three terms, the 
answer comes our ya v $y; the interest of yévaca. Adding yévaca, it is the mixed amount; that 
is, YEVahq yat. This is equal to seventy-eight. Reducing to uniformity and dropping the 
common denominator, the two sides of the equation become: Ist side ya vi ya200 ruO; 2d 
side yao 0 yaO ru1560. By the rule in the chapter on cuftaca, “of the coefficient of the 


square, &c.”* the value of yáraca comcs out 60; which is equal to that above found. Ci. 
* Pracshépaca: what is thrown or cast together: the proposed quantities, of which an union is 
made. Cn. 


Labd’hi, profit. Léabha, gain. Uttara, difference. 

+ Example of the first rule: A horse was purchased, with the principal sums, one, &c. up to 
nine, by dealers in partnership; and was sold [by them] for five less than five hundred. Tell me 
what was each man’s share’ of the mixt amount. 

Statement: Contributions 1, 2, 3, 4, 5, 6, 7, 8, 9. Their sum 45. The profit 495, di- 
vided by that, gives the quotient 11; by which the contributions being multiplied, become 11, 22, 
33, 44, 55, 66, 77, 83, 99. ‘These are the several gains of the dealers. 

Example of the second rule: Four colleges, containing an equal number of pupils, were invited 
to partake of a sacrificial feast. A fifth, a half, a third, and a quarter came from the respective 
colleges to the feast; and, added to one, two, three and four, they were found to amount to eighty- 
seven; or, with those differences deducted, they were sixty-seven. ` 


* Varg'-dhata-ripdndm, &c. See Algebra of Brahm. § 34. 
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Statement: 1 2 $8 4 Reduced to a common denomination and the denominator being 


se ted is 
dropped, they are 1° 2 3 4 ‘The number given is 87. It is the profit ($16). Deduct- 
12 30 20 15, ; 


ing tbe sum of the differences (1, 2, 3, 4) viz. 10, the remainder is 77 : which, divided by the 
sum of the contributions, 77, gives 1; and the contributions, multiplied by this quotient, and 
having their differences added, become 13, 32, 23, 19; or, added together, 87. The number of 
disciples in each college is 60. Or, subtracting the differences, the number of pupils that came 
from tbe four colleges to the feast is 11, 28, 17, 11; total 67.° 

Example: Three jars of liquid butter, water, and honey, contained thirty-two, sixty, and 
twenty-four palas respectively: the whole was mixed together, and the jars again filled; but I 
know not the several numbers. Tell me the quantity of butter, of water and of honey, in each jar. 
, Statement: Butter 32; water 60; honey 24: these are the contributions (§16). Their sum, 
116; by which divide the profit, viz. butter 32, the quotient is 4. The contributions, severally 
multiplied by this, give the gains, viz. butter in the butter-jar 8 $$; in the water-jar, 1646; in 
the honey-jar, 648. So water in the water-jar 31245; in the honey-jar, 124%; in the butter- 
jar, 16 4$: honey in the honey-jar 438; in the butter-jar, 648; in the water-jar, 124%. Cu. 

Remark.—In this chapter of arithmetic, the computation of gold [or alligation] is omitted. On 
that account, the following stanza is here subjoined. ‘Add together the products of the weight 
into the fineness of the gold; and divide by the given touch: the quotient is the quantity, Or 
divide by the sum of the gold, the quotient is the touch.” 
' Thus five swvernas of the touch of twelve, six of that of thirteen, and seven of that of fourteen, 


(5 6 7 or, multiplying weight into fineness, 60, 78, 98;) being added together, are 236. 
12 13 14 


By whatever touch this massis divided, the quotient is the quantity of gold of that fineness. For 
instance, if the touch be sixteen, dividing by 16, the quotient is 14 su. 12 mé. Dividing by 
fifteen, it is 16 -f.* The number of suver/as in the mass is of one fineness. The mass of gold, 
therefore, is to be divided by the sum of the weights: the quotient is the touch of that number of 
suvernas. Thus, dividing the aggregate of products of weight into fineness, 236, by the sum of 
the weights 18, the quotient 13 4 is the touch. i i u a, 


t 


* Sothe MS. But should be 154}. 
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i PROGRESSION. `` 
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` 


17. The pertod less-one, multiplied by the common difference, being 
added to the first term, is the amount of the last. Half the sum of last and 
first terms is the mean amount: which, multiplied.by the period, is the sum 
of the whole. - . 


* To find the contents of a pile in the form-of half the méru-yantra [or spindle]. Cu. 

' Example:: A stack of bricks is seen, containing five layers, having two bricks at the top, and 
increasing by three in cach layer: tell the whole number of bricks. 

‘Statement: Init.2; Diffi3; Per. 5. Answer: 40; 

- Example: -The king bestowed gold continually on venerable priests, during three days and a 
ninth part, giving one and a half (bAdras] with a daily increase of a quarter: what were the mean 
and last terms, and the total? 

Statement: Init. 1y; Dif. 4; Per. 34. ` 

Period 2f, less one, is + ;, multiplied by the difference, it is $2; and added to the first term, 
becomes $3. This is the last term. Added to the first term and halved, it gives 427. This is 
the mean amount: multiplied by the period, it yields the total $83 or 5 bhdras, 9 hundred 
( palas] and £9 [of a bundred]. 

Example: Tell the price of the seventh conch ; -the first being worth six panas, and the rest 
increasing by a pana? ‘ 

Statement: Init.6; Diff.1; Per.7. Answer: 12. 

Example: <A man gave his son-in-law sixteen paras the first day; and diminished the present 
by twoaday. Ifthou be conversant with progression, say how many had he bestowed when the 
ninth day was past? 

Statement: Init. 16; Diff. 2; Per. 9. “Answer:-72+ received by the son-in-law: or 72 the 
father-in-law’s; being his disbursement. 

Example: [The first term being five; the difference three; and the period eight; what is the 
sum? the last term? and the mean amount ?*] 

Statement: IJnit.5; Diff.3; Per. 8. Auswer: Last term 26. Mean YY. Sam 124. 

Ilere one side is to be put equal to the period of the progression ; and a second, equal to its 


* The terms of the question are wanting in the original. 
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18. Add the square of the difference between twice the initial term and 
the common increase, to the product of the sum of the progression by eight 
times the increase : the sqttare-root, less the foregoing remainder divided by 
twice the common increase, ‘is the pertod. à 


> 


mean term: and the figure of a rectangle is to be thus exhibited. ‘Then so many little areas, in 
the figure of the progression, [formed] by its area, as are excluded [on the one part,] are gathered 
in front within that oblong. Therefore the finding of the area is eongruous. Cir. 

To show the rule for finding the sum of a series increasing.twofold, or threefold, &c. three 
stanzas of my own [the commentator Prir’uvpaca’s] are here inserted: ‘ At half the given pe- 
riod put “square;” and at unity [subtracted] put ‘ multiplier;” and so on, until the period be 
exhausted. Then square and multiply the common multiplier inversely in the order of the notes. 
Let the product less one be divided by the multiplier less one, and multiplied by the amount of 
the initial term; and call the result area [or sum], the progression being [geometrical] twofold, &c. 
This method is here shown from the combination of metre in prosody. The meaning is this: if 
the period be an even number, halve it, and note “ square” in another place; when the number 
is uneven, subtract unity, and note “ multiplier’ in that other place and contiguous. Proceed i in 
the same manner, halving when the number is even, and subtracting one when it is uneven, and 
noting the marks “ square” and ‘ multiplier,” one under the other, i in order as they are found, 
until the period be exhausted. The lowermost mark must of course be “ multiplier.” . It is equal 
to the [common] multiplier [of the progression]. Setting down that on the working ground, 
square the quantity when “square” is noted, and multiply it where “ multiplier” is marked : pro- 
ceeding thus in the inverse order, to the uppermost note. From the quantity which is thus ob- 
tained, subtraet unity; divide the remainder by the amount of the [common] multiplier less one; 
and multiply the quotient by the number of the initial term. 'This being done, the product is the 
sum of a progression, where the diference is twofold or the like. a Ib. . 

Example: How much is given in ten days, by one who bestows six with a threefold increase 
daily? | _: l 

Statement: Init.6; Com. mult.3; Per.10. Answer: 177144. 

Example: Say how much is given by one, who bestows for threc days, three and a half [daily] 
with inerease measured by the [common] multiplier five moieties? 

Statement: Init. 4; Diff. mult. 4; Per. 3. - 

Put “ mult.” for subtraction of unity; ‘“ square” for the half; and again “mult.” for unity 
subtracted: mult. The multiplier is two and a half or 4, at the first place. Squared at the 


8q. 
mult. 


second, it jis % ; and again multiplied at the third, 145. Unity being subtracted, itis 147. Di- 
vided by multiplier less one (3) it becomes 4. This multiplied by the initial term, and abridged, 
yields 275. 

* The first term, common. increase, and total amount, being known, to find the period. Cr, 

Example: Say how many are the layers in a stack containing a hundred bricks, and having 
at the summit ten, and increasing by five. 

Statement: Init. 10; Com. diff. 5; Per.? Sum 100. ' 


PPQ 
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19. One, &c. increasing by one, [being added together] are the sum of a 


Operation: Twice the initial, 20, less the increase 5, is 15; the square of which is 225. The 
gum 100, cight (8) and increase 5, multiplied together, make 4000. Add to this the square of 
the remainder, 225, the total is 4225. Its square-root 65, less the foregoing remainder 15, gives 
50; which divided by twice the common increase, 10, yields the period 5. 

" So in other cases likewise. 

Here the principle i is the resolution of a quadratic equation, For instance: Init. 10; Com. 
diff. 5; Per. yai. This less one [§ 17] becomes yal ru 1; ; which, multiplied by the common 
increase 5, makes ya 5 russ and added to the initial term 10, affords ya 5 ru5, the last term. 
Added to first term, itis ya 5 rz 15; which halved gives ya$ ru 4p. Itis the mean amount; and, 
multiplied by the period, yields yav $ ya 4%, the sum of the whole: which is equal to a hundred. 
Making an equation, two is multiplier of a hundred, being the (denominator, or] divisor standing 

beneath,* as before shown, The quantity being so treated, and the rule for preparing the equa- 
tiont observed, the first side of the equation is yav5 ya15; and the second side is ru 200, 
Then, ‘proceeding by the rule “ Multiply by four times [the coefficient of] the square” and so 
forth,t the ubsolute number becomes 4000. It is the product of ‘the multiplication of the sum, 
common increase and eight. For the multiplicr being two, the quantity must be multiplied by 
that and by four: wherefore multiplication by cight is specified. The unity, which is subtracted 
from yétaca, becomes negative: it is multiplied by the common increase; and thus a number 
equal to‘the common increase becomes negative: this being added to the initial term, and the 
result again added to the initial term, an affirmative quantity equal to twice the initial is intro- 
‘duced: taken together, the difference is the sum of the negative and affirmative quantities and is 
fitly called the remainder. It is here’ the coefficient of yévaca. Then, observing the rule for 
adding “ the square of [the coefficient of] the middle term,”|| the absolute number is as here shown: 
viz, 4225. Its root, 65, less the [coefficient of the] middle term, is 50: which, divided by twice 
the [coefficient of the] square, is the middle [term of the equation], that is to say the period of 
the progression: viz. 5. For ydvaca is here the period. 

_ If the initial term be unknown, but the common increase, period and $ sum be given, divide the 
, sum of the progression by the period: the quotient is the mean amount. Double it; and subtract 
the product of the period less one taken into the common increase: half the remainder is the initial 
term. For instance: Init.? Diff.3; Per. 5; Sum 40. ° This, divided by the period, gives 8, the 
mean amount; which doubled is 16. The period Jess one is 4; and the common inercase 3: their 
product 12. Subtracting this from the foregoing, the remainder is 4 : its half 2i is the initial term. 
This is to be applied in other cases also. 

Where the common increase is unknown ; divide in like manner the sum by the period, the quo- 
tient is the mean amount. Double it; and subtract twice the initial term: the quotient of the re- 


' @ Adhasst'ha-ch’héda, 

t Algebra of Bruhm. § 33. 

+ See Algebra of Brahm. § 52. Arule of the same import with that ‘of Srip’sana cited by Bugscana. Vij- 
gon. $151. i 

j Ibid. 
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‘given period. That sum being multiplied’ by the period added to two, and 
being divided by three, is the sum of the sums:? 


20. The same,* being multiplied by twice the period added to one, and 
bemg divided by three, is the sum of the squares. The sum of the cubes 


mainder by the period less one, is the common’ inérease.’ For instance; Init. 2; Diff.? Per, 7. 
Sum 77. Deducing the mean amount from the sum by the period, doubling it [and pcos 
in other respects as directed, the common difference comes out 3.*] 

[If the first term and common difference be botb unknow n, deduce the mean amount from the 
sum by its period; and doubling itè] set down the result as a reserved quantity. Then put an ar- 
bitrary common increase ; and by that multiply the period less one. Subtract the produet from 
the reserved quantity: the moiety of the residue is the initial term; and the common increase, as 
assumed. For instance: Init.? Diff.? Per. 9. Sum 576. The quotient of this by the period is 
the mean amount 64: the double of which is called the reserved quantity, 129. Putting one for 
the common increasé, the period less one, multiplied by that, is 8: which being subtracted from the 
reserved quantity, and the remainder being halved, yield Initial term 60; Diff.1; Per. 9. Or, 
putting two for the common difference, the result is Init. 56; Diff.2; Per. 9; Sum 576. Or, 
assuming two and a half, it comes out Init. 54; Diff. $; Per. 9; Sum 576. This is applicable in 
all cases and in whole numbers. 

But, if the first term, common difference and period be all three unknown ; put an arbitrary 
number for the period, and proceed as just shown. 

If the difference, period, mean amount and sum total of a progression be required in square num- 
bers, put any square quantity for the period of the progression. The period multiplied by sixteen 
serves for the common difference; and the square of two less than the period for the initial term. 
With tbese, the mean amount and sum total are found as before. For instance: Jet the square 
number 9 be the period. Multiplied by sixteen, it gives 14+. The period less two is 7; the 
square of which, 49, is the initial term. Init. 49; Diff. 144; Per. 9; Mean amount 625. Sum 
5625. All five are square numbers. 

Jn like manner a variety of examples may be devised for the illustration of the subject. For 
fear of rendering the book voluminous, they are not here instanced: as we have undertaken to in- 
terpret the whole astronomical system (sidd’hdnta). Ci. 


* A rule to find the content of a pile of sums. Cir. 

Example:t Per. 5. The sum of`this, consisting of the arithmeticals one, &c. increasing by 
one, is 15, which, multiplied by the period added to two, viz. 7, is 105. Divided by three, the 
quotient is 35, the content, in bricks, of a pile of sums, the period of which is five. Cir. 

* ‘To find the content of a pile of quadrates ; and one of cubics. Cir. 

$ Example:+ Per. 5. This doubled, and having one added to it, is 11. The sum of the pe- 
riod, viz. 15, being multiplied by that, is 165: which divided by three, gives 55. It is the content, 
in bricks, of a pile of quadrates, the period of which is five. i Cu. 

* The manuscript is here deficient: bot the contcxt renders it easy to supply the defect. 


t The questions are not proposed in words at length: or etse the nranuscript isin this respect deficient. 
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isthe square. of, the same. Piles (may be exhibited*] with cqual balls [or 
cubes ;* as a practical illustration*] of these [methods.*]? 


~- *-Example:¢ Per.:5. The sum of this is 15. Its square is 225;’the content, in bricks, of a 
pile of cubics, the period of which is five. 

+ Bricks in the form of regular dodecagons.—Cn. Meaning cubes. See Lilévati, § 7, note. 
_ + As the author has mentioned a pile of balls, the method of finding the content is here shown. 
Let the area of the circle be found by the method subsequently taught [§ 40] and be reserved. 
The square-root of it is to be extracted; and by that root multiply the reserved area. ‘This being 
done, the area of the globe is found. But in the circle the area is an irrational quantity. This 
again then is to be multiplied by the square of the surd: and.the square-root of the product is the 
content of the globe and is a surd. Cu. 

* CHATURVEDA. 


é 


t The questions are not proposed in words at length: or else the manuscript is in this respect deficient. 
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PLANE FIGURE. 
TRIANGLE and QUADRILATERAL. 


21. Tue product of half the sides and countersides® is the gross area ofa 
triangle and tetragon.* Half the sum of the sides set down four times, and 


* Triangles are three ; tetragons five, and the circle.is the ninth plane figure. Thus triangles 
are (sama-tribhuja) equilateral, (dwi-sama-tribhuja) isosceles, and (vishama-tribhuja) scalene. 
Tetragons are (sama-chaturasra) equilateral ; (dyata-sama-chaturasra) oblong with equal sides [two 
and two]; (dwi-sama-chaturasra) having two equal sides; (¢trt-sama-chaturasra). having three sides 
equal; (vishama-chaturasra) having all unequal. : ‘Cue i~ 

? Béhu-pratibéhu, or bhuja-pratibhuja (§25): opposite sides. 

3 Example: What is the area ofan equilateral triangle, the side of which is twelve ? 


# 


Statement: I2/ \I2 The sum of sides and of countersides, 12 and 24; their moieties 6 and 


5 12; the product of which is 72, the gross area. — 
1 


Example: . What is the area of an isosceles triangle the. base’ of which is’ten and. the sides 
thirteen? 


Statement: 1s/\i3 The moieties of the sums of opposite sides, 5.and 13; their product 65;: 


the gross area. 
10 — 


Example: What is the area'of a scalene triangle, the base of which is fourteen and the sides 
thirteen and fifteen ? , s 


Statement: vo Ne Answer: 98 the gross area. . . 


14 

Example: What is the area‘of an: equilateral tetragon, the’ side ‘of which ‘is ten? ~ °° © 
10 

Statement: io) | 10 Answer: 100, the gross as well as exact area... ~.. 


10 i i pawar 
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severally lessened by the sides,’ being apultipyen together, the square-root 
of the product is the exact area.” 


Example: What is the area of an oblong, two sides of which are twelve; and two, five? 


Statement: 1 g Answer: 60, the gross and exact area. 


12 


Example: What is the area of a quadrilateral having two equal sides thirteen, the base four- 
teen, and the summit four? 


Statement: 8 Answer: 117 the gross area. 
1 


i: Example: Tell the area of a quadrilatera! having three equal sides twenty-five, and base thirty- 
nine? 


Statement: -25 95 Answer: 800 the gross area. 


-Example: Tell the gross area of a trapezium, of which the base is sixty, the summit twenty- 
five, and the sides fifty-two and thirty-nine? 


; 25 - 
Statement: yf Answer: 19333 the gross area. Cn. 
60 i 


1 The sides of the quadrilateral are severally subtracted from the half of the sum in all four 
places ; but the sides of the triangle are subtracted in three, and the fourth remains as it stood. Cir. 

2 Examples as above. Sides of the equilateral triangle 12; the sum 36; its half set down four 
times 18, 18, 18, 18; which severally lessened by the sides gives 6, 6,6, 18. The product of 
those numbers is 3888, the surd root of which is the exact area. 

Sides of the isosceles triangle 10, 13, 13; the sum 36. Itshalf 18, lessened severally by the 
sides, gives 5, 5, 8, 18. The product whereof is 3600. The square-root of this is the exact area, 
60. 

Sides of the scalene triangle 14, 13, 15. Half the sum 21, less the sides, gives 7, 8, 6, 23. 
Product 7056; the root of which is the exact area 84. r 

The gross area of the equilateral tetragon, as of the oblong, is the same with the exact area. 

Sides of the tetragon with two equal sides, 14, 13, 13, 4. The exact area,as found by the rule,, 
is 108. 

Sides of the tetragon having three equal sides, 39, 25, 25,25. Exact area 768. 

Sides of the trapezium 60, 52, 39,25. Exact area 1764. Cu, 

Putting a side of a tetragon equal to the segment of the base, and an upright equal to the per- 
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22. The difference of the squares of the sides being divided by the base, 
the quotient is added to and subtracted from the base: the sum and the 
remainder, divided by two, are the segments. The square-root, extracted 
from the difference of the square of the side and square of its corresponding 
segment of the base, is the perpendicular.* 


23. In any tetragon but a trapezium, the square-root of the sum of the 
products of the sides and countersides,’ is the diagonal. Subtracting from 
the square of the diagonal the square of half the sum of the base and sum- 
mit, the square-root of the remainder is the perpendicular.* - 


pendicular, the area of a figure is represented by little square compartments formed by as many 
lines as are the numbers of the upright and side. Cu. 

* The bottom (adhas) or lower line of every triangle is the base (bhi), literally ground. The 
flanks (pérswa) are termed the sides (bhuja). In an equilateral triangle, or in an equicrural one, 
the two segments of the base are equal. Ina scalene triangle, the greater segment answers to the 
greater side; and the least segment to the least side. The perpendicular is the same, computed 
from either side. Cr. 

* Example: An isosceles triangle, the base of which is ten, and the sides thirteen. . 


Statement: 13/ | \I3 Answer: Segments 5 and 5. Perpendicular 12. 


10 
Example: A scalene triangle, the base of which is fourteen, and the sides thirteen and fifteen. 
Statement: w/|\p Answer: Segments 5 and 9. Perpendicular 12. -~ Cr. 
14 


The segments are found by halving the sum and difference: for it is directed in a subsequent 
rule (§ 23) to subtract the square of the upright from that of the diagonal; and the two segments 
are thence deduced by the rule of concurrence. The perpendicular is found by extracting the 
square-root of the remainder when the square of the side has been subtracted from the square of 
the diagonal; that remainder being the square of the upright: for the perpendicular is the up- 


right. Ib. 
* The opposite sides ; (See § 21) the flanks, and the base and summit. Cu. 
* Example: An equilateral tetragon, the side of which 1s twelve. 
12 
Statement: eN] 12 Answer: Diagonal, the surd root of 288. Perpendicular 12. 
12 < 


The example of an oblong is similar. 
ge 
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24. Subtracting the square of the upright from the square of the diago- 
nal, the square-root of the remainder is the side; or subtracting the square 
of the side, the root of the remainder is the upright: the root of the sun of 
the squares of the upright and side is the.dtagonal. 


25.* At the intersection of the diagonals, or the’ junctton of a diagonal 
and a perpendicular, the upper and lower portions of the diagonal, or of the 
perpendicular and diagonal, are the quotients of those lines taken into the 
corresponding segment of the base and divided by the complement’ of the 
segments. — 


Example: A tetragon having two equal sides, thirteen; and the base fourteen, and summit four. 


4 
Statement: N Answer: Diagonal 15. Perpendicular 12. 
14 
In like manner, a tetragon with three equal sides: (See §26.) Cu. 


The product of the base and summit is equal to the square of the greater segment less the square 
of the least. The square of the flanks is equal to the square of the perpendicular added to the 
square of the least segment. Their sum is the sum of the squares of the perpendicular and greater 
segments, and is the sum of the squares of the upright and side: and its square-root consequently 
is the diagonal. Halfthe sum of the base and summit is the greater segment: it is the side. Sub- 
tracting the square of it from the square of the diagonal, the remainder is the square of the upright. 


Its square-root is the upright termed the perpendicular. Ib. 
* One side being so termed (báhu or bhuja), the other is called upright. It matters not which. 
Cu. 


* In tetragons having two or three equal sides, as above noticed, to show the method by whieh 
the upper and lower portions of the diagonals, as divided by the intersection of the diagonals, may 
be found: and the upper and lower portions of both diagonal and perpendicular, as divided by the 
intersection of the perpendicular and diagonal. Cr. 

3 Swayuti, the line which joins the extremities of the perpendicular and diagonal. It is the 
greater segment of the base or complement of the less: and answers to Buascana’s pit’ha. Lil. 
§ 195. 


* Example: The tetragon with two equal sides as last mentioned. 
4 





1 i 
Statement : 3 the segment of the base 7, multiplied by the diagonal 15, makes 105. 


Divided by the complement 9, the quotient is 11%. It is the lower portion of the diagonal; and 
subtracted from 15, leaves the upper portion 34. So for the second diagonal, 
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26. The diagonal of a tetragon other than a trapezium, being multiplied 
by the flank, and divided by twice the perpendicular, is the central line;' 
and so is, in a trapezium, half the square-root of the sum of the squares of 
opposite sides.” : 


a 


27. The product of the two sides of a triangle, divided by twice the per- 


t 


In like manner, at the intersection of the perpendicular. The segment 5, multiplied by the dia- 
gonal 15, and divided by the complement 9, gives the lower portion 84; which, subtracted from 
the diagonal, leaves the upper portion 62. The perpendicular likewise, 12, taken into the corre- 
sponding segment 5, makes 60; which, divided by the complement 9, yields 63 the lower portion 
of the perpendicular: and this, subtracted from 12, leaves 54.the upper portion of it. Cn. 

Put the proportion ‘ If the entire diagonal be hypotenuse answering to a side equal to the com- 
plement, what will be the hypotenuse answering to a side equal to the given segment of the base?’ 
The result gives the portion of the diagonal below the intersection. A similar proportion gives 
the segment of the perpendicular. Thus the lower portions are found: and, subtracting them from 
the whole length, the remainder is the upper portion of the diagonal or of the perpendicular. Tb. © 

* Hridaya-rajju, the central line, is the semidiameter of a circle in contact with the angles. Cx. 

In an equilateral or an oblong tetragon it is equal to the semidiagonal.—Jb. 

Céona-sprig-critta, or bahir-critta; a circle in contact with the angles; an exterior cirele: one cir- 
cumscribed. 

* Example: The tetragon with two equal sides, as last noticed. 


The diagonal 15, multiplied by the side 13, is 195: divided by 
twice the perpendicular, the quotient is 84; the length of the 
central line. 







Statement: 1 
Example: The tetragon with three equal sides before exhibited (§ 21). 


25 
Diagonal 40, multiplied by the side 25, makes 1000; 
i. 25 95 ° which, divided by the perpendicular doubled, gives the 
-e central line 202. 
39 , 


Example: The trapezium of which the base is sixty, the summit twenty-five, and the sides fifty- 
two and thirty-nine. 


25 The squares of the base and summit 60 and 25 are 3600 and 
625. The sum is 4225; its root 65: the half of which & 
Statement: 62 3 
I is the central line. Or the squares of the flanks 52 and 39 
are 2704 and 1521; the sum of which is 4225; and half 
60 the root, 4&9. Cr 


aQ2 
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pendicular, is the central line: and the double of this is the diameter of the 
exterior circle.’ . 


98.* The sums of the products of the sides about both the diagonals 
being divided by each other, multiply the quotients by the sum of the pro- 
ducts of opposite sides; the square-roots of the results are the diagonals in a 
trapezium.’ 


" Example: An isosceles triangle, the sides of which are thirteen, the base ten, and the perpen- 
dicular twelve. 


g t 
` 


13 13 Product of the sides 169; divided by twice the perpendicular, gives 
Statement: the central line 734.” Ci. 


10 

Let twice the perpendicular be a chord in a circle, the semidiameter of, which is equal to the 
diagonal. Then this proportionis put: Ifthe semidiameter be equal to the diagonal in a circle in 
which twice the perpendicular isa chord, what is the semidiameter in one wherein the like chord 
is equal to the flank? The result is the semidiameter of the circumscribed circle, provided the 
flanks be equal. But, if they be unequal, the céntral line is equal to half the diagonal of an 
obloug the ‘sides of which are equal to the base and summit; or half the diagonal of one, the sides 
of which are equal to the flanks. It is alike both ways. : Ib. 

For the triangle the demonstration is similar; since here the diagonal is the side. Ib. 

* This passage is cited in Baascara’s Lilávati, § 190. 

3 Example: A tetragon of which the base is sixty, the summit twenty-five, and'the sides fifty- 
two and thirty-nine. , 


Statement: ~ The upper sides about the greater diagonal are 39 and 25; the 
52 39 


60 

product of which is 975. The lower sides about the same are 60 and 52; and the product 3120. 
The sum of both products 4095. The upper sides about the less diagonal are 25 and 52; the 
product of which is 1300. The lower sides about the same, 60 and 39; and the product 2340. 
The sum of both 3640. These sums divided by each other are $225 and 3649, or abridged $ and 8. 
The product of opposite sides 60 and 25 is 1500; and of the two others 52 and 39 is 2028: the 
sum of both, 3528. The two foregoing fractions, multiplied by this quantity, make 3969 and 
3136; the square-roots of which are 63 and 56, the two diagonals of the trapezium. Cu. 

This method of finding the diagonals is founded on four oblongs. Ib. 

The brief hint of a demonstration here given is explained by Ganxsa on Lilécati, §. 191. Two 
triangles being assumed, the product of their uprights is one portion of a diagonal, and the pro- 


* The manuscript here exhibits 8: but is manifestly corrupt: as is the text of the rule and in part the comment on il, 








SECTION IV. PLANE FIGURE. 301 


duct of their sides is the other; as before shown. (Dem. of § 191—2.) The two sides on the one 
part of the diagonal are deduced from the reciprocal multiplication of the hypotenuses of the as- 
sumed triangles by their uprights: and the product of the sides is consequently equal to the pro- 
duct of the uprights taken into the product of the hypotenuses. So the product of the two sides 
on the other part of the diagonal, resulting from the reciprocal multiplication of the hypotenuses 
by the sides of the assumed triangles, is equal to the product of the sides of the triangles taken into 
the product of their hypotenuses. Therefore the sum of those products of the sides of the tra- 
pezium is equal to the diagonal multiplied by the product of the hypotenuses. The sides about 
the other diagonal are formed by the upright of one triangle and side of the other reciprocally 
multiplied by the hypotenuses. Their product is equal to.the product of the reciprocal upright 
and side taken into the product of both hypotenuses. Hence the sum of the products is equal to 
the diagonal multiplied by the product of the hypotenuses. Therefore dividing one by the other, 
and rejecting like dividend and divisor (i, e. the product of the hypotenuses), there remain the 
diagonals divided by each other. Now the sum of the products of the multiplication of opposite 
sides is equal to the product of the diagonals [as will be shown]. Multiplying this by the fractions 
above found, and rejecting equal dividends and divisors, there remain the squares of the diagonals: 
and by extraction of the roots the diagonals are found. Now to show, that the sum of the pro- 
ducts of opposite sides is equal to the product of the diagonals: the three sides of each of the as- 
sumed triangles being multiplied by the hypotenuse of the other, two other rectangular triangles 
are formed: and duly adapting together the halves of these, a figure is constituted, the sides of 
which are equal to the uprights and sides of the two triangles. It is the very trapezium ; and its 
area is the sum of the areas of the triangles. 


as 
52 65 60 65 . 50 
9 
9| \13 
w N 
3 5 39 a5 60 


Here half the product of the base and summit is the area of one triangle; and half the product of 
the flanks is so of the other. Therefore half the sum of the producis of opposite sides is the area 
of the quadrangle. Now the four triangles before mentioned, with four others equal to them, being 
duly adapted together, these eight compose an oblong quadrilateral with sides equal to the diagonals 


ofthe trapezium. See 48 15 Half the area of the oblong or product of the 
=P 
36 36 
48 15 


diagonals, as is apparent, will be the area ofthe trapezium. It is half the sum of the products of 
opposite sides. Therefore the sum of the products of the opposite sides is equal to the product of 
_ the diagonals. GAN. 
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29. Assuming two scalene triangles’ within the trapezium, let the seg- 
ments for both diagonals be separately found as before taught; and then the 
perpendiculars.* 


50—31. Assuming two triangles within the trapezium, let the diagonals 
be the bases of them.’ Then the segments, separately found, are the upper 
and lower portions formed by the intersection of the diagonals.* ‘The lower 


* The first with the greater diagonal for one side, and the least flank for the other side; and the 
second having the least diagonal for one side, and the greater flank for the other: and the base of 
the tetragon being base of both triangles. Then the segments are to be separately found in both 
triangular figures, by the rule before taught (§ 22); and then find the two perpendiculars by the 

_ sequel of the rule. Cu. 


* In the unequal tetragon just men- 
tioned, one triangle will be this, , ge andtheotherthis 63 a 9 
In the one the difference of the squares of the sides 432, divided by the base, gives 7 4, which 
subtracted from, and added to, the base, makes 524 and 674. These divided by two are 26% 
and 334 the two segments. Whence, taking the root of the difference of the squares of the side 
and its segment, the greater perpendicular is deduced 444. In the other triangle, the two seg- 


ments found by the rule are 93 and 502; whence the least perpendicular comes out 37 4. Cu. 
3 The greater diagonal is the base of one; and the summit and greater flank are its sides. The 


least diagonal is the base of the other; and the summit and least flank are the sides. Cu. 
+ Inthe tetragon just now instanced, the scalene triangle with the greater diagonal for base is this 
25 
52, 
Q? 


The segments of its base as found by the rule (§ 22) are 48 and 15. These are respectively the 
lower and upper portions of the greater diagonal. 


The scalene triangle with the less diagonal for base is 25 Here the segments, by the 
o 39 


same rule (§ 22), are 36 and 20. They are the lower and upper portions of the least diagonal, 
Or find the segments of one only: the perpendicular, found by the rule (§ 22) is the upper por- 
tion of the second diagonal: and subtracting that from the entire length, the remainder is the 
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portions of the two dtagonals are taken for the sides of a triangle; and the 
base [of the tetragon] for its base. Its perpendicular is the lower portion of 
the [middle] perpendicular of the tetragon: the upper portion of it is the 
moiety of the sum of the [extreme] perpendiculars less the lower portion.’ 


32.* At the intersection of the diagonals and perpendiculars, the lower 
segments of the diagonal and of the perpendicular are found by proportion: 
tliose lines less these segments are tle upper segments of the same. So in 
the needle? as well as in the (påta) intersection [of prolonged sides and per- 
penditculars].* 


lower portion of it. Thus, in the foregoing example, the least segment in the first triangle is 15. 
Its square 225, subtracted from the square of the least side 625, leaves 400, the root of which is 
20. Itis the upper portion of the smaller diagonal, and subtracted from the whole length 56, . 
leaves the Jower portion 36. Cu. 


* In the same figure, the scalene triangle’composed of the two lower segments of the diagonals 
together with the base is this Here the perpendicular found by the rule 


A8 36 


60 
(§ 22) is 284. It is the lower portion of the mean perpendicular. The greatest and least perpen- 
diculars being 444 and 37 4, the moiety of their sum is 41-3,. This is the length of the entire 
mean perpendicular. Subtracting from it its lower segment the residue is its upper segment 12 }. 
F CH. 

2 A rule to find the upper and lower portions of the diagonals and perpendiculars cut by the 
intersection of diagonals and perpendiculars, within a trapezium ; also the lines of the needle and 
a figure of intersection. 

3 Sichi, the needle; the triangle formed by the produced flanks of the tetragon. The section 
of a cone or pyramid. G 

Páťa, sampéta, tripdta, intersection; of a prolonged side and perpendicular. The figure formed 
by such intersection. ý 

4 Example: Ina trapezium the base of which is sixty; one side fifty-two; the other thirty- 
nine; and the summit twenty-five: the greater diagonal sixty-three; the iess, fifty-six : the greater 
perpendicular forty-five less one fifth; its segments of the base, the greatest thirty-three and three- 
fifths, the least twenty-six and two-fifths: the least perpendicular thirty-seven and four-fifths ; its 
segments of the base, greatest fifty and two-fifths, least nine and three-fifths: the perpendicular 
passing through the intersection of the diagonals, forty-one and three-tenths; its segments of the 
base, greatest thirty-eight and two-fifths, least twenty-one and three-fifths; tell the uppcr and 
lower portions of the perpendiculars, the intersections [of prolonged sides and perpendiculars] and 
the needle. 
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Here at the intersection of the diagonals, the segments of the am diagonal, found as before 
(§ 30), are 48 and 15; those of the less are 36 and 20. 





© 382 £2135 
8 Sade Be 


At the junction of the greater diagonal and greater perpendicular; the proportion is as diagonal 
sixty-three to the complement* fifty and two fifths, so, to the segment twenty-six and two-fifths, 
what? or rendered homogeneous, -4 | 63 | na |. Answer: 33. Itisthe lower portion of the 


diagonal. Again, as the same complement is to the least perpendicular, so is the above men- 
tioned segment to what? Statement: 258 | 28° | 132 | Answer: 194. Itisthe lower por- 


tion of the perpendicular. Subtracting these from the whole diagonal 63 and entire perpendicular 
444, the remainders are the upper segments of the diagonal and perpendicular; 30 and 25. 

Next, at the junction of the less diagonal and less perpendicular: as the complement thirty-three 
and three-fifths is to the diagonal fifty-six, so is the segment nine and three-fifths to what? State- 
ment: 332 | 56| 923 |. Answer: 16, the lower portion of the diagonal. So, putting the perpen- 
dicular for the middle term, the lower portion of the less perpendicular comes out 124. By sub- 
traction from the entire diagonal and perpendicular, their upper segments are obtained 40 and 25. 

In like manner, for any given question, the solution may be variously devised with the segment 
of the base for side, the segment of the perpendicular for upright, and the segment of the diagonal 
for hypotenuse. 

The operation on the needle is next exhibited 





The segments of the base on either side of the perpendicular let fall from the top of the needle 
come out 41 42 and 18 $t With either of these segments the mean perpendicular is found by 
proportion : if the least segment 92 give the least perpendicular 374, what does the segment 
18 $ give? Answer: 7143. It is the perpendicular let fall from the summit of the needle. In 
the same manner, with the greater segment, the same length of the perpendicular is deduced. 

Next, to find the sides of the needle: As the least perpendicular is to the side thirty-nine, so is 
the middle perpendicular to what? Statement: 37 4] 39 [7143. Answer: 73 43;. Or the side 
may be found from the segments: thus 92 | 39 | 182%;. Answer: 73 ; as before. To find the 

* Swa-yuti. See nole to § 25. A : 


t The text relative to the method of finding these segments is irretrievably corrupt; and has been therefore omitted 
ia the version. 
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greater side: As the greater perpendicular is to the side fifty-two, so is the perpendicular of the 
needle to what? 444 |52|7142|. Answer: 8249. Or proportion may be taken with the: 
segments of the base: 262 | 52] 4142]. Answer: 824%, as before. See figure [as above]. 
Now to find the intersections [of the prolonged sides and perpendiculars]. If the segment of 
the base belonging to the greater perpendicular, or 26 3, answer to that perpendicular, 444, what 
will the segment 502 answer to? Answer: 85 22, the perpendicular prolonged to the intersection. 
Again: As the greater perpendicular 44 4 is to the side 52, so is the perpendicular of the inter- 
section 8522 to what? Answer: 99,3, the side of the figure. In like manner to find the per- 
pendicular of the second figure of intersection: If the segment of the base appertaining to the less 
perpendicular answer to this perpendicular, what does the segment thirty-three and three-fifths 
correspond to? Answer: 132-5,, the perpendicular of second figure. To find the side of the 
same: As the least perpendicular 37 ¢ is to the side 39, so is the perpendicular just found 132-5, 
to what? Answer: 136}, the side. Or it may be found from the segments. Thus, as the seg- 
ment answering to the least perpendicular, 93, is to the side 39, so is the segment 33 2 to what? 
Answer: the greater side 1363 as before. See figure of the needle with the intersections and per- 
pendiculars. 





In like manner, the flank intersections* are computed. If the segment appertaining to the 
greater perpendicular 26 2 answer to that perpendicular, what will the segment 60 correspond to? 
Answer: 101%. To find the side of the same: As the segment of the base for the greater per- 
pendicular is to the side fifty-two, so is the segment sixty to what? 262]52|60]. Answer: 
118%. So, on the other part: If the segment of the base for the less perpendicular answer to 
that perpendicular, what will the segment sixty correspond to? 9% | 374 |60|. Answer: 
236}. To find the side: As the least segment is to the side thirty-nine, so is the segment sixty to 
what? 923 |39]|60. Answer: 2423. See i 





= Pérswa-péta, .the intersection of the prolonged flank and perpendicular raised at the extremity of the base. 
R R 
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' 33. The sum of the squares of two unalike quantities are the sides of an 
isosceles triangle; twice the product of the same two quantities is the per- 
pendicular ; and twice the difference of their squares is the base.* 

. 34. The square of an assumed quantity being twice set down, and divided 
by two other assumed quantities, and the quotients being severally added to 
the quantity first put, the moieties of the sums are the sides of a scalene 
triangle: from the same quotients the two assumed quantities being sub- 
tracted, the sum of the moieties of the differences is the base.? 


35.4 The square of the side assumed at pleasure, being divided and then 


“In the top above the summit of the trapezium a distribution of the figure is to 





be in like manner made by proportions selected at choice. 

Since every where the segment of the base is a side, the corresponding perpendicular an upright, 
and the flank an hypotenuse, the several lines above-stated may be found in various ways by the 
rule, that subtracting the square of the upright from the square of the hypotenuse, the square-root 
of the residue will be the side; or that subtracting the square of the side, the root of the remainder 
will be the upright. 

“In the same manner, in tetragons with two or three equal sides, the perpendicular of the needle 
and its segments of the base are to be found. But there can be no needle to an karra tetra- 
gon, nor to an oblong. Cu. 

-T To find an equicrural triangle ; preparatory to showing a rectangular one. The next follow- 
ing rule (§ 34) is for finding a scalene triangle. ° An equilateral one may consist of any quantity 
assumed at pleasure for the side; since all the sides are equal. Cn. 

‘+ Example: Let the unalike quantities be put 2 and 3. Their squares are 4 and 9; the sum 
of which is 13; and the sides are of this length. Twice the product is 12; and is the perpendi- 
lar. Again, the squares of the same number are 4 and 9: the difference is 5; which multiplied 
by two makes 10, the base. [See § 22.] Cn. 

3 Example: Let 12 be assumed. Its square is 144. Put the two numbers 6 and 8; and 
severally divide: the quotients are 24 and 18: which, added to the number originally put, make 
36 and 30, the moieties whereof are 15 and 13, the twosides. The same quotients, 24 and 18, 
less the assumed numbers 6 and 8, make 18 and 10; the moicties of which are 9 and 5: and the 
sum of these, 14, is the base.—Cu, [See § 22.] 

+ To find an oblong tetragon, The equilateral tetragon may be assumed with any quantity: 
since all the sides are alike—Cu. The subsequent rules, §36—38, deduce tetragons with two 
and three equal sides or with all unequal. 
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lessened by an assumed quantity, the half of the remainder is the upright of an 
oblong tetragon ; and this, added to the sameassumed quantity, is the diagonal? 


36. Let the diagonals of an oblong be the flanks of a tetragon having 
two equal sides. The square of the side of the oblong, being divided by an 
assumed quantity and then lessened by it, and divided by two, the quotient 
mereased by the upright of the oblong is the base; and lessened by it is the 
summit.* 


+ a 


37. The three equal sides of a tetragon, that has three sides equal, are thie 
squares of the diagonal [of the oblong]. The fourth is found by subtracting 
the square of the upright from thrice the square of the [oblong’s] side. If it 
be greatest, it is the base; if least, it is the summit.' 


38. The uprights and sides of two rectangular triangles reciprocally mul- 
tiplied by the diagonals are four dissimilar sides of a trapezium. The greatest 
is the base; the least is the summit; and the two others are thie flanks.* : 


_* Example: Let the sidé be put 5. Its square is 25, which divided by the assumed quantity. 


one makes 25; and subtracting from this the same assumed quantity, half the remainder is 12, and 
isthe upright. This added to the assumed divisor is the diagonal 13.—Cu. [See § 21 and 23.] 

> Example: If the diagonal of the oblong be thirteen, the side twelve and the upright five; 
what tetragon with two equal sides may be deduced from it? The diagonals 13 and 13 are the 
flanks. The square of the side 12 is 144. Divided by an assumed number 6, it gives 24; from 
which subtracting the number put 6, remains 18; the half whereof is 9. This with the upright 
5 added, makes 14, the base. Again, the same moiety 9, with the upright 5 subtracted, leaves 
4, the summit.—Cu. [See § 21 and 23.] 

3 Example: Find a tetragon with three equal sides from an oblong the diagonal of which is 
five, the side four, and upright three. Square of the diagonal 25; the length of the sides. Square 
of the side 16, tripled, is 48: from which subtracting 9, the square of the upright 3, the remainder 
39 is the base. Or let the side be three and upright four. Square of the side tripled is 27 ; and 
subtracting from this the square 16 of the upright 4, the remainder 11 is the summit—Cu. [See 
§21 and 26.] 

* Example: Jn one oblong the diagonal is five, the upright three, and the side four. In the 
second the diagonal is thirteen, the upright twelve, and the side five. ‘The uprights and sides of 
each of the two rectangular triangles, viz. 12, 5, 3, and 4, being multiplied by the diagonal (hy- 
potenuse) of the other, give 60, 25, 39 and 52. Here the greater number 60 is the base; the 
least 25 is the summit; the remaining two, 39 and 52, are the flanks——Cu. [See § 21 and 28.] 


d 25 
a3 
i 39 
D 5 
[2 
5 60 
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39.1 The height of the mountain, taken into a multiplier arbitrarily put, 
is the distance of the town. That result being reserved, and divided by the 
multiplier added to two, is the height of the leap. The journey is equal.® 


_ 40. The diameter and the square of the semidiametcr, being severally 
multiplied by three, are the practical circumference and area. The square- 
roots extracted from ten times the squares of the same are the neat 
values. 


* Within an oblong tetragon, to describe a figure such, that the sum of the side and one portion 
of the upright may be equal to the diagonal and remaining portion of the upright: so as the jour- 
neys may be equal.—Cn. See Lildvati, § 154, and Vija-ganita, § 126; where the same problem 
is introduced : substituting, however, in the example, a tree, an ape and a pond, for a hill, a 
wizard and a town. e p 

* Example: On the top of a certain hill live two ascetics. One of them, being a wizard, travels 
through the air. Springing from the summit of the mountain, he ascends to a certain elevation, 
and proceeds by an oblique descent, diagonally, to a neighbouring town. The other, walking 
down the-hill, goes by land to the same town. Their journeys are equal. I desire to know the 
‘distance of the town from the hill, and how high the wizard rose. 

This being proposed, the rule applies; and its interpretation is this : any elevation of the moun- 
tain is put; and is multiplied by an arbitrarily assumed multiplier: the product is the distance of 
the town from the mountain. Then divide this reserved quantity by the multiplier added to two, 
the quotient is the number of yéjanas of the wizard’s ascent. The sum of the hill’s elevation and 
wizard’s ascent is the upright; the distance of the town from the mountain is the side: the square- 
root of the sum of their squares is the diagonal (hypotenuse): it isthe oblique interval between the 
town and the summit of the rise. 

Thus, let the height of the mountain be twelve. This, multiplied by an arbitrarily assumed mul- 
tiplier four, 12 by 4, makes 48. It is the distance of the town from the hill. his divided by the 
multiplier added to two, 48 by 6, gives 8. It is the ascent. Flere the upright is 20: its square 
is 400. The side is 48; the square of which is 2304. The sum of these squares is 2704; and 
its square-root 52. The semirectangle* is thus found. Here also the sum 


$ 





of the side and lower portion of the upright is 60, the journey of one of the ascetics: and the 
tipper portion added to the hypotenuse is that of the other, likewise 60. r 
The author will treat of rectangular triangles and surd roots, in the chapter on Algebra (cuttacé- 
Phydyat) under the rule, which begins, “ Be a surd the perpendicular, [ts square, &c.” We also 
shall there expound it. : Cu. 
3 Example: Ofacirele, the diametcr whereof is ten, what is the circumference? and how 
much the area? 


e Ayutárd'ha, half an oblong. 
$ See Brahm. Alg. $26. 
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41. In a circle the chord is the square-root of the diameter less the arrow 
taken into the arrow and multiplied by four... The square of the chord di-. 
vided by four times the arrow, and added to the arrow, is the diameter.’ _ 


Statement : ae Diameter 10, multiplied by three, 30; this is the gross circum- 


ference. Semidiameter 5: its square 25; tripled, 75; the gross area for practice. 

Diameter 10: its square 100, multiplied by ten, 1000. The surd root of this is the circum- 
ference of a circle the diameter whereof is ten. Square of the semidiameter 25: This again 
squared and decupled is 6250. Its surd-root is the area of the circle. Cu, 

* Example: Within a circle, the diameter of which is ten, in the place where the arrow is 
two, what is the chord? 

Diameter 10: less the arrow 2; remains 8. This multiplied by the arrow makes 16; which 
multiplied by 4, gives 64: the square-root of which is 8. See figure E a 


| oe 


The principle of the rule for finding the square of the chord (in the construction of tabular sines) 
is here to be applied. But the square is in this place multiplied by four, because the entire chord 
is required. Cır. 

* Example: Chord 8. Its square 64, divided by four times the arrow 2, viz. 8; gives the 
quotient 8: to which adding the arrow, the sum is 10. 

Example 2d: A bambu, eighteen cubits high, was broken by the wind. Its tip touched the 
ground at six cubits from the root. Tell the length of the segments of the bambu. 

Statement: Length of the bambu 18. It is the diameter less the least arrow.* The ground 
from the root, to the point where the tip fell, is6: it is the semichord. Its square is 36. This is 
equal to the diameter less the arrow multiplied by the arrow. Dividing it by the diameter less the 
arrow, viz. 18, the quotient is 2. Itis the arrow. Adding this to the diameter less the arrow, the 
sum is the diameter, 20. Half of this, 10, is the semidiameter. It is the upper portion of the 
bambu and is the hypotenuse. Subtracted from eighteen, it leaves the upright, or lower portion 
of the bambu, 8. The side is the interval between the root and tip, 6. The point gf fracture of 
the bambu is the centre of the circle. See figure = 

i 


Nt dae” 
Example 3d : ka limpid water the stalk of a lotus eight fingers long was to be seen.ț sessssrsssse 
That visible [portion of ] stalk is the smaller arrow. The place of submersion, 24, is the semi- 


* What is termed by us “ diameter less lhe arrow,” is by Arva-suatra denominated the greater arrow. For he 
says, ‘ In‘acircle tbe produet of the arrows is equal to the square of the semichord of both arcs.’ Cu. 
t The remainder of the passage, in which the question was proposed, is wanting. 


é 
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42." Half the difference of the dtameter and the root extracted from the 
difference of the squares of the diameter and the chord is the smaller arrow.’ 


chord. From the square of this [semi-]chord 576 divided by the smaller arrow 8, the quotient 72 
is obtained, which is the greater arrow. The sum of both arrows, viz. 80, is the diameter of the 
circle. Its balfis 40, the semidiameter. It is the hypotenuse, and is the length of the stalk of 
lotus. Subtracting the smaller arrow, the remainder is the depth of water and is the upright 32. 
The side is the space to the place of submersion and is the semichord. See ~ 


& 


Example 4th: A cat, sitting on a wall four cubits high, saw a rat prowling eight cubits from 
the foot of the wall. The rat too perceived the puss and hastened towards its abode at the foot of 
the wall; but was caught by the cat proceeding diagonally an equal distance. In what point 
within the eight cubits was the rat caught; and what was the distance they went? Tell me,if thou 
be conversant with computation concerning circles. 

Statement: Height of the wall 4. Distance to which the rat had gone forth 8. These are 
semichord and greater arrow. The square of the semichord, 16, being divided by the greater 
arrow 8, the quotient is the smaller arrow 2. The sum of both arrows is the diameter 10. Its 
half is the semidiameter 5. It is the rat’s return. Subtracting it from the eight cubits, the re- 
mainder is the interval between the foot of the wall and point of capture, or upright 3. The side 
is 4. The root of the sum of their squares is the hypotenuse: it is the cat’s progress, and is equal 
to the rat’s progress homewards.* 

Let the figure be exhibited as before. In the centre of it is the place of capture. hss 


r 
4 


4 


_ In like manner other examples may be shown for the instruction of you th. Else all this is ob- 


vious, when the relation of side, upright and hypotenuse is understood. Cu. 
t The chord and diameter being given, to find the smaller arrow. And, when two circles, the 
diameters of which are known, cut each other, to find the two arrows. Ch. 


2 ‘Example: Chord 8. Its square 64. Diameter 10. Its square 100. Difference 36. Its 
root 6. Subtracting this from the diameter 10, the moiety of the remainder is 2 and is the smaller 
arrow. 
` The same figure is here contemplated. Within it let an oblong be inscribed, with the chord for 
its side, the difference between the diameter and twice the arrow for its upright, and the entire 


diameter for its diagonal. It is this Here, the square-root of the difference between 





the squares of the diameter and chord is equal to the root of the residue of subtracting the square 
of the side from the square of the diagonal, and is-the upright: and, that being taken from the 
diameter, two portions remain equal to the smaller arrow, one at either extremity. Hence the 
rule §42. Let all this be shown on the figure. Ch. 


* The three last instances are imitated in Buascara’s Lilévati, § 148—153, and Vij.-gań. § 124—125 and 139. 
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The erosion’ being subtracted from both diameters, the remainders, multi- 
plied by the erosion and divided by the sum of the remainders, are the arrows.’ 


43.5 The square of the semichord being divided severally by the given 
arrows, the quotients, added to the arrows respectively, are the diameters.* 
The sum of the arrows is the erosion: and that of the quotients is the residue 
of subtracting the erosion.’ 


* Grdsa, the erosion, the morcel bitten; the quantity eclipsed. 

Samparca, intersection. 

2 Example: The measure of Ráhu is fifty-two; that of the moon, twenty-five: the erosion is 
seven. 

Diameters 52 and 25. Remainders after subtracting the erosion 45 and 18. These multiplied 
by the erosion, make 315 and 126: which, divided by the sum of the residues 63, give 5 and 2, 
for the segments cut by a chord passing through the points of intersection of the circles. The 
arrow of Réhu is two; that of the moon five. See 





Here the erosion is the profit; and the diameters less the erosion, are the contributions; and the 
segments are found by the rule, § 16. The greater quotient belongs to the least circle; and the 
less quotient, to the greater circle. Cr. 

3 In the like case of the intersection of two circles, the chord and arrows being known, to find 
the diameters: And, the diameter and arrows being given, to deduce the quautity eclipsed and 
the residue. Cu. 

4 Example: The intersection of the circles last mentioned. 

Chord 20, Its half 10: the square of which is 100. Divided by the two arrows severally, viz. 
5and2; the quotients are 20 and 50: which, with the arrows respectively added, make 25 and 
52, They are the diameters. See foregoing diagram. 

Demonstration: So much as is the square of the semichord, is the square of greater and less 
arrows multiplied together. The quotient of the division thereof by the less arrow is the greater 
arrow; and the sum of the greater and less arrows is the diameter, as even the ignorant know. 

Ci. 
$ Example: The arrows just found, 5 and 2. Theit sumis-7. It is the erosion or quantity 


eclipsed. The quotients 20 and 50. Their sum 70. It is the residue, subtracting the erosion 
[from the sum of the diameters]. 


‘The principle is here obvious. Cu. 


SECTION V. 





EXCAVATIONS. 


44. Tue area of the plane figure, multiplied by the depth, gives the con- 
tent of the equal [or regular] excavation; and that, divided by three, is the 


content of the needle." 

In an excavation having like sides [length and depth] at top and bottom, 
{but varying in depth,] the aggregates? [or products of length and depth of 
- the portions] being divided by the common length, [and added together, ] give 


the mean depth. 


45—46. The area, deduced from the moieties of the sums of the sides at 
top and at bottom, being multiplied by the depth, 1s the practical measure 


* Example: ‘Tell the content of a well, in which the sides are ten and twelve, alike above and 
below, and the depth five. 


-y Here the area is 120: which, multiplied by the depth 5, gives 
et 12 the content in cubic cubits, 600. 


10 í 


In the like instance, if the well terminate in a point, the foregoing divided by three gives 200, 
the content of the needle or pyramid. ‘ 

2 Aicya, lit. aggregate: explained by the commentator the product of the length and depth of 
the portions or little excavations differing in depth. 

Ecégra, the whole of the long side which is subdivided. 

Sama-rajju, equal or mean string: the mean or equated depth (sama-béd’ha). 

3 Example: A well thirty cubits in length, and cight in breadth, ‘comprizes within it five por- 
tions of excavation, by which the side is subdivided into parts measuring four, &c. [up to eight]. 
The depth severally measures nine, seven, seven, three and two. Say quickly what is the mean 
string [mean depth] of the excavations. 
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ł 


of the content. Half the sum of the areas at top and at bottom, multiplied 
by the depth, gives the gross content. Subtracting the practical content 
from the other, divide the difference by three, and add the quotient to the 
practical content, the sum is the neat content. 


\ 
Statement: Here the aggregates in their order are 


e 


36, 35, 42, 21, 16. These, divided by the whole length 30, give 4$ $5 4 $3 44; which 
added together make 159; the quotient is the mean depth 5. ‘The area of the plane figure 240, 
multiplied by that, is 1200.’ It is the solid content of the entire excavation. It may be proved by 
adding together the several contents of the parts: viz. of the Ist, 288; of the 2d, 280; of the 3d, 
336; of the 4th, 168; of the 5th, 128: total 1200. 

* Vyavahérica, designed for practical use. 

Autra, gross. [The etymology and proper sense of the term are not obvious; and are unex- 
plained.] 

Sicshma, neat, or correct. 

* Example: A square well, measured by ten cubits at the top and by six at the bottom, is 
dug thirty cubits deep. Tell me the practical, the gross, and the neat contents. 

Here the side at the top is 10; that at the bottom is 6. The sum of these is 16; its moiety 8. 
The same in the other directions, 8. The area with these sides is 64; which, multiplied by the 
depth 30, makes 1920. It is the practical content. 

Sides at the top 10, 10. Area deduced from them 100. Sides at the bottom 6, 6. Area de- 
duced from these 36. Sum of the areas 136. Its half 68; multiplied by the depth 30, makes 
2040. It is the gross content. ; 

- Subtracting the practical content from this, the difference is 120. Divided by three, it oe 
40. Adding this to the practical content 1920, the sum is 1960 the neat content. 





~ ai 
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SECTION VI. 


$ 





a = 


STACKS.’ - 


ı 47. : Tue area of the. form [or section]* is half the sum of the breadth at 
bottom and at top multiplicd by the height: and that multiplied by the 
length is the cubic content: which divided by the solid content of one brick, 
is the content in bricks.’ 


* There is no difference in principle between the measure of excavations and of stacks; unless 
that what is there depth is here height. Every thing else is alike in both. Cu, 

? Acriti: the form or shape of the wall, as it appears in one cubit’s length, according to its 
height and the thickness at bottom and top.—Cn. Section of the wall. 

‘3 Example lst: Telt the content of a stack whichis a hundred cubits in length ; five in thick- 
ness at bottom, uy three at top; and seven high. 


- stat t: 
*Stateme T< 


+ adj 

Breadth at top f at bottom . >. s. Its half 4, multiplied 7 7, 1s 28: which, multiplied 
by the length 100, makes 2800. So many are the cubic contents in the wall. The dimensions of 
a brick may be arbitrarily assumed. Say a cubit long; half of one broad ; and a sixth part thick. 
Statement : 4 4h. $e, Product qy. The whole cubic amount 2800, divided by that, gives 33600 
for the number of bricks. 

Example 2d: A sovereign piously caused a quadrangle to be built for a coiii the wall 
measuring a hundred cubits without and ninety-six within, and seven high, with a gate four by 
three, and wickets half as big on the sides. How many bricks did it contain? 


100. 
5G Tiere the area of the exterior figure is 10,000: 


Statement: that of the interior one 9216. The difference 
is 784. It is the area of the figure covered by. 
the walls. Multiplied by the height 7, it 
gives the content 5488; from which subtract~ 


~~ 
1 12 s 
bo * ing the gates 36, the remainder is the exact 
cubic content 5452. Dividing this by the 
content of a brick 45, the quotient is the num- 
ber of bricks 65424. 
gw 
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48—49. Tune product of the length and thickness ìn fingers, being mul- 
tiplied by the number of sections and divided Dy forty-two, is the measure in 
cishcangulas.' That quotient, divided by ninety-six, gives the work,’ if 
the timber be sdca or the like ;* but, if it be sdlmali, the divisor is two hun- 
dred; if vijaca, a hundred and twenty; if sdla, sarania and the rest, one 
hundred; if sapta-vidaru, sixty-four.* 


t Aydma, breadth, or rather (dairghya) length. Vistéra, width, or rather (ghanatwa) thick- 
ness. Márga, the way or path of the saw; the section. Ctshcanguda, a technical term in use with 
artisans. Carman, the work; that is, the rate of the workman's pay: a technical use of the term. 

Cir. 

< Sáca, Tectona grandis. Sélmali, Bombax heptaphyllum: it is the softest wood used for tim- 
ber. Vijaca, Citrus medica. Sála, Shorea robusta. Sarara, same with Sarala? Pinus longi- 
folia, Viddéru, not known. C'hadira, Mimosa ¢atechu ; the hardest wood employed as timber. 

The following passage of ARYa-BHATTA is cited by GaN£Sa in his commentary on the Lilévati. 
‘ The product of the breadth [or length} and thickness, in fingers, being multiplied by the intended 
sections, and divided by five hundred and seventy-six, the quotient isthe (p’hala) superficial 
measure of the cutting, provided the timber. be C’hadira(Mimosa'catechu). , If the wood be Srtparni 
( ), Sécaca (Tectona grandis), &c. the divisor should be put three hundred and fifty ; 
if the wood be Jambu (Eugenia Jamboo), Vija (Citrus medica), Cadamba (Nauclea orientalis and 
Cadamb), or mii (Tamarindus indica), it should be twenty less than four hundred. The divisor 
should be two hundred and fifty, if the timber be Séla, Amra and Sarala (Shorea robusta, Mangi- 
fera indica and Pinus longifolia). If it be Sélmali (Bombax heptaphyllum), &c, the divisor is two 
hundred. Money is to be paid according to the divisor.’ s 

3 Example: A seasoned timber of (Vijáca) citron wood, ten cubits in length and six wen in 
width [thickness], is sawed in seven sections. Say what is the price of the labour, if the rate of 
work be eight panas. : 


e 
€ 


D 





Statement: 7 


SSS 





Product of tle thickness 6, by the length 240, is 1440. 











r 


240 i 
Multiplied by 7, it makes 10080; which, divided by forty-two (42), gives 240. These are Tish- 
cangulas. The timber being wood of the V íja tree, that is divided by one hundred and twenty, 
‘The quotient is the quantity of the work, 2. Multiplied by the rate of the pay, viz. 8, the product 
is the number of panas 16, Thisamount is to be paid to the artisan. Cu. 
ssf 
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MOUNDS OF GRAIN. 


50. Tux ninth part of the circnmference is the depth [height] in the case 
of bearded corn; the tenth part, in that of coarse grain; and the eleventh, 
in that of fine grain! The height, multiplied by the square of the sixth 
part of the circumference, is the content.” 


4 


51. The circumference of a mound resting against the side of a wall, or 
within or without a corner, is multiplied by two, by four, or by one and a 
third; and, proceeding as before, the content is found; and that is divided 
by the multipher which was employed. 


= Stein, bearded: corn: viz. rice, as shashtica* and the rest.. < 
Sthila, coarse grain: barley; &c. : 
Anu, fine grain :- mustard and the like. Cir.. 


2 The content, as thus found, is the number of solid cubits; (the circumference having been 
taken with the cubit:) and thence the number of prast’has is to be deduced _by the rule of three, 
according to the proportion of the cubit to the particular prast‘ka in use.—Cu. It is the content 
in solid cubits or c’hdris of Magad’ha.—Gan. sdr. Ch. 12. 

- 3 Example: What is the content ofa mound of rice upon level: ground, the-circumference 
‘ being thirty-six ? = 

Statement: Circum. 36. Its ninth part 4. This is the licight of the mound. The sixth part 
of the circumference of the mound is 6; its square is 36: multiplied by the height, it makes 14+, 
the content of the mound in. cubits. 

Example 2d: <A mound of barley, the circumference of which is thirty? Answer: 75. 

Example 3d: A mound-of mustard seed, sixty-six cubitsin circumference? Answer: 726. 

Example 4th: A mound of rice resting against a.wall, and.measuring eightecn? 

18 doubled is 36. With this circumference the content found as before is 144; which, divided. 
by the particular multiplier 2, gives 72, the solid content in cubits of the portion of a mound. 

Example 5th: A mound of rice resting against the outer angle of a wall and measuring twenty- 


% 


seven? ~ 
.27 multiplied by one anda third makes 36, the circumference. Hence the content 144; which, . 


divided by the particular multiplier 4, gives 108, the content of a mound that is a quarter less than 


a full one. 7 


© Shashtiea or Shasti ; valg. Sati (Hind): so named because it is sown and reaped in siaty days. Oryza sativa; var. 
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SECTION IX. 





MEASURE BY SHADOW. 


- 52.4 Tue half day being divided by the shadow (measured in lengths of 
thegnomon) added to one, the quotient is the elapsed or the remaining 
portion of day, morning or evening. The- half day divided by the elapsed 
or remaining portion of the day, being lessened by subtraction of one, the 
residue is the number of gnomons contained in the-shadow.? 


53.5 The distance between the foot of the light and the bottom of the 
gnomon, multiplied by the gnomon of given length, and divided by-the. dif- 
ference between the height of the light and the gnomon, is the shadow.‘ 


* To find the time from the shadow ;- and the shadow from the time. a Cu, 

2 This rule being useless, no example is given. It dues not answer for finding either the shadow 
of the time, ina position even equatorial ; but has been noticed by the author in this place, copying 
earlier writers of treatises on computation. Cu. 

See the coneluding chapter of Snip’naRa’s Gebiiteed ira, where the same rule is given,, and 
examples of it subjoined. i e 

3 Given the length of the gnomon standing at a known distance from the foot of a faut | in a 
known situation, to find the shadow. j : Cu. 

* Example: The height of the light to the tip of- the. flame is a alll Toman. [The distance 
a hundred and ten. The gnomon twelve.*] 

110, multiplied by the gnomon 12, is 1320. . Subtracting the gnomon 12 from the height 100, the 
remainder is 88. Dividing by this, the quotient is 15,.the shadow of a gnomon twelve fingers 
high. 

Here the rule of three terms is applicable: if an upright equal ‘to the difference of the two 
heights answer to a side equal to the interval of ground between the foot of the light and the 
gnomon, what will answer to the given gnomon ?. See 


3 


100 





* The test is deficient: but is supplied by the operation in the sequel. . 
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54. The shadow multiplied by the distance between the tips of the 
shadows and divided by the difference of the shadows, is the base. The 


base, multiplied by the gnomon, and divided by the shadow, is the height 
of the flame of the light.? 


1 The difference between two positions of the gnomon being known, to find the distance between 
the foot of the light and gnomon; and the elevation of the light: Cit. 

+ The shadow of a gnomon twelve fingers high is in one place fifteen fingers. The gnomon being 
removed twenty-two fingers further, its shadow is eighteen. The distance between the tips of the 
shadows is twenty-five. The difference of the length of the shadows is three. 

Distance between the tips of the shadows 25. By this multiply the shadows 15 and 18: the 
products are 375 and 450; which, divided by the difference of the shadows 3, give the several 
quotients 125 and 150. They are the bases; that is, the distances of the tips of the shadows from 
the foot of the light. 


100 





: 
. 150 110 40 

The grounds or bases 125 and 150, multiplied by the gnomon 12, make 1500 and 1800; which, 
divided by the respective shadows, give thé quotients 100 and 100; or the elevation of the light, 
alike both ways. ’ i eth 

Here also the operation of the rule of three is applicable: ‘ If to the difference of the shadows 
answers a side equal to the distance between the tips of the shadows, what will answer to the length 
of the shadow?’ The answer is a side, which is the distance of the foot of the light to the tip of 
‘the shadow. ` am oe = r 

‘So to find-the upright, the proportion is: ‘If an upright equal to the gnomon answer to a side 
equal to the shadow, what will answer to a side equal to the base ? The answer gives the height 
of the flame of the light. 


i 
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SECTION X. 





SUPPLEMENT. 


55.* THE multiplicand is repeated like a string for cattle,? as often as there 
are integrant portions? i in the multiplier, and 1s O iy multiplied by them, 
and the Thh are added together: it‘is multiplication. Or the multipli- 
cand is repeated as many times as there are component parts in the multiplier.* 


* In the rule of multiplication ($ 3) it is said ‘The product of the ein are divided by the, 
products of the denominators is multiplication.” But how the product is obtained was not explained. i 


On that account the author here adds a couplet to show the method of multiplication. Cm.. ; 
* Go-sitricd ; a rope piqueted at both ends; with separate halters made fast to it for each ox. 
or cow. ‘ 


p 
Alei 4 


3 Chanda ; portions of the quantity as they stand; contrasted with bhéda, segments or divisions; 
being component parts, which, added together, make the whole; or aliquot parts, which, multiplied, 
together, make the entire quantity. 

4 Example: Multiplicand two hundred and thirty-five. Multiplicator, two hundred La 
eighty-eight. | 





The Multiplicator is repeated as often. as there are portions in the tmultiplicator: 235 | 2 Fla 
IP B | 
: 235| 8 
Multiplied by the portions of the multiplier in their order, there results 470: a added 
18801,+. .; À 
1880 


together according to their places, make 67680. 
Or the multiplicand is repeated as often as the parts 9, 8, 151, 120; and multiplied by them 


235 9 2115 The sum is the quantity resulting from multiplication, as before, 67680. 
235 8 1880 i 


235 151 35485 
235 120 28200 


Or the parts of the multiplier are taken otherwise: as thus 9,°8, 4; the continued multipli- 
eation of which is equal to the multiplier 288. So with others. And the multiplicand is succes- 
sively multiplied by those divisors, which taken into each other equal the multiplicator. Thus 
the multiplicand 235, multiplied by 9, makes 2115; which, again, taken into 8» gives 16920; 
and this, multiplied by 4, yields 67680.. w om n z 

This method by parts is taught by ScaNDA-SENA and aias. In like manner the other methods 


of multiplication, as ¢at-st’ha and capdta-sand'hi, taught by the same authors, may be inferred by 
the student’s own ingenuity, Ci, 
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56. If the multiplicator be too great or too small,’ the multiplicand is to: 
be multiplied by the excess or defect as put; and the product of the multi- 
plicand by the quantity so put is added or subtracted.* 


57. The quotient of a dividend by a divisor increased or diminished by 
an assumed quantity,’ is reserved; and is multiplied by the assumed quan- 
tity, and divided by the original divisor; and the quotient of this division, 
added to, or subtracted from, the reserved quantity, is the correct quoticnt.* 


58. The product of quotient and divisor,’ being divided by the multi- 
plicator, is the multiplicand; or divided by the ic, is the multi- 


Sripwara’s rule is as follows : ‘ Placing the multiplicand under the multiplying quantity in the 
order of the foldings (capéta-sand’hi crama), multiply successively, in the direct or in the inverse 
order, repeating the multiplier each time. This method is termed capéta-sand’hi.* The next is 
termed tat-st’ha, because the multiplier stands still therein (tasmin tishthati). By division of the 
form or separation of the digits (répa-st’héna-vibhéga) that named from parts (c’hartda) becomes 
two-fold. These are four methods for the operation of multiplication (pratyutpanna).'—Gan.-sér. 
§ 15—17. 

When the quantity to be multiplied has by mistake been multiplied by a na too 
great or too small; to correct the error in such case, the author adds a couplet. Ci. 

* Example: Multiplicand 15; multiplicator 20. This multiplicand has, by mistake, been mul- 
tiplied by four more, viz. by 24. The productis 360. Here the number put is £; and multipli- 
cand 15: their product 60. It is subtracted from the number as multiplied: and, with a reproof 
to the blundering calculator, he is told “ the true product is 300.” 

Or the multiplicand has been multiplied by four less; viz. 16; and the product stated is 240, 
Here the product of the multiplicand and number put is 60; which is added, as the multiplication 


was short; and the correct result is 300. Ci. 
3 When the dividend has been divided by a divisor increased or diminished by an assumed 
quantity; to correet the quotient. Cr, 


4 Example: Dividend 300. Original divisor 20. 

The division being made with that increased by four, viz. 24, the quotient was 124. This is 
reserved, and is multiplied by the assumed number 4: product 50 : whence, by tbe original divisor, 
the quotient is had 24., This, added to the reserved quantity 124, makes 15. 

- Or the same dividend 300, being divided by four less than the right divisor, viz. by 16, the 
quotient was 18%. This multiplied by the assumed number 4, makes 75; which divided by the 
original divisor 20, yiettis 32: and this quotient, subtracted from the reserved quantity 18 ž, 


leaves 15. Cir. 
S Of multiplicand, multiplicator, divisor and quotient, to find any one, the rest being known, 
Ci. 


A 


* From capéta, a folding door, and sand’hi, junction. 





SECTION X. -SUPPLEMENT. 321 


plicator ; ; the product of multiplicand and multiplier, divided by the divisor, 
is the Rozi or divided by the quotient, is the divisor.’ 


59. Iftwo of the quantities, whether miaa and multiplicator, or 
divisor and quotient, be wanting,’ [the given quantities are to be changed 
for the others, and arbitrary quantities to be put in their places.*]* 


60. -Multiply the multiplicand or the multiplicator by the denominator 
of the divisor: and the divisor is to be multiplied by the denominator of the 
multiplicand, and by that of the multiplicator.’ 


61. Making unity denominator of an iuteger, let all the rest of the pro- 


* Example: Divisor 20; multiplicand 32; multiplicator 5; quotient 8. 

First to find the multiplicand. The product of divisor and quotient, 20 and 8, is 160: which, 
divided by multiplicator 5, gives 32. 

Next for the multiplicator. The product of divisor and quotient is 160; which, divided by the 
multiplicand 32,‘ yields 5. 

Then for the quotient. The product of the multiplicand and multiplier, 32 and 5, is 160 : 
which, divided by the divisor 20, affords 8. : 

-> Lastly, for the divisor. The product of the multiplicand and multiplier is 160:_which, divided 
by the quotient 8, produces 20. - Cu. 

* If a couple of the quantities be wanting [that is, unknown], to find them. Cu. 

3 The text is deficient in the manuscript; but is here supplied from the commentator’s gloss. 

* Example: Divisor 20; multiplicand 32; multiplier 5; quotient 8. 

The multiplicator and multiplicand being wanting; the divisor and quotient are 20 and 8. These 
are put for multiplicand and multiplicator. Their product is 160. . Hence, putting four for the 
quotient, the divisor is found 40; or putting eight, it is 20: and so on arbitrarily. Or the arbi- 
trary number may be the divisor; whence the quotient is to be deduced: and so on variously. 

Or, the divisor and quotient being wanting, the. multiplicand and. multiplicator are 32 and 5, 
These are converted into. divisor and quotient, or quotient.and divisor. Their product is 160- 
Putting ten, an assumed quantity, either for the multiplicand or for the multiplicator ;. the other, 
namely multiplier or multiplicand, is deduced 16: or, putting five, the number deduced is 32. So, 
a hundred different ways. » Ci, 

> To make the terms homogeneous in the rule of three.—Ca. It it the same in effect with that 


_ before delivered and expounded. § 4. Ib. 


TMN 
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cess be as above described.t| The divisor and’ multiplicator, or divisor and 
multiplicand,* are to be abridged by a common measure.’ s ; 


62. . The integer, multiplied by the sexagesimal parts of the fraction be- 
longing thereto, and divided by thirty, is the square of the fractional por- 
tion,* to be added to the square of the whole degrees.’ A square and a cube 
are the products of two, and of three, like quantities multiplied together.’ 


63.7 Twice the less portion® of a quantity [added to the greater?| being 
multiplied by the greater and added to the square of the less, is the entire 
square." Or, an arbitrary number being added to, and subtracted from, thie 


* It has been so shown by us in preceding examples.——Cu. See note on § 5. > 

2 Never the multiplicand and multiplicator. Cir. 

3 They are to be reduced to least tguine by a‘common divisor, if the case comport it; to — 
viate the work. 

Example: Divisor 20; multiplicand 40. 
. These, being abridged by the common measure twenty, become 1, 2. 

So, divisor 20; multiplicator 4. 
- Reduced by the common measure four, they become 5, 1. 

* Vicala-carga, square of the minutes; the multiple of the fraction to be added to the square of 
the integer, to complete the square of the compound.quantity. See §64. 

5 To find the square of a quantity, that includes minutes of a degree. ' , Cu. 

The rule may be stated otherwise [and more generally]. The integer, multiplied by the nu- 
merator of its attendant fraction, which has a given denominator, being divided by [half] its de- 
nominator, is to be added to the square of the integer portion—ZJbed. This method gives the 
square grossly: being less than the truth by the product of the minutes by minutes, expressed in 
sexagesimal seconds. Ib. 
- Example: What is the square of fifteen degrees and a half? Statement: 15°30. 

The integer 15, multiplied by the sexagesimal parts or minutes, 30, is 450: which, divided by 
thirty, gives 15, to be added to the square of the whole degrees, or 225; making in all 240. 

So square of twelve and a twelfth part? Statement: 12°05’, Answer: 146. 

6 Definition of square and cube.—-Cu. The continued multiplication of four or more like quan- 
tities is termed ¿adgata, as the author afterwards notices in the chapter on Algebra ( cubtacdd’hy yaya). 


: lb. 

7 To find the square of a quantity. Cu. 

* Or the greater may be taken; or any two portions of the proposed quantity may be employed ; 
or a greater number of portions. Cn. 


° The text is obscure, and the comment deficient: but either it must be thus supplied, or the 
sense must be ‘ the quantity added to its least portion’: or else the square of the greater portion, as 
well as of the less, must be added after the multiplication. 

10 Example: Square of twenty-five. 

Here five is the less portion, and twenty the greater. The less portion of the quantity doubled 





Szerion X. SUPPLEMENT. 323 


quantity, the product of the sum and difference, added to the square of the 
assumed number, is the square required.’ 


64—65.* To the square of the given least quantity add the square of the 
Fractional portion’ of the other, and from it subtract the same:* the sum and 
difference are divided by twice the other number,’ and in the second place 
by the same divisor together with the first quotient added and subtracted: 
the [last corrected] divisor with the same quotient [again] added and sub- 
tracted, being halved, is the root’ of the sum and of the difference of squares. 
Or the other aumber, with the quotient added and subtracted, is so.” 


{and added to the greater] is 30: which, being multiplied by the greater, makes 600. The square 
of the less 25. Their sum is 625, the square of twenty-five. 

Or the greater portion [added to the quantity] is 45: which, multiplied by the less is 225. 
Added to the square of the greater, viz. 400, the sum is 625. 

Or one portion of the quantity 20 [doubled and] multiplied by the second, makes 200: and 
this, added to the squares of the portions, 400 and 25, gives 625. 

Or one portion of the quantity 5, doubled, and- multiplied by the other, makes 200; and this, 
added to the squares of the portions, produces 625. 

Or let there be three portions of twenty-five: as 5, 7 and 13. One portion of the quantity, 5 
doubled, is 10: which, multiplied by the second 7, makes 70: and added to the squares of the 


portions, viz. 25 and 49, produces 144. Its root is 12: with which and with thirteen the operation 
proceeds. Cu. 


* Example 25. 

Adding and subtracting the arbitrarily assumed number five, it becomes 30 and 20. The pro- 
duct of these is 600: which, added to the square of the assumed number 5, viz. 25, makes 625. 
. . - TO 

* To find a quantity such that its square shall be equal to the sum of the squares, or to the dif- 
ference of the squares, of two quantities, of which the greater does not exceed the square of the 
fractional portion, nor the square of the less number. Cr. 

3? Square of the sexagesima! minutes; that is, the multiple of the fraction. See § 62. 

* The rule serves for finding both quatities at once; the additions being every where adapted to 
bring out the root of the sum of the squares; and the subtractions, to give the root of the difference 
of the squares. 

5 Itara, the other; other than the least; that is, the greater number. 

© Approximately. A 

7? Example for the sum: Let the greater number, termed the other quantity, together with its 
minutes, be 15° 40’; and the least be 14. The square of the latter is 196. The square of the 
fractional portion is 20. Added they make 216; which, divided by twice the other quantity 15, viz. 
30, gives in the first place 6; and this, added to the divisor 30, makes 36; by which, in the second 
place, the correct quotient comes out 6. This again is added to the correct divisor; and the sum 
is 42: which halved yields 21, the number sought. For the square of the number thus found is 

TTZ 


h 
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66. This tsa portion only of the subject.". The rest will be delivered 
under the construction of sines,* and under the pulverizer.* {End of | chapter 
twelfth [comprising] sixty-six couplets on addition, &c. 


‘441: from which subtracting the square of the least number 196, the remainder is 245, the square” 
of the greater number 15° 40°. Subtracting this square, the remainder is nought. 

Or, adding the quotient 6 to the o¢ker quantity 15, the sum 21 is a number equal to the square- 
root of the sum of the squares. 

Example of the difference: The other quantity or greater number is 12° 50°. The least 10. 
The square of this, 100. The square of the fractional portion is 20; which, subtracted, leaves 80. 
This, divided by the other quantity doubled, 24, yields in the first place 4; which, subtracted from 
the [first] divisor, leaves 20. The corrected quotient 4, subtracted from the corrected divisor 20, 
-affords the remainder -16, the half of which 8 is equal to the difference of squares. 

Or, subtracting the quotient 4 from the ofher quantity 12, the residue 8 is a number equal to 
the square’ root of the difference of squares. Thus, its square is 64; and so much is the difference 
between the squares of the greater and least quantities 164+ and 100. Ci. 

* A portion only has been here shewn; and a portion only has been by us expounded. Else a 
hundred volumes would be requisite under a single head. But we have undertaken to interpret 


the whole astronomical course (sidd’haénta). Wherefore prolixity is to be shunned. Cn. 
2 Jydtpatti (jyd-utpatti) derivation of [semi-]chords: taught in the chapter on Spherics, and to 
be there expounded (C. 21, § 15—21}. Cu. 


3 In the Chapter on the Pulverizer ( cuttacd’d’hydya) the author will: treat the undermentioned 
‘topics with other, heads of computation: viz, Investigation of the pulverizer (| cuttaca). Algorithm 
of symbols or colours (raria); of affirmative and negative quantities d'hanarna); of surd roots 
(carant). Concurrence (sancramana). Dissimilar operation (vishama-carman).t Equation of 
the unknown (avyacta-sémya). ‘Equation of several unknown letters or colours (carna-sémya). 
Elimination of the middle term (mad’hyam@harana). Equation involving products of unknown 
quantities (bhdvica). Affected square (varga-pracriti), &c. Cm 


* Nearly so. The exact square is 2454; or in sexagesimals 245° 26° 40".. 
t The exact square is 16424; in sexagesimals 164° 41’ 40”. - 
¢ See Ch. 18, §25 and Li, 55—57. 





CUTTACADHYAYA, ON ALGEBRA; 


THE EIGHTEENTH CHAPTER OF THE 
BRAHME-SPH UT A-SIDD' HAN TA, 
BY BRAHMEGUPTA: 


WITH NOTES SELECTED FROM THE COMMENTARY. 





CHAPTER XVIII. A, 
ALGEBRA. 





SECTION I. 


1. SrycE questions can scarcely be solved- without the pulverizer,! there 
fore I will propound the investigation of.it together with problems.. 


2. By the pulverizer, cipher, negative and affirmative quantities, un- 
known quantity, elimination of the middle term, colours [or symbols] and ` 
factum, well understood, a man becomes a teacher among the learned, p“ 
by the affected square.. 


3—6. Rule for investigation of the. pulverizer: The divisor; which yields . 
the greatest remainder, is divided by that which yields the least: the residue 
is reciprocally divided; and the quotients are severally set down one under: 
the other. The residue [of the- ‘reciprocal division] is multiplied by an 
assumed number such, that the product having added to it the difference of 
the remainders may be exactly divisible [by the residue’s divisor]. That. 


3 Culiácåra, cutta, cuttaca, pulverizer. See L4, $248 and Kij-gan..§ 53. 


f 
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multiplier is to be set down [underneath] and the quotient last. The penul- 
timate is taken into the term next above it; and the product, added to the 
ultimate term, is the agrdénta. This is divided by the divisor yielding least 
remainder; and the residue, multiplied by the divisor yielding greatest 
remainder and added to the greater remainder, is a remainder of [division by] 
the product of the divisors. A twofold yuga isa product of divisors:* and 
the elapsed portion of the yuga is the remainder of the two. Thus may be 


found the lapsed part of a yuga of three or more planets by the method of 
the pulverizer. - 


7. Question 1. He, who finds the cycle (yuga) and so forth, for two, 
three, four or more planets, from the respective elapsed cycles of bi sev ami 
planets given, knows the method of the pulverizer. 

Here, for facility’s sake, the revolutions, &c. of the sun and the rest are put, 
as follows: the sun 30; the moon 400; Mars 16; Mercury 130; Jupiter 3; 
Venus 50; Saturn 1; moon’s apogee 4; moon’s node 2; revolutions of stars 
10990; solar months 360; Innar months 370; more months (lunar than solar) 
10; solar days 10800; lunar days 11100; fewer days (terrestrial than lunar) 
140; terrestrial days 10960. 

The days of the planetary cycles of the sun and the rest are [sun] 1096; 
moon 137; Mars 685; Mercury and Venus 1096; Jupiter 10960; Saturn 
10960; apogee 2740; node 5480.° 


Example (a popular one is here proposed): What number, divided by six, 
has a remnant of five; and divided by five, a residue of four; and by four, a 
remainder of three; and by three, one of two? 


Statement: 5 4 3 @ [Answer 59. |* 
6 5 4 38 


* Agrénta. The proper import of the term, as it is here used, is unexplained. 
* This is introduced in contemplation of instances relative to planets: and so is what follows. 


Con. 

ee „D amó gy U E h D’s D’s 

3 Periodical revolu- Apogee. Node 
tions in least terms: 3 5 1 13 3 5 1 1 1 


. Divisors, terrestrial 
days ta ane teri: 1096 137 685 1096 10960 1096 10960 2740 5480 


* The divisor which yields the greater remainder, namely 6, being divided by that which yields 
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8. Rule for deducing elapsed time from residue of revolutions, &c. §7. 
Let residue of revolutions or the like, divided by the divisor, bea remainder ; 


the less, viz. 5, the residue is 4. Then, reciprocal division taking place, the quantity beneath is in 
the first instance to be divided by that which stands above it: and thus the quotient is 5 and the 
residue $. ‘This is multiplied by a quantity so assumed as that the product having the difference 
of the remainders (namely 1) added to it, may be exactly divisible by the [residue’s}] own divisor 1. 
The quotient being solitary, the difference of remainders is in this case to be subtracted [§ 13]. 
‘The number so assumed is put 1. By that the residue 0 being multiplied, isO; which, having sub- 
tracted from it the difference of remainders 1, makes 1; and this divided by the [residue’s] own 
divisor, namely 1, yields for quotient negative unity. Statement of the first quotient and the mul- 
tiplier and present quotient 5 By the penultimate 1 multiplying the term next above it 5, the 
- i 


° 


] 

product is 5; which added to the ultimate 1, makes 4. The agrénta thus comes out 4. Divided 
by the divisor yielding least remainder, viz. 5, the residue is 4: which, multiplied by the divisor 
yielding greatest remainder 6, produces 24; and this, added to the greater remainder 5, affords the 
remainder, 29, of the product of the divisors: that is to say, so much, namely 29, is the remainder 
of the number in question (which divided by six has a remnant of five, and divided by five a residue 
of four,) divided by a divisor equal to the product of the divisors, viz. 30. 

Again, statement of the foregoing result with the third term 29 3 Here the divisor yielding 

30 4 
the greater remainder, 30, being divided by that which yields the less, viz. 4, the residue is 2. 
Then by reciprocal division the quotient is 2 and the residue 3. This, multiplied by an assumed 
multiplier seven, produces 0; which, having subtracted the difference of remainders 26, makes 26; 
and divided by the [residue’s] own divisor 2, the quotient is 13. Statement of the former quotient, 
the multiplier and the [present] quotient 2 Proceeding by the rule (the penult taken into the 
! T 
13 

term next above ìt, &c. § 5), the agrdénta comes out 1. This being divided by the divisor yielding 
least remainder, the residue is 1; which, multiplied by the divisor yielding greatest remainder 30, 
is 30, and added to the greater. remainder 29, makes 59, the remainder answering to the product 
of the divisors, viz. 60. b 

Wherever abridgment of the divisors [by a common measure] is practicable, the product of divi- 
sors must be understood as equal to the product of the divisor yielding greatest remainder and 
quotient of the divisor yielding least, abridged [i. e. divided] by the common measure: and when 
one divisor is exactly divisible by the other, the greater remainder is the remainder required, and 
the divisor yielding greatest remainder is taken for product of divisors: This is to be elucidated by 
the intelligent mathematician, by assumption of several colours (or symbols), 

Again, this number 59, of itself answers to the condition that divided by three, it shall have a 
residue of two. 


Example of Question 1.. Elapsed part of the cycles of the sun, &c. together with the divisors, - 
as follows : 
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Sun. Moon. Mars. Mercury. Jupiter. Venus. Saturn. Apogee). Node). 


1000 41 315 1000 1000 1000 1000 1000 1000 
1096 137 685 1096 10960 1096 10960 2740 5480 


Here the divisor yielding greatest remaindcr, 1096, is exactly measured by that which yields least 
137 : wherefore the remainder is the same, and the same [divisor] is taken for the product of divi- 
sors; 1000 : 
1096 i 

The sequel of the rule “ A two-fold yuga is a product of divisors” (§ 6) is next expounded: so 
many days, as suffice for the commencement of exceeding months and deficient days, and the ter- 
mination of the sun and moon’s revolutions, to take place again on the first of Chaitra, light fortnight, 
at sunrise at Lancé, are days of a two-fold cycle; and this is what is termed a two-fold yuga. The 
remainder, as found, is the elapsed portion of a two-fold yuga, In like manner are to be understood 
three-fold cycles and so forth. 


Again, statement of the same with the residue and divisor of Mars: ue ans Here the divi- 
10 85 


sor yielding greatest remainder, 1096, is divided by the divisor yielding least, namely 685; and the 
residue is $44. Then the quotients resulting from reciprocal division are put one under the other 


1 and the residue is +94; which, multiplied by an arbitrary multiplier three,* makes 0; and this 


1 
o 


w 


lessened by the subtraction of the difference of remainders, viz. 685, and divided by its own divisor 

137, yields the quotient 5. The multiplier and quotient, thus found, are put below the former 

quotients, one under the other: aud that being done, a series is obtained 1 Proceeding as before, 
l 1 


2 
3 


5 

the agránta comes out 5. This being divided by the divisor yielding least remainder, 685, the 
residue which results is 5; which, multiplied by the divisor yiekling greatest remainder and having 
the greater remainder added, brings out the remainder 6480. It is the elapsed portion of a three- 
fold yuga. The divisor yielding greatest remainder 1096, being multiplied by 5 the quotient of the 
divisor yielding least remainder abridged by the common measure 137, produces the three-fold 
yuga, 5480. But it is not fit, that the elapsed portion of a cycle should exceed the cyele: it is 
therefore abridged by the yuga; and the residue must be considered as the elapsed portion of a 
yuga. This being done, there results 1000 Next statement of the same with the elapsed portion 


e 


of Mercury’s yuga: 1000 1000 Jlere either divisor at choice may be taken as the one yieldiag 
5480 1096 


greatest remainder. Put 5480. The elapsed portion of the four-fold yuga is 1000. In like man- 
ner, by the operation of the pulverizer with the respective elapsed portions of yugas of Jupiter, 
Venus and Saturn, the elapsed portions of cycles come out [Jupiter] 1000, Venus 1000 and Sa- 
turn 1000; and the measure of the cycles as-follows: viz. five-fold yuga 10960; six-fold yuga 
10960; seven-fold: yuga 10960. In like manner the process of the pulverizer being observed with 
the elapsed periods of the yugas of the moon's apogee and node, the elapsed portion of the entire 
eycle for all the planets comes out 1000, and the value of such entire yuga 10960. 


.* Sic: sed quere. 


L 
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as also cipher divided by residue arising for.one day.! The remainder de- 
duced from these, being divided by residue of revolutions or the like as arising 
for one day,' is the nuntber. of [elapsed] days. 


9. ‘Question 2. He, who deduces the number of [elapsed] days from the 
residue of revolutions, signs, degrees, minutes, or seconds declared at choice, 
is acquainted with the method of the pulverizer. 


& 


Example: When the remainder of solar revolutions is eiglit thousand and 


eighty, tell the elapsed portion of the calpas, if thou have skill in the pulve- 
rizer. 


Statement: Residue of revolutions 8080.2. [Answer: 1000.] 


The foregoing rule (§ 3) for dividing the divisor which yields the greater remainder by that which 
yields the less, is unrestrictive ; and the proeess may therefore be conducted likewise by dividing the 
divisor which yields the less remainder by that which yields the greater. 2 

Example: What number, divided by seventy-three, hasa remnant of eight; and divided by thir- 
teen, a remainder of three? 


Statement: 8 3. Dividing the Sinica which yields the less remainder by that which affords 


a o 
the greater, and the residue being reciproeally divided, the quotients are, 5 The residue 3. 
1 
d 1 
1 
1 


Assumed multiplier 1. Difference of remainders 5. Here, since the process was inverted, the 
difference of remainders is made negative, 5; and, as the quotients are uneven, it again becomes 
affirmative, 5: consequently it is additive. Proeeeding as before, the agrdnta comes out 79. This 
is divided by the divisor yielding the greater remainder; and the residue 6, multiplied by the divi- 
sor yielding the less remainder, 13, makes 78; and, added to the less remainder 3, brings out the 
quantity sought 81. 

* By the daily increment of it. 

+ This divided by terrestrial days, and both solar revolutions and terrestrial days abridged by the 
common measure 10, must be put for a remainder, -898;. Then eipher divided by residue of solar 
revolutions arising on one day, namely 3, is put for the [other] remainder, $. Proceeding by the 


rule (§ 3) the seriesis 3* Whence, by the subsequent rule (§ 5), the remainder comes out 3000; 
270 
808 
and this, divided by residue of revolutions arising for one day, 3, gives the number of [elapsed] 
days 1000. In like manner, from the residue of signs and so forth, the number of [elapsed days] is 
to be found. 
* Sic MS. 


UU ae 
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10. Rule for finding elapsed time from given residue for hours: § 8. 
From the result, which is derived from residues of revolutions or the hke for 
one day, and for the proposed hours or minutes, both reduced to like deno- 
minators,’ the number of [elapsed] days and so forth may be deduced. 


Example: To what number of [elapsed] days does that amount of hours 
correspond, for which the residue of lunar revolutions arising is four thousand 
one hundred and five? 


Statement: Residue of revolutions, with divisor, 4193. Residue as arising 
for a single day, with divisor, =~. The divisor is multiplied by sixty; and 
thus both terms have like denominators. Cipher divided by the residue of 
revolutions for one day must be put as a remainder, 2. Thus the statement 
is 4105 ©, Statement of the same abridged by five) 22, %. Proceeding 
as before, the remainder is 821. This, divided by the remainder [of revolu- 
tions] for an hour, namely 1, gives the elapsed time in hours, 821; which, 
divided by sixty, yields quotient, days 13, hours 41. Or, with an additive in 
hours equal to the same divisor 1644, the elapsed time in hours is 2465 or 


4.109. 





11—13. Rules for a constant pulverizer: § 9—11.* The multiplier and 
divisor being mutually divided, these quantities divided by the residue are 
[in least terms, being] irreducible by any [further common] divisor.2 The 
quotients of these reciprocally divided are to be set down one under the other. 
The residue is multiplied by a multiplier chosen such that the product less 
one* may be exactly divisible. That multiplier is to be set down; and the 


* That is, when the proposed residue of revolutions is calculated for elapsed time reduced to 
hours and minutes, then the residue of revolutions, &e. for one day must have its divisor multi- 
plied by sixty or by three thousand six hundred; and thus the denominators are alike. Com. 

2 St'hira-cuttaca ; drt@ ha-cuttaca ; the steady residue, by which the given remnant of revolu- 
tions or the like is to be multiplied; and the produet being divided by the divisor, the quotient is 
elapsed time.-—Com. [rom st’dira, steady; and drid’ha, firm. Drfd’ha, which the commentator 
makes equivalent to st’hira in the compound term designating this multiplier, is by Brrascana em- 
ployed in the sense for which BraumMeGuptra employs nieh’héda, &e. See Lil. § 248. 

3 Nich’héda, nirapavarta; having no divisor; no further common measure: reduced to least 
terms. See Lil. § 248. 

* It is so, if the quotients be even: but, if they be odd, one must be added instead of subtracted. 

Com. See § 13. 
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quotient at the end: from which the agránta, being found by multiplymg 
the next superior term by the penultimate and ‘adding the ultimate to the 
product, is divided by the divisor in least terms. The residue of this division ~ 
ts the constant pulverizer.’ 


14. Question 3. To deduce the number of days from the residue of re- 
volutions, &c. of the sun, and the rest; tell a constant pulverizer, thou skilful 
mathematician who hast traversed the ocean of the pulverizer. 

Here to find a constant pulverizer froma residue of revolutions of the sun, 
the statement of revolutions and terrestrial days is 30 These are multi- 
a 10960 | 

plier and divisor. Statement of them abridged by ten: 3 The quotient 
1096 

of these mutually divided is 365, and remainder 4. Multiplied by an assumed 

multiplier, namely 2, the product 1s 2; to which one is added, since the quo- 

tient is an odd number [§ 13]; and the sum divided by the divisor gives the 

quotient J; and the multiplier and quotient being set under the former quo- 


tient, the series is 365 Proceeding by the rule (§ 5) the agrdnta is deduced 
° . 
] , f 
731: from which divided by the divisor in teast terms, the residuc or constant 
pulverizer is 731 for a residue of revolutions. 


* When a constant pulverizer is sought, to deduce elapsed lime from remainder of revolutions, 
then revolutions of the planet are multiplier, and terrestrial days divisor. When it is so to deduce 
the time from remainder of signs; twelve times lhe revolutions are multiplier, and terrestrial days 
divisor. When it is investigated to conclude the time from residue of degrees; three hundred and 
sixty times the revolutions are multiplier, aud terrestrial days divisor. When it is so to conclude 
the time from residue of minutes, &c. sixty times the foregoing multiple of revolutions are multi- 
plier, and terrestrial days everywhere divisor. The multiplier and divisor, which are thus put to 
find the constant pulverizer, must be reciprocally divided, and by the residue remaining the same 
multiplier and divisor being divided are irreducible [or in least terms]; that is, they can be no fur- 
ther abridged by a common measure. The same irreducible multiplier and divisor are again mu- 
tually divided until the residue in the dividend be unily. Set down the quotients one under the 
other. Multiply the residual unity by a multiplier taken such that the product less one, (ur, if the 
quotients be odd, having one added) may be exactly divisible by the residue’s own divisor. The 
multiplier and the quotient of this operation are to be set down, in order, under the furmer quo- 
tients, Then the agrdnta is to be computed from the bottom: by taking the penultimate into the 
next superior term and adding the ultimate. The agrdnta so found is divided by the irreducible 
divisor, and the residue is the constant pulverizer. Com, 

Vue 
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Then the multiplier for a residue of signs is 36; and the abridged divisor 
1096. From which, as before, the constant pulverizer comes out 61. 

Multiplier for a residue of degrees 1080. ` Divisor 1096. From these, as 
before, the constant pulverizer is found 68. 

For residue of minutes, pulverizer 129. Tor residue of seconds, pulve- 
rizer 9. 

“In like manner, the constant pulverizer for the moon and the rest must be 

understood, as that for the sun. 


15. Rule for finding elapsed.time by constant pulverizers: § 12. The 
given residue of revolutions, or the like, being multiplied by its pulverizer 
and divided by its divisor, the residue which arises is the number of [past] 
days; there being added a multiple of the divisor by Gap [periods] in least 


'. terms.? 


Example: Thou who hast traversed the ocean of the pulverizer! tell the 
number of elapsed days, when the remainder of degrees is four thousand and 
four hundred. 


Statement: This remainder of degrees 4400, being abridged by the com- 
mon divisor 80, as before in the investigation of the constant pulverizer,. is 
reduced to 55: which, multiplied by ae constant pulverizer 68, becomes 
3740. From this divided by the divisor reduced to least terms 137, the resi- 
due which is deduced is the number of [elapsed] days 41. To find:the 
elapsed time intended by the question, this must have added to it a multiple 
of the divisor by the periods gone by, In this case they are [supposed] seven, 
and the divisor multiplied by that, 959, being added to the number as above 
found 41, the number of [elapsed] days comes out 1000. 

16. Rule special: § 13. ` So when the quotients are even. But if they be 
odd, what is propounded as negative, becomes affirmative; or as positive, be- 


> Gata-nirapacarta: the quotient, which is obtained when the elapsed time from the beginning of 
the yuga is divided by the divisor reduced to least terms, is thus denominated. ‘The divisor, multi- 
plied by that, being added to the elapsed time found by the rule, the sum is the elapsed portion of 
the yuga. Com. 
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comes negative:’ and the signs, negative or affirmative, of multiplicand and 
additive, must be reversed.* ' 


17. Rule of inverse operation: § 14. Multiplier must be made divisor; 
and divisor, multiplier; positive, negative;.and negative, positive: root [is to 
be put] for square; and square, for root: and first as converse for last. 

18. Question 4. The residue of degrees of the sun less three, being 
divided by seven, and the square-root of the quotient extracted,.and the root 
less eight being multiplied by nine, and to the product one being added, the 
‘amount is a hundred. When does this take place on a Wednesday? 


Statement: 3—Div. 7—Root—8—Mult. 9—Add. 1—Giv. 100. The af- 
firmative unity being made negative, when applied to a hundred, the result 
is 99. Nine, which was multiplier, becomes divisor. Dividing by. that, the 
quotient is 11.. Negative eight. becomes affirmative: whence 19. The ex- 
traction of the root is converted into the raising of the square 361. The 
divisor seven becomes multiplier. Product 2527. The negative three be- 
‘comes affirmative, and is added, 2530. . This is residue of degrees; from 
which, the number of [elapsed] days is to be sought; until, with addition of 
the divisor, it come to Wednesday. 


19. Question 5.. He, who tells when a given residue of revolutions of 
the sun occurs on a Monday, or on a Thursday, or-on a Wednesday, has 
knowledge of the pulverizer. 


20. Question6. A person, who can say when a residue of degrees or of 
seconds, which occurs on a Wednesday, will do so on a Monday, is conver- 
sant with the pulverizer. 


21. Question 7. One, who tells when given positions..of the plancts, . 


a 


* See preceding instances of the application of this first part of the rule, under Example 1st,-or 


under Problem 3 and Rule 10. 
2 Ifthe multiplicand were negative, it must be made positive; and the additive: must be made 


negative: and then the pulverizer is to be sought. ` E Gom. 
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which occur on certain lunar days, or on days of other denomination of mea- 
sure,! will recur on a given day of the week, is versed ìn the pulverizer. 


22. ` Rule 15: The number of [elapsed] days, deduced from the given re- 
‘sidue of revolutions or the like by means of the pulverizer, receives an addi- 
tion of days of a period in least terms, repeatedly, until the intended day of 
the week be reached. 

23. Question 8. He, who tells the number of [elapsed] days, seeing the 
degr ees, &c. of a given [planet’s] mean [place], or does so from a conjunction 
of two or more plates, or from their difference, is conversaut with the pul- 
verizer. 

24—25. Rule 16—17: The divisor in least terms, being multiplied by 
the minutes, &c. in the [given] signs, &c. aud divided by the minutes in a 
‘revolution, the quotient ts the residue of revolutions: whence the number of 
[elapsed] days [may be deduced]. In like manuer residues of signs, degrees, 
minutes and seconds, are found, and the number of [elapsed] days as before. 
Putting arbitrary numbers in places deficient, proceed with the rest of the 
process as directed? ; 


Example: Sceing past signs, degrees and minutes of Jupiter, nought, 
‘twenty-two and thirty, a person, who tells the number of [elapsed] days at 
that instant, 1s one conversant with the pulverizer. 


Statement: © Its minutes 1350, multiplied by Jupiter's divisor in — 
99 
38 


terms 10960, and divided by the minutes of a circle; tle quotient is the 


As solar, or siderial, &c.—Com. 

2 The place of a planet in signs, &c. being reduced to degrees, minutes, and so forth, the num- 
ber of minutes is multiplied by the particular divisor in Jeast terms, and divided by the minutes of 
a circle; and the quotient is the remainder of revolutions. If it be the number of degrees, &c, the 
quotient is then remainder of signs. If it be so of minutes, &c. the quotient is remainder of de- 
grees. From these residues, the number of [elapsed] days is found as before. There is this 
difference: when (degrees being divided by the minutes of a circle) any residue arises, it is to be 
rejected: the quotient is taken. 
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residue of revolutions 685. Whence the number of [elapsed] days, as before, 
comes ou’ 7535. 


Example: When Jupiter and the lunar node are conjunct having passed 
signs, degrees and minutes, three, twenty-two and thirty; tell me the num- 
ber of [elapsed] days. 


Conjunction of Jupiter and the node 3 ‘Reduced to minutes, multi- 
22 
30 


plied by terrestrial days, and divided by minutes of a circle, the quotient is 
the sum of residues of revolutions 3425. Whence, as before, the number of 
[elapsed] days is deduced 685. 


Example: ‘Tell me the number of days elapsed on a day when the body 
of the sun, less the conjunction of Jupiter and the lunar node, is just so much. 


Statement: 3 22 30. Hence, as before, the residue of degrees of the 
sun, less the residue of revolutions of Jupiter and the lunar node, is found: 
3425. Whence the number of [elapsed] days, by the rule § 7, comes out 
137. 

Example: Signs and degrees of Jupiter have been effaced by the boy 
with his finger. ‘Thirty minutes are seen: from which tell me, astrologer, 
the signs, degrees, and number of days, if thou have practice of the pul- 
verizer. 


Statement: O Here put unity in the place of signs; and in that of de- 
0 


30 

grees, ten. See: 1 Hence the residue of revolutions is deduced 1233: 
10 
10 


from which the number of daya as before, comes out 411. 


26. Question 9. From the residue of signs, degrees, minutes or seconds, 
told, or if lost assumed, he who finds the superior and intermediate terms, is _ 
a person conversant with the pulverizer. 


* A stanza and a half. 
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27. Rule 18. The multiplier, by which the divisor being multiplied, 
and having the residue added to the product, becomes exactly divisible, is: 
the [portion of orbit] past. The quotient is the residue. In like manner 
from the residue, [the place of} the planet and the number of [elapsed] days 
are [deduced]. | 


Example : From the residue of seconds of the moon being eight hundred, 
tell the [place of the] moon and number of [elapsed] days, ny friend who 
hast traversed the ocean of the pulverizer. 


Statement: Residue of seconds 800. This, abridged by the common 
measure eighty, becomes 10. Making this additive ; divisor in least terms, 
137, dividend; and the multiplier, which serves to bring out seconds, namely 


sixty, the Cay GO the statement is. moto l = Allditive 10. miere, y 


reciprocal division the the quotients are © Residue 4. This is multiplied 

2 

3 

] 

“a 
by a multiplier assumed such, that the product with one added may be ex- 
actly divisible, since the residuc of seconds is additive: but, as the quotients 
are here uneven, one. must be subtracted, [§ 13]. Such an assumed multi- 
plier is nine; and the quotient 10.. Hence, as before, the constant pulverizer 
is deduced. This being multiplied by the residue of seconds, namely 10, 
and divided by its divisor, viz. 60, the residue is the multiplier 10. So many 
are the seconds. The dividend being multiplied by the multiplier, and 
having the additive added, and being divided by sixty, the quotient is 23. 
This is residue of minutes. Again, make this additive, days in least terms 
dividend, and sixty divisor: See Rens 137 Additive a3, Hence. 

i ivisor 60 

proceeding as before, the multiplicr is 41. So many are the minutes past. 
The dividend being multiphed by the multiplier 41, having the additive 
added, and being divided by sixty, the quotient is residue of degrees, 9-4. 
Again, this is put additive, days in least terms dividend, and thirty divisor. 
See Dividend 137 Henee, as before, the multiplier comes 
Divisor 30 | 
ont 28. So many are the degrees. The dividend being multiplied by the 


Additive 94. 








ee a ame 
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multiplier, having the additive added, and being divided by thirty, the quo- 
tient is the residue of. signs 131. Make this agen ii days in least, » 


‘terms, dividend, and twelve divisor: {Dividend 137 ‘Ad ditive 131] Fhe, 


Divisor , 12 
multiplier is found 5. So many arc the signs past. The dividend being 
multiplied by the multiplier, and having the additive 131 added, and being 
divided by twelve, the quotient is the Eide of rev olutions, 68. Put days, 
in least terms for dividend, revolutions in least terms for divisor, and residue: 
of revolutions for additive. See: Diyidpng D Aadil. Hence, as 
IVISOT 5 

before, the multiplier comes out 1. This is the [number of] revolutions, 
past. The quotient is the number of [elapsed] days, 41. : 

From the same residue put as an assumed one, the number of [elapsed] 
days, in like manner, comes out 41. l 

Here an arbitrary multiple of 137 is additive. : 

28. Question 10. He, who knows the elapsed [portion of a] yuga from 
the residue of erceeding months told, or assumed, or from the residue of 
fewer days, or from the sum of them, is a person versed in the pulverizer. 


Example: When the residue of exceeding months is eight hundred and 
eighty; and that of fewer days seven thousand seven hundred and twenty, 
and the sum of these sixteen thousand two hundred; tell, from niy one of 
these, the elapsed [portion of the] yuga. 

Residue of erceeding months 8480. Residue of deficient days 7720. Sum 
16200. 

The remainder, which is found by the rule §7, [being divided by] residue 
of exceeding months arising for one day," is the elapsed solar days of the yuga. 
Pielii i in this manner, they come out 848. 

Or else let exceeding months be the multiplier, and solar days be the divi- 
sor, and the constant pulverizer be found by the rule § 9. Residue of ezr- 
ceeding months is to be multiplied by that. Then divide the product by the 
particular divisor. The residuc is solar days. 

In like manner, from the residue of deficient days, the elapsed lunar days 
of the yuga are found 293. 


* Daily increment of the difference between lunar and solar months. 
XX 
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- From the sum of the residues of more months and fewer days, as arising 
for one day,' and from the sum of the residues of more months and fewer 
days, as proposed, and reduced to lunar days, proceeding by the rule § 12, the - 
lunar days are to be found 108. 


- 29. Question 11. When does the square-root of three less than residue 
of exceeding months, being increased by two, and then divided and lessened 
by two, and squared, and augmented by nine, amount to ninety? 

30. Question 12. When does the square of deficient days, being lessened 
by one, and divided by twenty, and augmented by two, and final ela by 
eight, and divided by ten, and iate, by two, amount to cighteen? 

Here proceeding by the rule of inverse process as before dota. the resi- 
dues of more months and fewer days come out 4099 and 19. | 


* Daily increment of the difference between lunar and terrestrial days. 


a* ê i 
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ALGORITHM: 


51. Rute for addition of affirmative and negative quantities and cipher: 
§ 19. The sum of two affirmative quantities is affirmative; of two negative 
is negative; of an affirmative and a negative is their difference; or, if they 
be equal, nought. The sum of cipher and negative is negative; of affirma- 
tive and nought is positive; of two ciphers 1s iar 


82—33. Rule for subtraction: § 20—21. The less is to be taken from 
the greater, positive from positive; negative from negative. When the 
greater, however, is subtracted from the less, the difference is reversed: 
Negative, taken from cipher, becomes positive; and affirmative, becomes ne- 
gative. Negative, less cipher, is negative; positive, is positive; cipher, 
nought. When affirmative is to be subtracted from negative, and negative 
from affirmative, they must be thrown together. 


34. Rule for multiplication: § 22. The product of a negative quantity 
and an affirmative is negative; of two negative, is positive; of two affirma- 
tive, is affirmative. The product of cipher and negative, or of cipher-and 
affirmative, is nought; of two ciphers, is cipher. 


35—36. Rule for division: § 23—24. Positive, divided by positive, or 
negative by negative, is affirmative. Cipher, divided by cipher, is nought; 
Positive, divided by negative, is negative. Negative, divided by affirmative, 


* Shat-trinsat-paricarman. Thirty-six operations or modes of process. See Arithm. §1. Vij- 
gan. § 3. . t 
: : ; %Įx2 
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is negative. Positive, or negative, divided by cipher, is a fraction with that 
for denominator: or cipher divided by negative or affirmative.* 


(36 Concluded.] Rule for involution and evolution: § 24., The square 
of negative or affirmative is positive; of cipher, is cipher. The root of a 
square is such as was that from which it was [raised].° 


37. Rule of concurrence and dissimilar operation: §25. The sum, with 
difference added and subtracted, being divided by two, is concurrence. The 
difference of squares divided by [simple] difference, having difference added 
and subtracted and being then divided by two, is dissimilar operation.‘ 


38. Rule for the construction of a rectangular figure with rational sides: 
§26. .Be a surd the perpendicular. Its square, divided by an assumed num- 
ber, has the arbitrary quantity added and subtracted. The least is the base: 
and half the greater number is the flank. Those [surds*], the product 
whereof is a square, are to be abridged. 

; T. : 

39. Rule for addition and subtraction of surds: §27. The surds being 
divided, by a quantity assumed, and the-square-roots of the quotients being 
extracted, the square of the sum of the roots, being divided by the assumed 
quantity, [is the sum,] or the square of their difference, [so divided, is the 
difference of the surds]. 


* Tach-chhéda, having that for denominator: having, in this instance, cipher for denominator, 
to a finite quantity for numerator. See Vij.-gan. § 16.- p 
- 7 Isin like manner expressed by a fraction having a finite denominator to a cipher for nume- 
rator. t i : 

3 The root is to be taken either negative or affirmative, as best answers for the further operations. 

i Cox. 

4 Vishama-carman. See Lil. § 57. 

>: S Let the perpendicular be put an irrational number 8; and let the assumed number be 4. 


Hence the figure is constructed 
AN 10 


12 
- © Surd is understood from the preceding sentence. Those irrationals are ta be abridged, the 
product of pairs of which is a square. Con. 
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- Example: Tell the sum and difference of surds two and eight, and three 
and twenty-seven, respectively. 

Statement: c2c8. These surds, divided by an assumed number 2, give 
t and 4; the roots whereof 1 and@. -The squares of their sum and difference 
are 9 and 1; which, multiplied by the assumed number, become 18 and 2} 
the sum and difference of the surds, 


t é 
’ à 


Statement of the second Example: c3 c27. Proceeding as‘above, the 
sum and difference are found 48 and 12. 


[39 Concluded.] Rule of multiplication: § 27. The multiplicand is put 
level with the [terms of the} multiplicator [placed] across, one under ihe 
other; and their products are added together. 


Example:* The multiplicator comprises the surds two, three and eight; 
and the multiplicand, three with the rational number five. Tell the product 
quickly. Or let the multiplicator consist of the surds three and twelve less 
the rational number five. 

Statement: Multiplicator c2 c3 c8. Multiplicand c3 ru 5. 

. Here multiplicand is placed level with the terms of the multiplicator 
across, one under the other: an es 


Multiplier. Multiplicand. Product. 
c2 c3 rus co ¢c J9 
cs a al c 9e 76 
c8 CAAS «wm, C24 c200 


Summing the products as directed by the rule, the answer. comes, ans 
ru 3 c450 C75 ¢54. 


Statement of the second Example: Multiplicand c3 ru 5. Multiply 
c3 c12 ru5. 


Proceedingas before, the result of multiplication is ru 16 c 300. 


40. Rule of division of surds: §28. The dividend and divisor are mul- 


1! End of one couplet and beginning of another. 
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tiplied by the divisor with a selected [term] made negative ;* and are seve- 
rally summed: more than once [if oceasion there be). The dividend is then 
divided by the divisor reduced to a single term. 

. Statement of the foregoing result of multiplication as dividend, and its 


multiplies as divisor, for division: ru 3 c450 c75 c54. 
c 18* c3 
Put c18 c3. The dividend and divisor, multiplied by this, make 
ru75. c625. The dividend being then divided by the single surd consti- 
ru l5 "O | <a 
tuting the divisor, the quotient is ru5 c3. 


Statement of the second Example: ru 16 c 300 . Here eee the surd 
C27 c 25 


twenty-seven negative, and proceeding as before, the answer coines out 
KER 3. 


[40 Concluded.] ° "Rule of involution : ` 28. A square is the ‘product of 
two like quantities. : 


Example: Tell the square of the surds six, five, two and three. 
ENL TS J ' 


- Statement: c6 c5 c2 c3. Answer: ru 16 c 120 c72 c60 c48 
c 40 c24. 


4 | 
a ’ 


t3 


ù 9 ': 

41. Rule of evolution:, §29. From the square of the absolute number 
take surds* selected at choice. The square-root of the difference bemg 
added to and subtracted fromthe absolute number, the moieties are treated, 
the first as an absolute number, the second as a [radical] surd exclusive of 
the rest. More than once.* 


= 


Example: The square as above found stated for extraction of the root: 
ru 16 c 120'c72. c60 c48 c40 c 94. i 


-1 That is to say, among the surd terms, which compose the surd divisor, one is selected which 
though affirmative is to be put negative. Com. 
* Sum ofc 2 and c 8. , 
3 One, two or more surd terms. . Cox. 
* Repeat the operation so long as there remain surd terms of the square. Con. 


r 
q 
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Subtract the three surds c 120 ¢72 c48 from the square of the absolute 
number 256. Remainder 16. .Its root 4. Added to and subtracted from 
the rational number, and halved, it gives 10 and 6 as two surd terms. The 
first is treated as rational; and the second as a radical surd. Again, sub- 
tracting two surd terms 60 and 24-fromethe square of the rational 100, the 
difference is 16; of which the square-root is 4; and the moieties of the sum 
and difference are 7 and 3. The first is here: treated as absolute; and the 
second as a radical surd. Again, subtracting the surd 40 from the square of 
the absolute 49, the remainder is 9, of uih the square- -root is 3; and the 
moieties of sum and difference are 5 and 2. ib leap D 


np 
l 


Statement of the radical surds in order asfound: c6 c5 c3 c2. 

42. Rule of addition and subtraction of unknown quantities, and their 
squares, &c. §30. The sum and difference of like ‘terms, whether unknown 
quantities, or. squares, cubes, biquadrates, fifth,. sixth, Ke. powers,’ are taken; 
but if dissimilar are severally stated. l Tn ; 


‘ 43. Rule of multiplication, &c. § 31. The product of two like quanti- 
ties isa square; of three or more, is the power of that designation.* - The 
product of dissimilar quantities, the symbols being mutually multiplied, is ai 
factum.’ The rest is as before. 


* Pancha-gata, fifth power; shad gat, sixth power,. &c. Literally ‘ arrived at the fifth, &c. 
[degree]. E 
* Tad-gata, raised to that. way of 
3 Bhicitaca, or bhdvita. See Vij.-gan. § 21. 4 
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SIMPLE EQUATION.` 


44, Rue for a simple equation:' 432. The difference of absolute num- 
bers, inverted and divided by the difference of the unknown, is the [value of 
the] unknown in an equation.* 


¢ 


45. Question 13. If four times the twelfth part of one more than the 
remainder of degrees, being augmented by eight, be equal to the remainder 
of degrees with one added thereto, tell the elapsed days. 

Here remainder. of degrees is put ydvat-tdvat: viz. ya 1. With one 
added, itis ya 1 ru 1. Its twelfth part is ya 1 ru 1 ‘This quadrupled is 

> m a 
yal rul Augmented by eight absolute, it is ya 1 ru 25 Itis equal to 
34 W 3 e r SH 
remainder of degrees with one added thereto. Statement’ of both. sides 
tripled, ya 1 ru 25 The difference of [terms of the] unknown is ya 2. By. 
ya3sru 3 
this the difference of absolute number, namely 22, being divided, yields the 
residue of degrees of the sun 11. This residue‘of degrees must be under- 
stood to be in least terms. The elapsed days are to be hence deduced, as be- 
fore, (§ 7). i ' = '@ 


- 


* The four methods of analysis (vija-chatushtaya) are next explained; and in the first place 
equalwn of a single colour. Com. 

*The value of the unknown quantity, in the example, as proposed by the question, is to be put 
ydcat-técat ; and, upon that, performing multiplication, division, and other operations as requisite 
in the instance, two sides are to be carefully made equal. The equation being framed, the rule 
takes effect. Subtract the [term of the) unknown in the first of those two equal sides from the un- 
known of the second. The remainder is termed difference of the unknown. The absolute number 
on the other side is to be subtracted from the absolute number on the first side: and the residue is 
termed difference of the absolute. The residue of the absolute, divided by the remainder of the 
unknown, is the value of the unknown. Com. 
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46. Question 14. When the residue of exceeding months, less two, 
‘being divided by three, having seven added to the quotient, and then mul- 
daliai by two, is equal to the hagina of exceeding months, tell the elapsed 
days. i 

Remainder of exceeding months ya t. Proceeding with this as said, there 
results ya 2 ru 38. This is equal to the remainder of exceeding months 

3 


ya i. Statement of both sides of equation tripled ya 2 ru 38 By the fore- 
ya3 ru O 


going rule (§ 32) the answer comes out, residue of exceeding months, 38. 
It must be understood to be in least terms; and from it elapsed time is to be 
deduced as before. 


47. Question 15. If the residue of deficient days, less one, being divided 
by six and having three added to the quotient, be equal to the residue of 
deficient days divided by five, tell the elapsed period. _ 

Here the remainder of deficient days is put ya 1; from which, as before, 
results ya 1 ru 17. Itis es to remainder of deficient days div ided by me 


ya +. The two sides of equation being siti to a common d uon 


afi the D pon dropped, the statement is ya5 ru85 Hence, as be- 
ya6 ru 0 i 


fore, the residue of deficient days i is found 85; from which elapsed days are 
Aleduced as before. 
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QUADRATIC EQUATION. 


48.'_ Ruve for elimination of the middle term:? § 32, 33. Take absolute 
number from the side opposite to that from which the square and simple un- 
known are to be subtracted. To the absolute number multiplied by four 
times the [coefficient of the] square, add the square of the[coethicient of the] 
middle term; the square root of the sane, less the [coefficient of the] middle 
term, being divided by twice the [coefficient of the] square, is the [value of 
the] middle term.’ , 

49. Question 16. When does the residue of revolutions of the sun, less 
‘one, fall, on a Wednesday, equal to the square root of two less than the resi- 
due of revolutions, less one, multiplied by ten and augmented by two? 

The value of residue of revolutions is to be here put square of yávat-távat 
with two added: yav 1 ru@ is the residue of revolutions. This less two is 
ya 01; the square toot of which is ya 1. Less one, it is ya 1 ru 1; which 
multiplied by ten is ya 10 ru 10; and augmented by two ya 10 ru 8. It is 
equal to the residue of revolutions yav 1 ru@ less one: viz. yav 1 ru}. 


Statement of both sides ya v O ya 10 ru § Equal subtraction being made 
‘ yav l ya 0 rul 


3 Remaining half of a couplet and one whole one. 

* Mad’hyamdharana. See Vij.-gan. Ch. 1. 

* An equation of two sides being framed conformably to the enunciation of the instance, if there 
be a square or other [power] tugether with the unknown, then this rule takes effect. Subtract the 
absolute number from the side other than that from which the square and the unknown qualities 
are sublracted. Then equal subtraction having been so made, the numeral (anca) which belongs to 
the square of the unknown, is termed [coefficient of the} square; and thal, which apperlains to the 
unknown, is called [coefficient of the] middle term. The absolute number, which is on the seeond 
side, being multiplied by four limes the square [i. e. its coefficient] and added to the square of the 
middle term [i. e. of its coefficient], the square-root of the sum, less the middle term [i. e. its co- 
efficient], divided by the double of the square as it is termed [i. e. coefficient], is the middle term; 
that is to say, it is the value of the unknown. Com. 


- 
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conformably to rule (§ 32) there arises ru9 Now, from the abso- 
yaw l ya 10 

lute number (9), multiplied by four times the [coefficient of the] square (36), 
and added to (100) the square of the [coefficient of the] middle term, (making 
consequently 64), the square root being extracted (8), aud lessened by the | 
[coefticient of the] middle term (10), the remainder 18 divided by twice the 
[coefficient of the] square (2), yields the value of the middle term 9. Sub-- 
stituting with this in the expression put for the residue of revolutions, the 
answer comes out, residue of revolutions of the sun 83. Elapsed period 
of days deduced from this, 393, must have the denominator in least terms 
added so often until it fall on Wednesday. 


- 50. Oranother Rule: § 34. To the absolute number multiplied by the 
[coefficient of the] square, add the square of . half the [coefficient of the] un- 
known, the square root of the sum, less half the [coefficient of the] unknown, 
being divided by the [coefficient of the] square, is the unknown. 

In the foregoing example, equal subtraction being made from the two 
sides, the result was ya v 1 ya 10 _ Here absolute number (9) multiplied 

ru 9 

by %1) the [coefficient of the] square (9), and added to the square of half the 
[coefficient of the] middle term, namely, 25, makes 16; of which the square 
root 4, less half the [coefficient of the] unknown (5), is 9; and divided by the 
[coefficient of the] square (1) yields the value of the unknown 9. Substituting 
with this, the residue of revolutions comes out 83: whence elapsed days are 
deduced, as before, 393. | 


51. Question 17. When is the square of three less than the quarter of the 
residue of exceeding months equal to the residue of exceeding months? or 
the like [function] of remainder of’ deficient days equal to remainder of defi.” 
cient days? 

- Remainder of exceeding months is here put ya 4. Its quarter less three is 
ya 1 ru 3; of which aes square is yav1 ya6 ruQ. Itis equal to the re- 
mainder of exceeding months. The process being performed as before, the 
residue of excede months is found 4. Whence the elapsed period is de- 
duced. 

In like manner the remainder of deficient days likewise is 4: whence the 


clapsed period comes out 1031. 
YyY2 
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| EQUATION OF SEVERAL COLOURS. 


52. Rue: § 35. Subtracting the colours other than the first from the 
opposite side to that from which the first is subtracted, after reducing them 
to a common denomination, the value of the first 1s derived from (the residual 
divided by this [coefficient of the] first. If more than one [value], two and 
two must be opposed. The pulverizer is employed, if many [colours] re- 
main." 


"59. Question 18. He, who tells'the number of [elapsed] days from the 
number of days added to past revolutions, or to the residue of them, or to the 
total of these, or from their sum, is a person versed in the pulverizer. 


= 


_ Example: The number of [elapsed] days together with past lunar revelu-- 
tions is given equal to one hundred and thirty-nine. Tell me the number of 
days separately. 


Here the number of [elapsed] days is put ya 1. Multiplied by revolutions 


— * Inan example in which there are two or more unknown quantities, two or more colours, as 
ydvat-técat, &c. must be put for their values: and upon those the requisite operations, conformably 
to the instance, being wrought, two or more sides of equation are to be carefully framed: and 
among them, taken two and two, equal subtraction is to be made ; in this-manner: the first colour 
being subtracted from one side, subtract the rest of the colours reduced to a like denomination, and 
absolute number, from the other side. The residue of another colour being divided by the residue 
of the first, the quotient is a value of the first colour. If many such values be obtained, they must 
be equated again in pairs reducing them to like denominators. But, that being done, if there be 
two colours inthe value of another colour which is thence deduced, the coefficients (anca) of those 
two are reciprocally the values‘of.such colours. But, if there be many colours in the value. of 
another colour, the pulverizer must be applied to them; in this manner: excepting one colour, 
substitute arbitrary values for the rest, and, adding them to absolute number, form the uddition. 
Make the coefficient of the selected colour, the dividend ; and the coefficient of the colour in the 
denominator, the divisar. The multiplier, hence found by the method of the pulverizer, is the 
value of the colour in the dividend; and the quotient is the value of that in the divisor, . Com. 


a! 
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of the moon in least terms, and’ divided by the divisor also reduced to the: 

least terms, there results ya =§,; from which less the residue of revolutions, 

divided by the divisor,’ the quotient is the [complete] revolations; where- 

fore the residue of revolutions is put ca 1. Less that, and divided by the 

divisor in least terms, it. yields revolutions, ya 5 ca 1; which, added to the 

| mie © 
number of [elapsed] iy s, makes ya 142 cal. It is equal to the sum of 
137 

[complete] revolutionsand numberof [elapsed] days,ru139. Statementofboth 

sides of equation reduced to the same denominator, ya 142 cal ru0O 
yaO  .cad0 ru 19043. 

Subtraction being made as + fieoomilved by the rule (@ 35), the: result. is 


ca | ru 19043.. Since there are several xi the pulverizer must be 
ya 142 


employed. The coefficient of the colour in the dividend is dividend; that 
which stands with the colour in the divisor, is divisor. From these ia con- 
stant pulverizer, as found by the rule (§ 9), is 141. Multiplying by this the 
additive 19043, divide by the divisor 142, the residue is here the multiplier 
sought, 127. It is the value of cálaca. ‘The dividend being multiplied by, 
the multiplier, and having the additive added, and being divided by its divi- 
sor, the quotient is the value of ydcat-tavat, 135. It is the number of 
[elapsed] days. j 


Example: When the residue of lunar revolutions, with the number of 
[elapsed] days, is given equal to two hundred and sixty-two, tell me the 
number of days. 

The number of [elapsed] days is here put ya 1. This, multiplied. by revo- 
lutions and divided by the divtsor, becomes ya 5. Then cdlaca is put for the 

EZ 
value of quotient.? If the divisor multiplied by the quotient be subtracted 
from the number of elapsed days multiplied by the [periodical] revolutions, 
the residue which remains is the residue of revolutions. So doing, the result 


™ 


* So the original: but the expression is not quite accurate, as the fraction is not again divided; 
but the multiple of the time by periodical revolutions, less the residue, being divided, gives the 
complete revolutions for quotient. 

Exclusive of the fractional residue. 
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is ya5 ca 137. This, with the number of days, becomes ya6 ca 197.0 It 
is equal to the sum of the number of days and residue of revolutions, 262. 


Statement of both sides of equation ya6 ca187 ru O The process 
ya caO , ru 262 


‘being followed as before, the multiplier comes out 4. It is the value of 
célaca. The quotient is the value of ydvat-tévat, 135. It is the number of 
[elapsed] days. 


‘Example: If the sum of the three specified articles be equal to two 
hundred and sixty-six, tell me the number of [elapsed] days; or tell it from 
the sum of the other two. | 

The specified articles are [complete] revolutions, the residue of them, and 
the number of days. The number of days is put ya 1. This, multiplied by 
revolutions and divided by the divisor, is ya 4+. The quotient’ is ca 1. 
Divisor multiplied’ by quotient, being subtracted from the number of 
[elapsed] days taken into revolutions, the remainder is residue of revolutions, 
ya5 ca 137. Adding the number of days and the [past] revolutions, the 
total is ya 6 ca 136. This is equal to the sum of the number of [elapsed] 
days, the residue of revolutions and [past] revolutions, 266. Statement of 
the two sides of equation, ya 6 ca 136 ru 0 Hence, by equal sub- 

e yao caO ru 266 
traction and other process, as before, the constant pulverizer comes out 2; 
and the multiplier is found 4. It is the value of cálaca; and is the [number 
of] past revolutions 4. The quotient is the value of yávat-távat, 135. It 
is the number of [elapsed] days. Subtracting the sum of [past] revolutions 
and [elapsed] days from the sum total, the remainder is the residue of revolu- 
tions, 197. 


Example: When the residue of revolutions of the moon added to the re- 
volutions past is equal to one hundred and thirty-one, tell me the number of 
[elapsed] days. 

Number of days ya 1. The residue of revolutions is found as before 
ya 5 ca137. This, added to past revolutions, is ya 5 ca 136. It is equal 
to the sum of past revolutions and residue of revolutions, 131. The con- 
stant pulverizer comes out 4. Hence the multiplier, 4. It is the value of 


* Exclusive of the fractional residue. 


`y 
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célaca as before; and is the number of revolutions complete. The quotient 
is the value of ydvat-tdvat, 135. It is the number of [elapsed] days. 


54, Question 19. He, who tells the number of [elapsed] days from the 
number of days less the past revolutions, or less the residue of them, or less 
the sum of these, or from their difference, is a person acquainted with the 
pulverizer. 


Example: The number of [elapsed] days, less the past lunar revolutions, 
is given equal to one hundred and thirty-one; tell me the number of days. 
Here the value of the number of days is ya 1; which, being multiplied by 
revolutions, and lessened by residue of revolutions, put equal to célaca, and 
divided by its divisor, becomes the number of past revolutions, ya 5 ca 1. 
137 
The number of days, less that, is ya 132 ca 1. It is equal to the difference 
137 
between the number of days and past revolutions, namely, 131. Statement 
of the equation reduced to a common denominator, ya a; cal ruo 
ya O cad ru 17947 
Equal subtraction being made, as before, the constant pulverizer comes out 
133. The multiplier, value of cé/aca, 127. The quotient is the value of 
yavat-tdoat: it is the number of [elapsed] days, 135. The difference be- 
tween the number of days and past revolutions, 131, being subtracted, the 
remainder is tlie past revolutions, 4. 


Example: [Elapsed days] less the residue of the [revolutions] being eight; 
or less the sum of the [past revolutions and their residue] being four; or less 
the difference of the two being a hundred and twenty-three: tell the num- 
ber of [elapsed] days. : 

In the first example, the value of the number of [clapsed] days is put ya 1. 
As before, the residue of revolutions, ya 5 ca 137. Taking this from the 
number of days, the remainder is ya 4 ca 137. Itis made equal to eight; 
and proceeding, as before, the multiplier or value of cdélaca is 4; and the 
value of ydvat-tdvat, or number of [elapsed] days, 135. 

In the secoud example, residue of revolutions, as before, ya 5 ca 137. 
Past revolutions ca 1. Theirsumya5 ca 136. This, subtracted from the 
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number of days, leaves ya 4 ca. 136. Itis equal to four. The result is 
value of célaca, 4; and value of yavat-tacat, the number of days, 135. 

In the third example, residue of revolutions, ya $ ca137. Past revolu- 
tions, ca 1. Difference ya 5 ca 138. Itis equal to one hundred and thirty- 
three. The result is, value of claca, 4: value of yávat-távat, the number of 
days, 135. 


55. Question 20. He, who tells the elapsed [portion of the] cyele from 
the signs, or the like;' or the residues of them; or from past erceeding 
months; ‘or fewer days; or their residues, is a person conversant with the 
pulverizer. 

Example: Forty-six, a hundred and seventy-two, a hundred and seventy- 
seven, and a hundred and thirty-six, are declared to be respectively thie 
amount of the number of [elapsed] days added to past signs; or to the residue 
of them; or to the sum of these two; or amount of the sum of the two: tell 
me the number of days in the several instances. , 

Here the residue of lunar revolutions is, as before, ya5 ca137. This, 
multiplied by twelve, becomes 3 ya 60 ca 1644. Subtracting from it, the 
residue of signs denoted by nélaca, and dividing by the divisor, and adding 
the number A, [elapsed] days, the result is ya 197 cal644 nil. Itis cual 


137 k 


to forty-six. Statement of the two sides of equation reduced to a like 


denomination, ya 197 ca 1644 ni 1 ru 0 Equal subtraction being made, 
yaO cao niO ru 6302 


the value of yavcat-t@oat is ca 1644 ntl ru6302. Here the arbitrary value 
i . (ya) 197 


t Degrees, minutes, or seconds. Com. 

2 As four problems were proposed in the preceding passage, (Question 18,) so are four to be 
here understood for finding lhe number of [elapsed] days from the number of days added to past 
signs; or added to the residue of them; or to the total of these [signs and residue]; or from the 
sum of thesc two. And, as four problems were proposed in the foregoing passage, (Question 19,) 
so are four to be inferred for finding the same from the number of days, less the past signs, and so 
forth. Thus the problems are eight. In like manner, from past degrees and their residue; from 
past.minules and their residue ; from past seconds and their residue ; eight problems, ‘in each in- 
stance, are to be deduced : and as many in each case of past exceeding months, and deficient days, 
and the residues. Com. 
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of MR i is assumed such, that no defect may ensue: say 131. ` This is resi- 
due of signs. Multiplying by it [the coefficient of] nilaca, and adding [the 


product] to the absolute number, the pulverizer i is deduced, 1: itis the value 


of cálaca; that is, the past revolutions. The quotient is the value of yavat- 
tdvat, and is the.number of [elapsed] days, 41. 

‘In the second example, multiplying by twelve the residue of revolutions, 
subtracting signs muléplied by their divisor, the residue of signs is obtamed 
ya 60 ca 1644 ni 137. Adding to this the number of pelapsed days, ‘and 
making the sum equal to one wait and seventy-two, the statement of the 


equiion is ya 61 ca 1644 ni 137 ru0 Subtraction being made and the 
yao cad no rul72 a 


value of nilaca being assumed five, the pulverizer is deduced, 1. Itis the 
value of calaca. The quotient is the value of ydvat-tavat ; and is the num- 
ber of [elapsed] days, 41. . | 


In the third example, past signs are ya 60 ca1644 nii. Adding residue 


137 
of signs, the sum is ya 60 _ca 1644 nt 186; to which adding the number of 
137 
[elapsed] days, the — is ya197 ca1644 ni 136. This is equal toa hun- 


137 
dred and seventy-seven [to be] reduced to a common denomination. Putting 
131 for the value of nilaca, and by means of the pulverizer, the number of 
days comes out 41. 
In the fourth example, the sum of past signs and residue is 
ya 60 ca 1644 ni 136. It is equal to a hundred and twenty-six [to be] 
137 
reduced to the like denomination. With this value of nilaca 131, the mul- 
tiplieris deduced, 2. The quotient is the number of days, 41. Or else 178; 
or 315. The like is to be understood also in the case of revolutions and the 
rest. ' 
When the number of days less the [complete] signs is given, what is the 


‘number of days? Here, as before, the [complete] signs are ya 60, ca 1644 ni1. 


137 
The number of days, less that, is ya77 ca 1644 ni1. This is equal toa 
137 D 
Zhe 
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dhundred and twenty-four.’ Nélaca being assumed seventeen, the multiplier 
is deduced 4; and the quotient 135. It is the number of days. 

In the second example, residue of signs ya 60 ca 1644 nt 137. Sub- 
tracting this from the number of days, the remainder is ya 59 ca 1644 mt 137. 
It is equal to a hundred and eight. Eleven? being put for nélaca, the multi- 
plier comes out 4; and the quotient 135. This is the number of [elapsed] 
days. 

In the third example, sum of past signs and residue ya 60 ca 1644 ni 136. 

137 
The number of days, less that, is ya77 ca 1644 ni 136. It is equal toa 
137 
hundred and seven. Nélaca being assumed seventeen, the multiplier comes 
out 4; and the quotient, or number of days, 135. 
In the fourth ci ti past signs ya60 ca 1644 ni 1. Residue of signs, 
137 ` 
ni 1, Difference of these reduecd to like denominators, ya 60 ca 1644 ni 138. 
137 
It is equal to six. Subtraction being made on both sides, and seventeen 
being arbitrarily put for nidaca, the multiplier is found 4; and the quotient, 
or number of days, 135. 

Next, from the sum of past degrees and number of [elapsed] days, [the 
elapsed time. is to be sought]. Here, as before, the residue of signs is 
ya 60 ca 1644 ni 137. Multiplying this by thirty, subtracting Aiia of 
degrees put equal to pitaca, and dividing by the divisor, the quotient is past 
degrees, which thus come out ya 1800 ca 49320 ni4110 pil. Thenum- 

137 , 
ber of days being added, the sum is equal to 21, the assumed amount of 
_ degrees and number of days. Subtraction being, made on the two 
sides of equation reduced to a common denominator, the result is 
ca 49320 ni4110 pil 22877. Here substituting with four for élaca, 

(ya) 1937 
and with fifty-three for pitaca, and adding the values so raised to the absolute 
number, the multiplier thence deduced is 0; and the quotient 10. 


* This had not been previously proposed: probably from defect of the manuscript. 
2 Sic, 
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The like process is to be followed, [for deducing the elapsed time] from 
the sum of residues of degrees and number of [elapsed] days. 
Next, the number of days with past seconds is [given] twenty-two: what 


‘is in this instance the. number of elapsed days:* Here the number of days, is 


put ya 1. Whence, as ‘before, the residue of minutes, ya 108000 
ca 2959200 i246600 718220 lo 137. This, multiplied by sixty, lessened 


-by subtraction of residue of seconds equal to haritaca, and divided by the 


divisor, the quotient is seconds; which, added to’ the number of days, is 
equal to the proposed twenty-two. Subtraction being made on the two sides 
of equation reduced to a like denominator, the value of yavat-tavat comes out 
ca 177552000 ni 14796000 pi 493200 lo 8220 hal ru 3014. Here, 
_ ya 6480137 

substituting With four for nilaca, with eleven for pitaca, with twenty-three for 
léhitaca, with ninety-six for haritaca, and adding the values so raised to. the 
absolute number, the additive becomes 64801370. Whence, as before, the 
multiplier is found 0; and the quotient, or value of ydavat-tdvat, 10. It is 
the number of [elapsed] days. Subtracting this from twenty-two, the re- 
mainder is the [past] seconds, 12. 

A similar process is to be followed [for the elapsed time] pe tite sum n of 
residue of seconds and number of. days. : s 


Example: If the elapsed [portion of the] cycle, added to the past exceed- 
ing months, be equal to three. thousand, one hundred and thirty-two, tell the 


‘elapsed [portion of the] cycle. 


Elapsed [part of the] cycle ya 1. Multiplied by the number of exceeding 
months in a yuga in least terms, and divided by the solar days in a yuga also 
in least terms, the result is ya 1. From this subtracting the residue of er- 

©’; J800 k 
ceeding months, ca 1, the remainder is [oottaply te} exceeding sxtdlichs, 
yal cal. Adding to this the elapsed [time of the] cycle, (ya 1,)it becomes 

1800 
ya 1801 ca 1; and is equal to 3132. Subtraction being made on the two 

. 1800 
sides of equation reduced to a like denominator, the avnuftiplicr comes out 


* The preceding examples not being specifically proposed, like this instance, and the example of 
minutes and their residue being omitted, the manuscript may be concluded to be deficient. 


Zz 
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970; and the quotient, 3130. This is the elapsed [portion of the] yuga. 
Subtracting it from three thousand, two hundred and thirty-two, the re- 
mainder is the number of past exceeding months, 2. i 

In like manner, find severally the elapsed [time of the] cycle from elapsed 
time added to residue of exceeding montlis, and to the sum of the past ev- 
ceeding months ‘and their residue, and from the sum of [complete] exceeding 
months and their residue. Four other problems are likewise to be under- 
stood for finding elapsed time from the difference between this and the 
complete exceeding months, and so forth. 


Example: Ifthe elapsed (portion of a] lunar yuga, added to the past [de- 
ficient] days, be equal to one thousand, nine hundred and cighty-two, tell me 
the elapsed lunar time. 

_ Number of lunar days, ya 1. Multiplied by fewer days in least terms, 
and divided by lunar days also in least terms, the result is ya 7. Subtracting 
` 555 

the residue of fewer days, for which put cdé/aca 1, the remainder is the num- 
ber of fewer days complete, ya 7 ca}. This, added to the number of lunar 

mye 656 . 
days, ya 562. ca 1, is equal to one thousand, nine hundred and eighty-two 
55 

(1982). Subtraction being made on the two sides of equation reduced to 
like denominators, the multiplier, or value of célaca, is found 386; it is the 
residue of fewer days. The quotient, or value of ydvat-tdvat, is 1958. It is 
the number of [elapsed] lunar days. 

In like manner other problems are to be understood. 


56. Question 21. He, who tells the number of [elapsed] days, from the 
residue of minutes added to the residue of degrees of the luminary,’ on a 
Wednesday? [or any given day], or from their difference, is a person ac- 
quainted with the pulverizer. 


* Bhénu, luminary, applied especially to the sun; but here apparently intending any planet. 
See the following problems, and the commentator’s remarks on Question 25. 

* In this and several following instances, a day is specified; but no notice of this condition is 
taken in the example and its solution, until Question 23. 
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Example: Seeing the residue of degrees of the moon," with the residue of 
minutes added thereto, equal to five hundred and thirty-six; or with that 
subtracted from it, equal to three hundred and forty-four: ‘tell the number 
of days. 

Here the number of days is put ya1. This, multiplied by the revolutions 
of the sun in least terms, and divided by the divisor, is ya 3. Subtracting 
from the number of days taken into the revolutions, the divisor taken into 
the quotient? represented by cdlaca, the remainder is residue of degrees, 
ya3 ca 1096. Hence, as before, the residue of degrees is found ya 1080 
ca 394560 ni 32880: pi 1096. This is: reserved; wad multiplying it by 
sixty, dividing by the divisor, subtracting the divisor takeminto the quotient* 
represented by /éhitaca, the remainder is the residue of degrees, ya 64800 
ca 23673600 ni 1972800 pi 65760 io 1096. Thus the sum of these resi- 
dues of degreesand minutes is ya 65880 ca24068160 22005680 pt 66856 
lo 1096. It is equal to 536. Subtraction being made, the value of nilaca is 
assumed, ru 1; that of pitaca, 10; of lohitaca, 24; and multiplying the 
[coefficients of] those by their Eiaa [as assumed,] and adding the products 
to absolute number, the amount of the absolute number becomes 2701080. 
Whence, as before, the multiplier 1s found 0; and the quotient, or number of 
days, 41. 

The difference between the residues of degrees and of minutes is ya 63720 
ca 23279040 ni 1939920 pi 64664 lo 1096. It is equal to 344. Subtrac- 
tion being made, and putting the same values for nílaca and the rest, the 
aidin comes out, as before,-0; and the quotient, or value of uhoa- 
tavat, 41. Itisthe number of days. 

Or what occasion is there for this trouble? Putting yávat-távat for the re- 
sidue of degrees, and multiplying by sixty, divide = the divisor. Subtrac- 
ting from it the divisor taken into the quotient? represented by cdlaca, the 
. remainder is residue of minutes. Then making the sum of residues of mi- 
nutes and degrees equal to the proposed sum, and, equal subtraction being 
made, the value of yávat-távat, which comes out, is the residue of degrees ; 
from which, as before, the number of [elapsed] days is to be inferred. 

-Or else, finding the residue of degrees, and that of minutes, as arising for 


* So the original, But the example is wrought as an instance of the sun. 
> Exclusive of the fractional residue. 
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one day, and taking their sum and their difference, the number of [elapsed] 
days is to be found by the constant pulverizer thence deduced. | 
In like manner [the modes of solution] are manifold. 


57. Question 22. When is the residue of degrees of the sun, with three 
added, equal to the residue of minutes, on a Wednesday? or with six, seven, 
or cight, subtracted? Solving [the problem] within a year [the proficient is] 
a mathematician. 

Here sun is indefinite; and the question extends therefore to any given 
planet. In this place an instance of the moon is exhibited. It isas follows. 
Value of the number of days, ya 1. Whence the residue of degrees of the 
moon, ya 1800 ca 49320 ni 4110 pi 137. So the residue of minutes: is 
this, ya 108000 ca 2959200 ni 346600 pi 8220 lo 137. Here the residue 
of degrees, with three added, is equal to the residue of minutes. Subtrac- 
tion being made on hoth sides, and with two put for nilaca, thirteen for 
pitaca, and thirty-four for lóhitaca, the multiplier is brought out, value of 
cálaca, 1; and the quotient, value of yåvat-távat, 33. The value of cálaca 
is the complete revolutions; that ofnélaca, the past signs; that of pitaca, the 
degrees; and that of Iéhitaca, the minutes. 

In like manner, making the residue of degrees less six, or that residue less 
seven, or the same less eight, equal to the residue of minutes, the number of 
[elapsed] days is to be found, as before. 


58. Question 23. - When is nid residue of degrees of the sun equal to the 
[complete] degrees; or the residue of minutes, to the minutes, on a given 
day? Solving [this problem] within a year [the proficient is] a- ties Me 
“tician. - 

Here also sun is indefinite, and intends any planet. Therefore the residuc 
of degrees of the moon is taken, ya 1800 ca 49320 ni4110 pt137. This 
-is equal to the complete degrees, the value of which is represented by pitaca. 
Subtraction being made, and with ten put for zé/aca, and ten for pitaca, the 
multiplier comes out 1, and the quotient 51. ‘This is the number of [elapsed] 
days. Pi 

With this number of days, the residue of degrees of: the moon is equal to 
the complete degrees. a 

In the very same manner, residue of minutes. of the moon, ya 108000 
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ca 2959200 ni 246600 pi 8220 lo 137. This is equal to the complete 
minutes, the value of which is represented by lohitaca. Subtraction being 
made on the two sides of the equation, and with nine for nilaca, eleven OF 
pitaca, and ten for léhitaca, the multiplier comes out 4; and the quotient the 
value of the number of days, 131. To find for the given, day, the given 
multiple of the divisor is to be added. 

Or what occasion is there for the trouble of supposing [values of] colours? 
Putting ydavat-tdoat for the residue of degrees; and from that multiplied by 
thirty and divided by the divisor, subtracting the quotient! represented by 
calaca, taken into its divisor, the remainder is residue of degrees. Making 
it equal to degrees, equal subtraction is then to be made; whence the value 
of yávat-távat is brought out. It is the residue of degrees; from which, as 
before, the number ait [elapsed] days is to be deduced. 


59; Question 24. Residue of. Sewer days, with a given quantity added or 
subtracted, or residue of more months, with the ite is equal to fewer days; 
or tomore months. Solving [this problem] within a year [the proficient is] a 
mathematician. , 

It is as follows. Elapsed [portion of the] yuga 1. Multiplied by exceed- 
ing months in least terms, and divided by solar days also in least terms, and 
the quotient lessened by subtraction of cálaca representing the complete ev- 
ceeding months, the result is ya 1 ca 1080. It isthe residue of exceeding 
months, and is equal to célaca. Whence the multiplier comes out 1, and the 
quotient 1081. This is the elapsed [portion of the] yuga. 

Or equal to cdélaca with five added. The quotient, which is the elapsed 
yuga, comes out 1086. 

In the question relating to fewer days, the elapsed [portion of the} yuga is 
ya 1. This, multiplied by deficient days in least terms, and divided by lunar 
days, and lessened by subtraction of the divisor taken into cdlaca put for the 
quotient,’ the result is ya 7 ca 555. This is equal to célaca. The multi- 
plier thus comes out 7; and the quotient, the value of yévat-tavat, 556. It 
is the elapsed lunar yuga. 

Or equal to cdlaca, with three added; the mnultiplier comes out 6; and 
the quotient, or elapsed yuga, 477. 


* Exclusive ofthe fractional residue. 
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Or equal to cdlaca, less two, the multiplier is found 3; and the quotient, 
or elapsed yuga, 238. 


60. Question 25. 'The sun’s* divisor in least terms, multiplied by seventy, 
and lessened by the residue of degrees,’ is exactly divisible by a myriad. 
Solving [this problem] within a year [the proficient is] a mathematician. 

Here the sun’s divisor in least terms is 1096. This, multiplied by seventy, 

is 76720. ‘ Lessened by the residue of degrees:” the value of residue of de- 
“grees is put ya 1: less that, is ya 1 ru 76720. This divided by a myriad is 
exact. Statement yal ru 76720. The value of the quotient is put cdlaca 1. 
| ~~ 10000 
_Making this taken into the divisor equal to the dividend, and equal subtrac- 
tion being then made, the result is ca10000 ru 76720. The pulverizer 
yal 
comes out 1. It is the multiplier, and the value of yávat-távat is 76720. 
This is the residuc of degrees: whence the number of [elapsed] days is de- 
duced, 95. 
Abridging by cighty, it is found by means of the constant pulverizer. 
This is to be variously illustrated by example. 


* Sun (bhdnu) is here indefinite; and intends planets generally. Com. 
* This is indefinite. Residue of revolutions, and the like, isintended. Con. 
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SECTION VI. 





EQUATION INVOLVING 4 FACTUM. 

61. Ruxe:§ 36. The [product of] multiplication of the factum and abso- 
lute number, added to the product of the [coefficients of the] unknown, is 
divided by an arbitrarily ‘assumed quantity. Of the arbitrary divisor and 
the quotient, whichcver is greatest is.to be added to the least [coefficient], 
and the least to the greatest. The two [sums] divided by the [coefficient 


of the] factum are reversed. 


62. Question 26. From the product of signs and degrees of the sun, 
_ subtracting thrice the signs and four times the degrees, and seeing ninety 
[for the remainder, find the place of] the sun. Solving [this problem] 
within a year [the proficient is] a mathematician. 

Signs of the sun ya 1. Degrees ca 1. Their product ya.ca bh 1. Sub- 
tracting from this thrice the signs and four times the degrees, the result is 
ya.ca bh1 ya3 ca4. It is equal to ninety. Subtraction being made, see 
the result: ya 3 ca 4.ru 30 Here the multiplication of the [coefficient of 

ya.ca bh | ae 
the] factum and absolute number is 90. With the product [of the coeffi- 

* In an example, in which a factum arises from the multiplication of two or of more colours, 
having nade two sides equal, and taking the factum from one side, subtract the absolute number 
together with the [single] colours from the other. The equation so standing, the rule takes effect. 

The multiplication of absolutc number by the coefficient of the factum is termed multiplication 
of the factum and absolute number. That, together with the product of the two unknown, is to be 
divided by an arbitrary quantity. Between the arbitrary divisor and quotient, the greater is to be 
added to the less coefficient, and the less to the greater coefficient, The two sums, divided by the 
coefficient of the factum, being reversed, are values of the colours. The meaning is, that, to which — 
the coefficient of yévat-tdvat is added, is tlic value of cdlaca; and that, to which the coefficient of 


célaca is added, is the value of ydvat-tdvat. 

But, when a factum consisting of many colours occurs, then reserving two, and assuming arbi- 
trary values for the rest of the colours, multiply by them the factum of the two reserved colours. 
Thence the rest is to be done as above directed. Com. 


3A 
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cients] of the unknown, namely 12, added, it becomes 102. Divided by the 
assumed number 17, the quotient.is 6. It is “ least;” and to it is added the 
greater coefficient 4, making 10. The “ greater’ is 17; to which the least 
coefficient 3 is added, making 20. ‘These, divided by the [coefficient of the] 
factum [viz. 1], become values of ydévat-tavat and cdlaca, 10 and 20. Signs 
of the sun 10; degrees 20. Its degrees [320], multiplied by the divisor in 
least terms, namcly 1096, (making 350720,) and divided by the degrees in a 
revolution [360], yield as product the residue of revolutions. With unity 
added, that residue is 975. Whence, as before directed, the number of 
[elapsed] days is to be found, 325. - 


63—64. Rule: § 37—38. With the exception of one selected colour, put 
arbitrary values for the rest of those, the product of which is the factum. 
The sum of the products of the [coefficients of] colours by those [assumed 
values] is absolute number. ‘The product of the assumed values of colours 
and [coefficient of] the factum is coefficient? of the selected colour. Thus 
the solution is effected without an equation of the factum. What occasion 
then is there for it? 

. Here the foregoing example (Qu. 26) serves. As before, having done as 
directed, the two o: of equation become ya 3 ca 4 ru 90 oN 

ya.cabhı 
yávat-távat, which is selected, an arbitrar y value is put for calaca 20. The 
coeflicient of cdélaca, multiplied by that, is 80; added to absolute number, 
this becomes 570. Now .the coefficient of the factum (1), multiplied by 
calaca, becomes coefficient of Coar 20. Statement of the two sides of 


equation thus prepared, ya 3 ru 170 Proceeding by a former rule (§ 32), 
_ ya 20 


l 
the value of yáoat-távat comes out 10. 


2 Having thus set forth the [solution of a] factum according to the doctrine of others, the author 
now delivers his own method with a censure on the other. Com. 


* Sanc’hyd, number: meaning coefficient usually expressed by anca, figure. 


f 
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SECTION VII. 


% 





SQUARE AFFECTED BY COEFFICIENT. 


65—66. Rue: § 39—40. A root [is set down] two-fold: and [another, 
deduced] from the assumed square multiplied by the multiplier, and in- 
creased or diminished by a quantity assumed. The product of the first 
[pair], taken into the multiplier, with the product of the last [pair] added, is 
a “last” root? The sum of the products of oblique multiplication is a “ first” 
root. The additive is the product of the like additive or subtractive quan- 
tities. The roots [so found], divided by the [original] additive or subtractive 
quantity, are [roots answering] for additive unity.* 


* The terms familiarly used for the practice of solution of problems under this head are here 
explained: viz. . 

Canisht’ha or Gdya (pada or mila) least or first root; that quantity, of which the square multi- 
plied by the given multiplicator and having the given addend added, or subtrahend subtracted, is 
capable of affording an exact square root. 

Juésht’ha or antya (pada or mila) greatest or last root: the square-root which is extracted from 
the quantity so operated upon. . 

Pracrvti, the multiplier [the coefficient of the first square]. 

Cshépa, eshipticd, chipti, additive, or addend : the quantity to be added to the square of the least 
root multiplied by the multiplicator, to render it capable of yielding an exact square-root. 

Sod'haca, subtractive, or subtrahend: the quantity to be subtracted for the like purpose. 

Udvartaca, the quantity assumed for the purpose of the operation. 

Apavarta, abridger, common measure: the divisor, which is assumed for both or either of the 
quantities. 

Vajra-bad’ha, forked or oblique [that is, cross] multiplication. See Vij-gan. § 77. Com. 

* The root of any square quantity is to be set down twice; that is, being repeated, the second 
is to be put under the first. These two are “least” roots. Then multiplying by the multiplicator 
the square of the “least” root, consider what quantity, added,or subtracted, will render it capable of 
yielding an exact root. The quantity, of which the addition effects that, is “ additive.” That, 
ot which the subtraction effects it, is “‘ subtractive.” So doing, the root, which is afforded, is 
‘* greatest” root. This also is to be set down in two places, in front of the “ least” roots. Being so 
arranged, the product of the two least roots multiplied by the multiplicator, with the product 
of the two greatest, is a “ greatest” root. ‘That is to say, it is so by composition. The product 
of multiplication crosswise, or obliquely, like forked or crossing lightning, is product of oblique 
multiplication. That is, the least and greatest roots are twice multiplied cornerwise. The 
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67. Question 27. Making the square of the residue of signs and mi- 
nutes on a Wednesday, multiplied by ninety-two and cighty-three respec- 
tively, with one added to the product, [afford, in cach instance] an exact 
square, [a person solving this problem} within a year [is] a mathematician. 

Here the assumed square is put 1. Its root is “ least” root. Set down 


twice, L1 Again the same square, multiplied by ninety-two, and having 
L 1 


cight added [to make it yield a square-root], amounts to 100: the root of 


which is “ greatest,” 10. Statement of them inorder L1 G10 A8 Then, 
L1G10A8 


oo rage by the rule (the product of the first taken into the multiplier, &e. 
§ 39—40) the “ least” and “ greatest” roots for additive sixty-four are found 
L20 G 192 A64. By the concluding part of the rule (§ 40) the “ least” and 
“ greatest” roots for additive unity come out L& G24 A1. Again, from this, 
by the combination of like ones, other least and greatest roots are brought out 
L120 G1151 Al. Here the “ least” root is residue of degrees. Whence, 
as before, the number of [elapsed] days 1s deduced, 65. 

In the second example, the square assumed is 1. Its square-root is 
“ least” root, 1. From the assumed square, multiplied by eighty-three, and 
lessened by subtraction of two, the square-root extracted is “ greatest,” 9. 
Proceeding by the rule (§ 39), the “ greatest” root comes out, 164; and by the 
sequel of it (§ 40), the “ Icast” root, 18; and these, divided by the sub- 
tractive, namely 2, become roots for additive unity, L9 G82 Al. The 
“least” is residue of minutes: whence, as before, the nuinber of [elapsed] days 
is found, 22. 


68. Rule: §41.! Putting severally the roots for additive unity under roots 
for the given additive or subtractive, “last” and “ first” roots [thence deduced 
by composition] serve for the given additive or subtractive.” 


sum of these two products is a “ least” root by composition. But the additive by composition 
amounts to the product of the two like additives or subtractives. Then the least and greatest roots, 
‘so derived from composition, being divided by the number of the [original] additive, or by that of 
the subtractive, are roots serving when unity.is the addilive. Com. 
> * When the additive is many [i. e. more than unity]. Com. 

* Under least and grealest roots, which serve for the given additive or subtractive, are to be 
placed least'and greatest roots serving for additive unity; then the roots, which are found by the 
foregoing rule (§ 39-40), are roots which also serve for the same given additive or subtractive. - 

i i Com. 








Secr. VII. SQUARE AFFECTED BY COEFFICIENT. ~ 468 


An example will be given aepther one 


5 ° 5 Si il 
kF = 


è 


69. Rule: § 42. When ai additive is four, the square of the last root, less’ 
three, being halved and multiplied by the last, is a last root; and the square 
of the last root, less one, being divided by two and multiplied by the first, is 
a first root, [for additive unity ].’ s 

70. Question 28. Making the square of the residue of revokita or the 
like, multiplied by three and having nine hundred added, an exact square ; or 
having eight hundred subtraeted ; [a person solving this arated within a 


-year =T a Danaina >. 


' Here the assumed square is put 4. Its root is a least root 2. Mss square 4, 

multiplied by the coefħeient 3, -is 12; and with 4 added, 16. Its square- 
root is a greatest root, 4. L2, G4. From this are to be found roots-for 
additive unity. Here the last root is 4: itssquare 16; less three, 13; halved, 
43; multiplied by. last root, 26; this is a last root for additive unity., Again,: 
square of the last root, 16; less one, 15; divided by two, 32; doled by 
the first root, gives a first root, 15. The meaning of the rest of the question 
is shown ofertas on]? 


71. Rule: §43. When four is subtraetive, the square of the last root is 
twice set down, having three added in one instanee and one in the other: 


* See Qu. 32. 

2 Under the rule “ A root is set down twofold,” &e. (§ 39), if four be the additive, find the 
[original] last root being squared, and lessened by three, the half of the remainder, multiplied by the 
last root, is a last root, answering, however, to additive unity. Again, the square of the [original] 
last root, lessened by one, divided by two, and multiplied by least root, is a least root, the additive 


being unity. Com. 
3 See Qu. 32. 
* Rule to find roots answering for addilive unity, from roots which serve when four is subtractive. 
Com. 


Of least and greatest roots serving when four is subtractive, the square of “ last” root is twiee 


set down, having three added in the one instance, and one added in the other. The moiety of the 


product of those reserved quantities is also to be twice sel down, having one subtracted in the one 
instanee, and as it stood in the other. That which is diminished by one, is next “ multiplied by 
the former less one;” that is to say, multiplied by the square of “ last” root [having three added] 
less one. So doing, the result is “‘ greatest” root for unity additive. The moicty of the product, 
which was set down as it stood, being multiplied by the product of “ least” a “ greatest” roots, i3 
“least” rool for additive unity. : Com.” 
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half the product of these sums is set apart, and the same less one. This, 
multiplied by the former less one, is “ last” root. ‘The other, multiplied by 
the product of the roots, is “ first” root answering to that “ last.” 


72. Question 29. The square of residue of exceeding months, multi- 
plied by thirteen, and having three hundred added, or the cube of three sub- 
tracted, affords an exact square. A person solving [this problem] is a 
mathematician. 

Here the assumed square is put 1. Its root is 1: itis a least root. The 
square of this multiplied by thirteen, and lessened by four, is 9. - Root of the 
remainder 3: a greatest root is thus found. From these least and greatest 
roots, L 1 G 3, roots are to be found for additive unity. In this case, the 
last root is 3: its square twice, 9 and 9; with three and one added, 12 and 
10.1 Again, half the product of those reserved quantities, G60: multiplied by 
the product of the least and greatest roots, namely, 3, makes 180. The least 
root is thus found. The purport of the rest of the question is shown further 
on.’ 


73. Rule? § 44. Ifa square be the multiplier, the additive [or subtractive] 
divided by any [assumed] number, and having it added and subtracted, and 
being then [in both instances] halved; the first is a “ last? root; and the last, 
divided by the square-root of the multiplier, is a “ first.”* 


74. Question 30. The square of a residue of revolutions, or the like, 
multiplied by four, and having sixty-five added, or having sixty subtracted, 
is a square, Solving [this problem] within a ycar [the proficient is] a mathe- 
matician. 


" Something is here wanting n the MS. (Rae e 


f 2 
(180° x 13)+1. 
23 See below. 
3 To find roots, when the coefficient is an exact square. Com. 


4 When a square number is the multiplier, the additive must be divided by any number arbitra- 
‘rily put. The quotient must then have the same assumed number added in one place and sub- 
tracted in another. Having thus formed two, terms, halve them both. The first of these moieties 
’ is © preatest” root. The second, divided by the square-root of the multiplier, is “ least” root. Com. 

In one case, however, the first of the moieties, divided by the square-root of the coefficient, is 
“ least” root, and the second is‘ greatest” root ; as is remarked under the following example. 
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Statement: Multiplier 4. Ailditive 65. Here the additive divided by an 
arbitrarily assumed number, 5, is 13. This, increased and lessened by the 
assumed number, becomes 18 and 8. The half of the first of these is “ greatest” 
root, 9. The moiety of the second, divided by the root of the multiplier, 2, 
gives the “ least” root, &. | 


Statement of the second example: Multiplier4. Additive 60. “Additive” 
in the rule (§ 44) is. indefinite and intends subtractive also. Here let the. 
assumed number be 2. = By this, the subtractive, namely, 60, being divided, 
makes 30. This, with the. assumed number added and mica gives 32 
and 28: the moieties of which are 16 and 14.. The text expresses “ the first 
is a last root,” (§ 44): but that is a part only of the rule. The second then is 
“ greatest” root, 14. The first, divided by the square-root of the multiplier, is 
the “ least” root, 8. 


75. Rule: § 45. If the multiplier be [exactly] divided by a square, the 
first root is [to be] divided by the square-root of the divisor. 


76. Question 31. The square of a residue of deficient days, being mul- 
tiplied by twelve, and having a hundred added, or having three subtracted, is 
asquare. Solving [this problem] within a year [the proficient is] a mathe- 
matician. 

Here multiplier 12, divided by the square 4, yields 3. Hence, least and 
greatest roots answering to additive a hundred are deduced, 10 and 20. 
The least root, 10, being divided by the square-root of that square, gives the 
“ least” root for the multiplier twelve, viz. 5. Thence, as before, the elapsed 
[portion of] yuga is 793. The “ greatest” root is the same, 20. 

In the second example, the least and greatest roots, as found for a multi- 
plier divided by the square number, are 2 and 3; for subtractive three. 
The first, divided by the square-root of that square, is the “ least” root, 1; the 
“ greatest” is the same 3; for the multiplier twelve. Here the “ least” root 
is the residue of deficient days. 


t Ifthe multiplier can be abridged by a square, then reducing to its least term, let roots be found 
as before. But the first root so found being divided by the square-root of the abridging divisor, is 
“ least” root. The “ greatest” root remains the same. 

But, ifthe coefficient be multiplied by a square quantity, it of course follows, that the first root, 
multiplied by the square-root of that square, is the “ least” root. Com. 
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Rule: [45 completed.] If the additive be exactly divisible by a square, 
the roots must be multiplied by the square-root of the divisor.’ 


77. Question 32. The square of residue of revolutions, or the like, 
multiplied by three, and having nine hundred added, or eight hundred sub- 
tracted, is a square. Solving [this problem] within a year [the proficient is] 
a mathematician. 5 


* Statement: Multiplier 5. Additive 900. Here the additive is divided by 
the square number 900; and the quotient is 1: whence the “least” and 
“ ereatest” roots are deduced, 1 and 2. These, multiplied by the square-root 
of the abridging divisor, namcly, 30, become the “ least” and “ greatest” roots 
for the additive nine hundred, 30 and 60. 


Statement for the second example: Multiplier 3.- Subtractive 800. Here 
the subtractive, being divided by four hundred, becomes 2. Whence “ feast” 
and “ greatest” roots are deduced, 1 and 1. These, multiplied by twenty, are 
20 sa, 20,‘ least” and “f greatest” roots serving for subtractive eight hundred. 

In any instance, where the additive is ate divisible by a square, the least 
and greatest roots, which are thence deduced, being multiplied by the square- 
root of the abridging divisor, become roots adapted to that additive or sub- 
tractive. And further, by composition of the roots so found for the given 
additive, with roots serving.for additive unity, other roots are derived ca the 


same additive. For instance, L30 G60 A900 By the preceding rules 
E G 2 À 1 


(§ 39—40 and 41) other “least” and “ gr aay roots are here found, 
and 210. So‘in all similar cases. i 

78. Rule: To find a quantity such, that, being severally multiplied by 
two multipliers, and having unity’ added in each instance, both sums may 
afford square roots: § 46. “The sum of the multiplier, being multiplied by 


" If the additive can be abridged by any square, devising least and greatest roots as before, for the 
abridged additive, both being then multiplied by the square-root of the ging divisor of the ad- 
ditive, become adapted to their proper additive. 

Of course, if the additive be raised by multiplication by any square multiplier, the least and 
greatest roots, which are thence deduced, must be divided by the square-root of the additive's mul- 
tiplier, and thus become least and greatest raots adapted to their proper additive. Com. 
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eight, and divided by the square of their difference, is the quantity [sought]. 
The two multipliers, tripled and added to the opposite, and divided by. the 
—, are the roots." 


79. Question 33. The residue of seconds of the moon, severally multi- . 
plied by seventeen, and by thirteen, and having one added, [becomes in both 
instances] a square. - Solving [this problem] within a year [the proficient is] 
a mathematician. 

Here the multipliers are 17 and 13. ‘Their sum 30: multiplied by eight, 
240. Difference of the multipliers 4: ‘its square 16. Quotient of the divi- 
sion, 15: it is the number [sought]; and it is the residue of the seconds of 


the moon. 


-` To find the roots: multipliers 17, 13; multiplied by three, 51, 39: added 
to the reciprocals, 56,64. Divided by the difference of the multipliers 4, the. 
roots come out 14, 16. f 


80. Rule: §47. A square, with another square added and subtracted, 
being multiplied by the quotient of the sum of that sum and difference 
divided by the square of half their difference, produces numbers, of which 
both the sum ‘and difference are squares; as also thie ree with one added. 
to it. 


. Question 34. The residue of minutes of the sun on Wednesday, 
having the residue of seconds on Thursday added and subtracted, yields in 
both instances an exact square; and so does the product with one added. A 


person solving [this problem] within a year is a mathematician. 


Here let an assumed square be 16; with another square, as 4, added and 


* The proposed multipliers are to be added together: and the sum, being multiplied by eight, 


‘and divided by the square of the difference of, these multipliers, is the quantity [sought]. How are’ 


the roots found? The author proceeds to reply : multiplying the multipliers severally by three; 
add to the two products the opposite multiplier respeetively. ‘Then dividing by the difference of 
the multipliers, the quotients are the roots. Com, 

- > Some square of an arbitrary number is to be set down; and the square of another arbitrary 
number is to be added in one place and subtracted in another, The sum of these two quantities is 
divided by the square of half their difference: the quotient is their multiplier. Multiplied by it, 
they are the numbers sought : of which if the sum be taken, it is a square; if the difference, it 
also is square ; ifthe product with unity added, this again is square.- Com. 
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subtracted, 20 and 12: sum of these 32. Divided by the square of half the 
difference of these quantities, namely 16, the quotient is their multiplier, 2. 
Multiplied by it, the two quantities come out 40, 24. The first is residue of 
minutes of the sun, 40. Hence, as before, the number of [elapsed] days is 
deduced, 3385. The second is residue of seconds of the sun, 24: whence the 
number of days, 27. Adding five times the divisor, 5480, the number of 
[elapsed] days on Thursday comes out 5509. So, by virtue of suppositions, 
manifold answers may be obtained. 


82. Rule: To find a quantity, such, that having two given numbers 
added, or else subtracted, the results may be exact squares: § 48. The dif- 
ference of the numbers, by addition or subtraction of which the quantity be- 
comes a square, is divided by an arbitrary number and has t added or sub- 
tracted: the square of half the result, having the greater number added or 
subtracted, is the quantity which answers in the case of addition or sub- 
traction. 


83. Question 35. Making the residue of minutes of the sun on a Wed- 
nesday, with the addition of twelve and of sixty-three, and with the subtrac- 
tion of sixty and of eight, an exact square; [the proficient solving the pro- 
blem] within a year isa mathematician. 

Two questions are here proposed. The numbers, which are to be added to 
the quantity, are, separated, 12, 63. Their difference, 51; divided by an 
arbitrary number, as 3, gives 17; with the same added, since addition is in 
question, the sum is 20: its moiety, 10; the square of whichis 100." The 
greater of the two additive quantities is 63. Subtracting this, the result is 


2 Of the two quantities, the addition of which makes the quantity in question an exact square, or 
‘the subtraction of which does so, the difference is in every case to be taken. ‘This step is common 
to both methods. Dividing the difference then by an arbitrary number; the quotient must have 
added to it the same arbitrary number ; if addition were given by the question : but, if subtraction 
were so, the same quotient must have the arbitrary number subtracted. Then the quantity result- 
ing in either case is to be halved; and the half, to be squared. [From which subtracting the 
greater number, the remainder is the quantity which answers*] if the condition were addition : 
but, if it were subtraction, the square of the moiety appertaining to the case being added to the 
greater number, the sum is the quantity sought. Com. 


* The original is deficient: but may be thus supplied from comparison of the text, and of the example as wrought. 
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the quantity sought, 37. a either twelve or —— added, it is an 
exact square. | 

In the example of subtraction; the two numbers which are to be sub- 
~tracted to make a square, are 60, 8. Their difference, ‘divided by àn arbi- 
trary number, namely two, yields 26: less the arbitrary number, leaves 24: 
its moiety 12; the square of which is 144. Here the greater of the two 
subtractive quantities is 60. This added to the square is- 204. It is the 
quantity, which lessened by sixty, affords a square root; or by eight. -Ït ib 
the residue of minutes of the sun. Hence, as before, the number of [clapsed] 
days on Wednesday, is to be deduced. 

In like manner, by virtue of suppositions, manifold answers may be ob- 
tained. 


84. Rule:§49. The sum of the numbers, the addition and subtraction of 
which makes the quantity a square, being divided by an arbitrarily assumed 
number, has that assumed number taken from the quotient: the square of 
half the remainder, with the subtractive number added to it, is the quantity 
[sought].* 


85. Question 36. Making the residue of seconds of the sun on Wed: 
nesday, with ninety-three added, or with sixty-seven subtracted, an exact 
square, [a proficient solving this problem] within a year [is] a mathemati- 
cian. : 

Here the subtractive number is 67; the additive number, 93: their sum, 
160: divided by an assumed number 4, makes 40: less the assumed number, 
leaves 36; the half of which is 18: its square, 324 : added to the subtractive 
quantity 67, the quantity is found 391. It is the residue of seconds of the 
sun. 


86. Question 37. Making the residue of seconds of the sun on Thurs- 
day lessened and then roils A by five, an exact square, or by ten, [the 
proficient solving this problem] within a year [is] a mathematician. 


* Ifa pair of quantities equal or unequal be given such, that a See which lessened by the 
first, is an exact square, is also a square when increased by the second; then the two proposed 
quantities are to be added together; and their sum is to be divided by some arbitrary number. 
From the quotient subtracting the same arbitrary number, the half of ‘the remainder is taken: and 
the square of that moiety, added to the number the subtraction of which renders the quantity in 
question a square, is in every case the quantity sought. Com. 
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_ , ‘This comprises two examples. © In the first, let residue of seconds be ya l. 
This less five is ya 1 ru 5; and then-multiplied by five, ya 5 ru 25. Itisa' 
square. Put it equal to the square of the arbitrary number ten; and from 
this equation a valuc-of yávat-távat is obtaincd, 25. Or by equating it with 
the square of five, the-value of umat- iaai comes out 10. This is a residue 
of seconds of the sun. 

In the sécond example, the value of residue of seconds is put yavat-tavat, 
ya 1. This less ten, and multiplied by ten, becomes ya 10 74100. It isa 
square. Put it equal to the square of ten arbitrarily assumed. By this 
equation the value of eae -taoat is brought out 20. It isresidue of seconds 
of the sun. i 

By virtue of suppositions the answers are manifold. 


87. Question 38. Making the residue of revolutions or the like of a 
given objcct, lessened by ninety-two, and multiplied by cighty-three, and 
with unity added, an exact square, [the proficient solving this problem) 
within a year [is] a mathematician. 

Since the residues of revolutions or the like are many, put ydvat-tdcat for 
the value of such residue; ya 1. This less 92 is ya 1 ru 92. Multiplied by 
eighty-three, it 1s ya 83 ru 7636. With one added, it becomes ya 83 ru 7635. 
It isa square. Put it equal to the square of unity as an assumed number. 
By this equation the value of ydvat t@oat comes out 92. Thus the residue 
of revolutions of some planet is found. 

This also, by means of suppositions, admits manifold solutions. 


` p 
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SECTION VIII. 





PROBLEMS. 


88. QuerstTion 39. From residue of seconds of the moon, finding resi- 
due of minutes of the sun, or residue of degrees, or the mean place of the 
proposed planet, [a proficient solving this prone! within a gear [is] a ma- 
thematician. j nea à TE. 


$ 


Tr 


89. Question 40. From residue of seconds of Jupiter, find Mars; or 
from residue of minutes of the moon, the sun; or from residue of revolutions 
of the moon; [a proficient solving this problem] within a year [is] a mathe- 
matician. 

90. Rule: §50. The number of [elapsed] days deduced from oe given 
residue for the given planet, is added to a multiple of the divisor in days by 
the elapsed [periods] in least terms. From that the residue for another 
planet, or its place, [may be found]. 


ê 
a 


Example: When the residue of degrees of the moon is equal to seven 
thousand five hundred and twenty, tell me the mean [place of the] sun, if 
thon be conversant with the pulverizer. 

Residue of degrees 7520. Abridged by the common divisor of revolutions 
of the moon.and terrestrial days, namely 80, it is 94. For-the residue of 


* From the residue of revolutions or the like, as given, relative to the proposed planet, the num- 
ber of [elapsed] days is to be found, as before. It must be converted into the number of elapsed 
- days of the yuga. How? The rule proceeds to answer. The number of days, which: comes out 
by the pulverizer, must necessarily be short by the divisor in days: for it is the elapsed portion of 
the present yuga of the planet. Therefore, whatever number of its yugas may be past, by that num- 
ber as the elapsed periods in least numbers, multiply the divisor in days, and add the product; the 
sum is the complete number of elapsed days from the beginniug of the yugas. From that elapsed 
time, by the [periodical] revolutions of the other planet and terrestrial days; find the residue of 
revolutions and so forth. Or the mean [place of the] given planet may be deduced, Com. 
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degrees of the moon, finding the constant pulverizer, the multiplier is 101. 
Whence the number of [elapsed] days 41. Here the number for the elapsed 
periods of the moon in least terms is 7. The days in the divisor 137, mul- 
tiplied by that, are 959: which, added to the number of elapsed days by the 
pulverizer, 41, makes the elapsed [portion of the] yuga 1000. Hence the 
residue of revolutions of the sun, 8080; from which the sun’s place is to be 
deduced, as before. 

It is to be in like manner-understood in all [similar] examples. 

91. Rule to find the time or number of days, after which the same resi- 
dues of revolutions or the like of two planets, or of more, which occur on a 
given day, will recur: § 51. 

The divisors in least terms are inverted.! The result being added to the 
number of days, the residues [occur] again in that [time]. In the same man- 
ner for three or more [planets]. Proceed as before for the given days. 


Example: At the foregoing number of days, 41, the residues of revolu- 
tions of: the sun and moon come out 123 and 68. When do the same resi- 
dues of revolutions occur again? To find this, the divisors of sun and moon 
in least terms are taken 1096, and 137. Their greatest common measure is 
137. Abridged by this, the quotients are 8, and 1: by which the divisors in 
least terms being multiplied become 1096 and 1096. With this, being the 
amount of the emmi denominator, added to the number of days 41, the sum 
is 1137; at which the residues are again the same. With this addition, the 
number of elapsed days may be many ways [augmented], 

In the same manner for three or more. The divisor for two planets i iş 
1096; that for a third, Mars, is 685. Their greatest common divisor 137 ; 


? Under the residues of revolutions relative to the two planets, as deduced from the number of 
felapsed] days on the given day, their respective divisors in least terms stand. Some common 
measure of them is to be assumed by which they may be reduced to the lowest terms. Being di- 
vided by that common measure, the quotients serve to multiply reciprocally those same divisors of 
the planets in least terms. This being done the denominators are equal. Then add that result 
to the number of [elapsed] days; and the same residues of revolutions or the like are deduced from 
the sum. Itis so for two planets; and the method is precisely the same for three or more. Thus 
the equal denominator arising from the divisors of three given planets is considered as one divisor; 
and the third divisor of a planet, as the second. From these, as before, an equal denominator is te 
be deduced. The same must be understood in regard to four or more. - Com. 
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with which finding the quotients [8 and 5] and proceeding as before, ‘the 
result [5480] nei to the number of days, 41, makes 5521, when the resi-. 
dues are similar. 

It must in like manner be understood for four or more planets. 


Other examples are now propounded. 

92. Question4!. From residue of fewer days, making out the number 
of [elapsed] days, and the mean or the true [places of] sun and moon, and 
the lunar day and the planet, [a proficient solving these problems! wathin a 
year is a mathematictan. 

Here are five questions. The solution of them is delivered. in four 
couplets. | ie i 


93—96. Rule: § 52—55. Residue of fewer days for a single day, being 
multiplied by some quantity and lessened by unity or by revolutions of sun 
or of moon, is exhausted being divided by terrestrial days; or lessened, by - 
unity [and divided] by lunar. The rule is as follows :? 


* These problems are relative to the planetary revolutions as taught in the author’s own astro- ° 
nomical course. He has, therefore, here specified the constant pulverizers adapted to them. To. 
propound which this first rule is delivered. Its meaning then is this:—-The residue of fewer days 
(terrestrial than lunar) for a single day, abridged by its own divisor, being multiplied by some num- 
ber, and having then unity subtracted, is exactly divisible by terrestrial days reduced to least terms i 
by the divisor of fewer days. This rule, for finding a multiplier and divisor to deduce the number 
of [elapsed] days from the residue of fewer days, is as here follows in the second and succeeding 
couplets (§ 53-55); including the finding of revolutions. Residue of fewer days, as proposed in 
the problem, and reduced to least terms, being multiplied by 108455 and. divided by 3506481, the 
remainder of the division is the number of [elapsed] days. From that number, the mean places of 
sun and moon are to be found: and then to be converted into the apparent planets: whence the 
lunar days; and from these the planet sought is to be deduced. Thus the solution of all the pro- 
blems is effected. Nevertheless [a direet method of] finding the residue of the sun’s revolutions is 
taught by the third couplet (§ 54). The proposed residue of fewer days in least terms, being multi- 
plied by 3249624 and divided by 3506481, the remainder of the division is residue of sun's revolu- , 
tions: whence the sun, as before. In like manner the finding of the number of [elapsed] days being 
effected, the deducing of lunar days was also accomplished: the author shows how to find the same 
by another [and direct] method, in the fourth couplet (§ 56). . The residue of fewer days. for the 
given time being in least terms, @nd multiplied by 110179'and divided by 3562220, the remainder 
of the division is lunar days: under which is the fraction of such duys. For the hours, minutes, 
&c. under days, which are quotient of residue of fewer days divided by terrestrial days, according 
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The [proposed] residue of fewer days fin least terms] being multiplied by 
a hundred and cight thousand, four. hundred and fifty-five, and divided by 
three millions, five hundred and six thousand, four hundred and eighty-one, 
the remainder is the number of elapsed days. 
_ The proposed residue of fewer days [in least terms] being multiplied 
by three millions, two hundred and forty-nine thousand, six hundred and 
twenty-four, and divided by three millions, five hundred and six thousand, 
four hundred and eighty-one, the remainder which results is the residue of 
solar revolutions. — . o 

The [proposed] residue of fewer days in least terms] being multiplied by 
one hundred and ten thousand, one hundred and seventy-nine, and divided 
by three millions, five hundred and sixty-two thousand, two hundred and 
twenty, the remainder is the lunar days. 


‘97. Question 42.1. Knowing the sum of the residues of both degrees and 
minutes, and their difference, say what are the residues? 


Rule: §56.° The sum sct down twice and having the difference added 
and subtracted and being in both instances halved, the moieties are the 
residues. . 


“98, Rule: §57. If the difference of théir squares and their [simple] differ- 
ence be given: the difference of the squares bemg divided by the [simple] 
difference and having the same added and subtracted and being divided by 


to the rule delivered in the chapter on the solution of problems respecting mean motions,* are the 
fractional part of lunar days. 

-As in finding the number of [elapsed] days from residue of ‘fewer days, the residue of fewer 
days for a single day was put for dividend, unity for the subtractive quantity, and terrestrial days 
for divisor; so, in finding residue of solar T revolutions of tbe sun are the subtractive 
quantity; and, in finding residue of lunar revolutions, the revolutions of the moon are the sub- 
tractive quantity; and, in finding'lunar days, unity is so : > ill days of the moon are the divisor. 
Such is the difference. The author has specified the constant pulverizers. “In like manner, when 
a proposed planet is sought in any cxample from residue of fewer days, the subtractive quantity is 
to-be put equal to the-revolution ofsuch planet, and the constant pulverizer is:to be thence brought 
out. > Com. 

* Example of the rule of concurrence —Com. See § 25. 
? Second half of the couplet. -Its-first half proposes a problem, 


. Ch. 13. § 22. 
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two, the quotients are the residues; whence the number of elapsed days [may 
be found]. | ees, : 


99. Rule: $58. From twice the sum of the squares subtract the square of 
-the [simple] sum of the residues. The sum of residues, ,having the square- 
root of the remainder added and subtracted, and being divided by two, yields 
the residues severally. 

For instance, the sum of the squares of the residues is 9365 ; and the sum 
of those residues is 117. The sum of the squares doubled is 18730; from 
which subtracting 13689 the square of 117, the remainder is 5041; of which 
the square-root is 71. This being added to and subtracted from the sum of 
residues and then halved, the residues are found 94 and 23. 


100. Rule; §59. From the square of the difference of residues added to 
four times the product of residues, extract the square-root, which added 
to, and subtracted from, the difference of residues, and halved, yields the re- 
sidues severally. l 


Example: Product of residues, 2162, méltiplied by (4) square of two, 
8648, added to square (5041) of the difference of residues 71, makes 13689 : 
of whieh the root is 117. This, having the difference of residues added and 
subtracted, becomes 188 and 46; which halved are 94 and 23: and the re- 
sidues are found. 


101. These questions are stated merely for gratification. The proficient 
may devise a thousand others; or may resolve, by the rules taught, problems 
proposed by others. 


102. As the sun obscures the stars, so does the proficient eclipse the 
glory of other astronomers in an assembly of people, by the recital of alge- 
braie problems, and still more by. their solution. 

« 


; . > . . 

103. These questions recited under each rule, with the rules and their 

examples, amount to an hundred and three couplets: and this Chapter on 
the Pulverizer is the eighteenth. 
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Rules, (sttra,) sixty-one and a half couplets: problems, (prasna, ) forty- 
one and a half. 


Interpretation of the Algebraic Pulverizer in the Brahma-sidd’hanta com- 
‘posed by BranMEGuPTA. | 
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